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INTEGRAL   CALCULUS. 


CHAPTER  L 

ELEMENTARY    INTEGRALS. 

1,  The  idea  of  the  Integral  Calculus  arises  naturally  out  of 
that  of  the  Differential,  so  that,  at  least  in  the  more  elemen- 
tary parts  of  the  subject,  we  require  no  new  investigation  of 
principles,  but  depend  entirely  for  them  on  the  Differential 
Calculus.  The  principal  object  of  the  Integral  Calculus  is 
to  find  the  value  of  a  function  of  a  single  variable  when  its 
differential  coefficient  is  given,  and  this  is  what  we  especially 
propose  to  consider  in  this  Treatise.  From  a  more  general 
point  of  view  the  object  is  to  discover  the  relations  which 
exist  between  several  variables  and  functions  of  these  va- 
riables, from  given  equations  connecting  the  variables,  the 
functions,  and  the  successive  differential  coefficients  of  the 
functions.  Such  equations  occur  in  various  problems  in 
Physics  and  Geometry,  their  solution  forming  a  special  de- 
partment in  itself  under  the  name  of  the  Theory  of  Diffe- 
rential Equations.  In  the  case  of  a  single  variable,  these 
equations  are  considered  as  solved  when  they  are  made  to 

depend  upon  others  of  the  form  just  referred  to,  namely, 

du 

-j-  =  /  (as),  where  /  (x)  is    the   given   expression  which  is 

<xx 
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supposed  to  be  the  differential  coefficient  of  the  unknown 
function  y.  The  required  function  y  is  called  the  integral  of 
f(x)  dx,  and  is  expressed  by  the  notation  y  =  jf(x)  dx.  The 
expression  f[x)  dx,  which  is  called  an  element  of  the  integral, 
is  the  limiting  value  of  the  increment  of  y  when  we  substitute 
x  +  dx  for  x.  The  integral  y  may  thus  be  regarded  as  the 
sum  of  an  infinite  number  of  these  elements.  It  was  from 
this  point  of  view  that  the  word  integral  and  the  symbol  J 
arose,  an  integral  being  the  total  or  integral  sum  of  an  in- 
finite number  of  elements,  and  the  symbol  J  being  the  initial 
letter  of  the  word  sum,  in  the  same  way  as  the  symbol  of 
differentiation  is  the  initial  letter  of  the  word  difference. 
The  simplest  method,  however,  of  finding  an  integral,  or  of 
integrating  a  given  differential,  is  by  regarding  the  process 
as  the  inverse  of  differentiation,  and  is  that  which  we  shall 
almost  exclusively  make  use  of  in  this  Treatise. 

2.  Since  any  arbitrary  quantity  C  which  does  not  vary 
with  x  disappears  in  differentiation,  we  must  add  on  to  y 
such  an  arbitrary  constant,  in  order  to  find  the  general  value 
of  the  integral  of  a  given  differential /(a?)  *fo.  In  finding  in- 
tegrals we  shall  usually  omit  for  convenience  the  constant  C, 
but  it  must  always  be  considered  as  involved  in  each  case. 
In  all  the  applications  of  the  Integral  Calculus  the  constant 
is  of  great  importance,  and  its  value  must  be  determined  in 
each  case  by  the  conditions  of  the  problem. 

Since  —  (ay)  =  a  — ,  where  a  is  a  constant  quantity,  we 

(XX  (XX 

have     ( a  —  dx)  =  ayt  from  which  it  follows,  that  if  a  constant 

multiply  a  differential  coefficient  as  a  factor,  it  will   also 
multiply  its  integral.     Again,  let  ylf  yt  be  functions  of  z, 


ELEMENTARY  INTEGRALS.  3 

and  «i,  u2  their  differential  coefficients,  so  that  --—  =  u\.  and 

dx 

yv  =  fuidx,  &c. ;  then 

hence 

J  {u\  ±  «2)  dx  =  y\±yi  =  \uxdx±\  u2dxy 

that  is,  the  integral  of  the  sum  or  difference  of  two  differen- 
tials is  equal  to  the  sum  or  difference  of  the  integrals  of  these 
differentials. 

3.  The  most  important  class  of  integrals  are  those  of 
algebraic  functions  of  the  variable.  These  can  be  expressed 
by  algebraic  expressions,  by  logarithms,  or  by  angles  deter- 
mined by  their  circular  measures,  besides  an  infinite  number 
of  other  functions  which  can  be  defined  in  no  other  man- 
ner than  as  the  integrals  of  given  algebraic  expressions. 
Amongst  the  latter  are  included  the  functions  called  elliptic, 
hyperelliptic,  and  Abelian.  It  may  be  remarked  that,  with- 
out making  any  use  of  the  Integral  Calculus,  we  can  arrive 
at  the  ideas  of  circular  functions  and  logarithms  from  tri- 
gonometrical and  algebraic  considerations  ;  but  we  might 
consider  these  functions  altogether  as  derived  from  the  in- 
tegrals of  certain  algebraic  expressions,  and  thence  deduce 
their  properties,  as  we  do  in  the  case  of  the  elliptic  functions 
and  the  higher  transcendents. 

Our  main  object  is  then  to  reduce  given  integrals  to  those 
irreducible  fundamental  forms,  and,  in  fact,  the  greater  part 
of  this  and  a  few  of  the  following  chapters  consists  of  an 
enumeration  of  those  cases  in  which  it  is  possible  to  effect  the 
reduction  to  the  elementary  algebraic,  circular,  and  logarithmic 
forms,  and  an  explanation  of  the  means  employed  for  that 
purpose. 

b2 


4  ELEMENTARY  INTEGRALS. 

4.  In  a  great  number  of  practical  applications  of  the 
Integral  Calculus  it  becomes  necessary  to  determine  the 
actual^numerical  values  of  the  integrals  when  certain  values 
of  the  variable  are  assigned.  In  the  case  of  algebraic  func- 
tions [these  values  are  of  course  known  at  once,  but  in  the 
case  of  circular  functions,  logarithms,  and  elliptic  functions, 
we  must  have  recourse  to  the  proper  tables. 

The  integrals  of  expressions  involving  circular,  loga- 
rithmic, or  exponential  functions  will  frequently  be  capable 
of  expression  in  terms  of  similar  functions,  but  if  not,  can  be 
made  to  depend  upon  certain  irreducible  transcendents.  It 
may  be  observed  that  circular  functions  are  often  introduced 
into  ^algebraic  expressions  in  order  to  give  them  a  simpler 
form,  so  that  many  differentials,  though  apparently  involving 
these  functions,  really  depend  upon  algebraic  quantities. 

"When  a  proposed  integral  cannot  be  obtained  in  a  finite 
form  in  terms  of  algebraic  quantities,  or  those  functions 
whose  values  are  tabulated,  in  order  to  obtain  its  numerical 
value,  we  must  expand  the  differential  expression  in  an  infi- 
nite converging  series,  and  then  integrate  each  term  sepa- 
rately. 

5.  We  may  now  enumerate  the  different  methods  by 
which  the  reduction  of  integrals  to  the  elementary  forms  is 
effected.     These  are — 

(1)  Transformation  by  the  introduction  of  a  new  variable, 
that  is,  supposing  we  have  an  integral  \f(x)  dx,  then  putting 
x  =  0(s),  we  get  dx  =  (f>'(z)dz  and  j  f(x)dx  =jf  [$(%)}  <!>'{%)  ds, 
which,  by  a  proper  assumption  of  the  function  <p  (s),  is  reduced 
to  one  of  the  elementary  forms. 

(2)  Integration  by  the  resolution  of  rational  expressions 
into  the  sums  of  several  others  of  a  similar  form. 
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(3)  Rationalization,  that  is,  the  substitution  of  a  new 
variable  in  irrational  expressions,  so  as  to  make  them  rational. 
This  is  a  particular  case  of  (1). 

(4) .  The  use  of  formulae  of  reduction,  by  which  means  a 
proposed  integral  is  made  to  depend  upon  one  more  simple, 
and  this  again  in  the  same  way  on  another  yet  more  simple, 
and  so  on,  until  finally  we  arrive  at  one  of  the  elementary 
forms. 

(5)  Integration  by  parts,  that  is,  the  use  of  a  certain 

formula  obtained  thus : — By  the  Differential  Calculus  we 

have 

d(uv)  =  udv  +  vdu, 

whence  we  get 

I  udv  =  uv  - 1  vdu.  (1) 

We  thus  see  that  the  formula  of  integration  by  parts 
makes  a  given  integral  /  udv  depend  upon  another,  namely, 
J"  vdu. 

6.  From  the  simplest  considerations  of  the  Differential 
Calculus  we  can  write  down  at  once  the  following  elementary 
integrals : — 


x 


m+l 


xmdx  = r-,  (2) 

where  m  is  any  constant  quantity  whatever,  except  negative 
unity. 


=-kg«,  (3) 

dx  .      x 

7(?^)8asm  >  (4; 

=  itan~1-.  (5) 


a r  +  ar      a  a 
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Either  of  the  latter  pair  of  integrals  may  be  taken  as 
the  fundamental  elementary  form  for  circular  functions  ;  but 
it  is  evident  that  they  cannot  be  independent,  that  is,  one 
must  be  capable  of  being  transformed  into  the  other  by  an 
algebraic  substitution.  In  fact,  putting  x  =  a  sin  0,  and 
taking  another  variable  s,  so  that  z  =  a  tan^-0,  we  have,  by 
differentiation, 

dx  dz         d9 

y/i^-x2)  =      '      o***5  =  2a' 

,                                f      dx  ^    C     dz 

whence  — — „  =  2a 


yV  -  x2,;       "  J  a2  +  z2' 

Expressing  then  x  in  terms  of  z,  we  see  that  the  substitu- 
tion x  =  2a2  z/ (a2  +  z2)  transforms  (4)  to  the  form  (5).  This 
transformation  is  of  importance,  as  it  enables  us  to  ration- 
alize an  expression  involving  the  radical  ^/[a2  -  x2\  thus 
affording  an  example  of  the  method  (3)  of  the  preceding 
Article. 


Examples. 


1-        £-2^. 


1. 


I*  4 

J  r  x 

C  f  (ci  4-  bx\n^ 

3.         (a  +  bx)ndx  =  -   \(a+bx)nd(a  +  bx)=      .     ,n- 


dX  X    T  /  L     \ 

TTx  =  blos{a  +  bx)' 

xdx 


6. 


J  V(«   tr)  ' 

f     (g-s)fite        1    f  d(2ax  -  *2) 

J   V(2«-*»)  =  2  J  y/(2*x-z*)  "     (        ~     }" 
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f  If  (a  +  bxn)m*x 

7.     \  (a  +  &r»)»»:r'»-1  <£r  =  —     (a  +  bxn)m  d(a  +  bx»)  =  ~- 7 ^— . 

J  «0  J  no(w+ 1) 

_      f  x'^dx        1  .      ,       _     , 

,.    f      * .  f  *  — ^— =-  ±  f^ii^q  .  I  (1+oV)-J 

J    (a2  +  z2)*      J^(l  +  a2«-2)*         2"2  J  (1  +  a2*"2)3      «2 


x 


a2V(a2  +  *2)* 

.n[dx  x 

10.        = . 

J  (a2  -  z2)*      a'  v  (**  -  **) 


„.  r     *» 

n+1 
J   (l+*»)   » 


t+1  1 

(1+*")  »        (1  +  z«)n 


12.     j- 


<fo  .x 

t   2 2T  =  C0S         ' 

V  (a2  —  a;-5)  a 


13.       -  -— —  =  -  cot-1  -. 
J       a1  +  xz      a  a 


7.  By  means  of  the  Differential  Calculus  we  obtain  the 
following  elementary  integrals  in  the  case  of  circular  and 
exponential  functions : — 

J  sin  xdx  =  -  cos  x,    J  cos  xdx  =  sin  a;.  (6) 


dx 


cos2# 


=  tan  x,  -r—  =  -  cot  x.  (7) 


sm2# 


i 


eaxdx  =  -  eax.  /g\ 


It  may  be  observed,  however,  that  none  of  these  integrals 
are  really  fundamental,  as  they  are  all  immediately  reducible 
to  the  integrals  of  algebraic  differentials ;  for  instance, 
putting  sin  x  =  s,  the  equation  j  cos  xdx  =  sin  x  becomes 
merely  [dz  =  z. 


8 


ELEMENTARY  INTEGRALS. 


2. 
3. 

4. 
5. 
6. 

7. 


10. 


11. 


12. 


13. 


Examples. 


cos  mxdx  =  —  sin  mx. 
m 


sin  mxdx  =  —  cos  mx, 
m 


sin  6d9 


=  sec  0. 


-  cosec  0. 


cos20 

COS  06?0 

ain20 
tan  6dd  =  log  sec  0. 

cot  6dd  =  log  sine. 

tan* Odd  =  (sec20  -l)dd  =  tan  0-0. 

cot2ede  =  -  (e  +  cota). 

sec*edd  =  f  (1  +  tan*0)  ^  tan  0  =  tan  0  +  -  tans0-. 


cos2  0^0  =  -  (0  +  sin  0  cos  0). 


d9 


sin20  cos20 


=  tan  0  —  cot  0. 


sin  0</0         1  _      . 

=  -  log  [a  —  b  cos  0). 


a  —  b  cos  0      £ 

dx  1/       \ 

— — — •  =  COS-1(e-a"). 


8.  Returning  to  algebraic  functions,  we  observe  that  we 
can  find  the  value  of  jydx,  where  y  is  a  polynomial  expression 

of  the  form 

axm  +  bxn  +  cxP  +  &c, 

where  tn9  »,  p  are  any  quantities  whatever. 
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Integrating  each  term  separately,  we  obtain 


i 


axm+l       bxn+l       cxP+l      0 

ydx  = + z  +  r  +  &c,  (9) 

*  m  +  l      n  +  1     p  +  l  9  v  ' 


in  which  all  the  terms  are  algebraic,  unless  y  involves  a  term 
of  the  form  g£~l9  the  integral  of  which  is  g  log  x. 

To  the  preceding  case  many  integrals  can  be  reduced  by 
the  substitution  of  a  new  variable.     For  instance,  to  obtain 

the  integral 

xmdx 


I 


{a  +  bx) 


n-> 


where  m  is  a  positive  integer,  we  put  a  +  bx  =  z,  when  it  be- 
comes 

dz 


bm+l 


zT 


Expanding  then  (z  -  a)m  by  the  binomial  theorem,  and 
integrating  each  term  separately,  the  required  integral  is 
obtained. 

Again,  in  the  same  way,  expressions  of  the  form 

p 
(a  +  bxnYxm-ldx 

can  be  integrated  immediately  if  mjn  is  a  positive  integer,  or 
m/n  +  p/q  a  negative  integer.  Putting  a  +  bxn  =  2,  this  ex- 
pression becomes 

1      E  ™_i 

— ^  z«  (z  -  a)n     dz9 

nbn 

which    is    immediately    integrable    by    the    expansion    of 

--1. 
(z  -  a)n      in  a  limited  number  of  terms. 
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Also         (a  +bxny xm~l  dx  =  (aaf*  +  b)^x  *  dx 

=  --au   *Jz9(z-b)   V     n   *'<fe,  where  b  +  ax^  =  z. 

Hence,  as  we  have  stated  ahove,  if  m/n  +  p/q  is  a  negative 
integer,  the  expression  to  be  integrated  admits  of  expansion 
in  a  finite  number  of  terms,  each  of  which  can  be  integrated 
at  once. 

Examples. 

1     f      dx      =  1  io    (    x    \ 

J  x(x  +  a)      a  \x  +  a)  ' 

2.  f  zV(a-z)dx  =  -{a-  x)*  -  -£-  (a  -  *)i.    *? 

C     xdx  3     ,.  „ ,  , 

3. =  —  (bx  -  3a  (a  +  bx)K 

J  (a  +  bxf      U* 

f        xdx  1    (2bx  +  a) 

'     J  (a  +  bxf  ~~W-  (a  +  bxf' 

Jx^dx              3 
= (3«2  +  2a;2)  (a2  -  s2)*. 
(a2  -  x-f         20 

f  dx  I        C  (/>  +  ax-1  -  £)»"+n-2 

C      I  ■ ■  = I   - x    dx 

J  xm(a  +  bxn)      a™*"-'*  J  (b  +  ax~l)n 

J  a;2(a  +  ^)2~a3  (       g  V    +  x)  ~   x(a  +  bx)  ]' 
'     J  x{a  +  bxf  "  a~3  [2(a  +  bxf  ~  a  +  bx~     S  V    +  */  j* 

c  dx  1 

10-  i,-J7a^j=-iv(1-i;3)- 


ELEMENTARY  INTEGRALS 

9. 

To  find  the  integral  of -,. 

x2  -  a~ 

We  have 
hence 

2a            1            1 

x2  -  a*     x  -  a     x  +  a' 

dx          1 

x2  -  a2     2a 

log  (a?-  a)-  log(x  +  a)\  =- 

11 


In  the  same  way  we  find 

*m*UtM  (id 

2  -x2      2a     °  \a  -  xj 

In  practical  applications  the  distinction  between  these 
two  integrals  becomes  important,  as  in  (10J  x  is  supposed  to 
be  always  greater  than  a,  and  in  (11)  less.  Adding  the  two 
expressions  together,  we  see  that  the  sum  of  the  two  constants 
involved  in  each  case  is  the  imaginary  quantity 

4log(-D. 

In  the  same  way,  since 

1  1(1  1 


{x  -  a){x  -  b)      a  -  b  \x  -  a      x  -  by 
we  find 

dx  1     .      (x  -  a\  1     ,      (a  -  x\ 

{x-a)(x-b)  =  V^Tb  l0g \^b)  °r  7Tb  l0S \*Tb} 

which  might,  however,  be  at  once  reduced  to  the  preceding 
cases  by  putting     x  =  \  (a  +  b)  +  2. 

It  may  be  observed  that  the  foregoing  integrals  afford 
simple  examples  of  the  application  of  method  (2)  of  Art.  5. 
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10.  We  may  now  integrate  the  general  form 

dx 


a  +  2bx  +  ex2' 
We  may  write  this 

cdx  .  .  .  .  dz 

:,  which  becomes 


[ex  +  b)2  +  ac  -  b2'  z2  +  ac  -  b29 

if  we  substitute  z  for  ex  +  b. 

Hence,  the  expression  to  be  integrated  is  reduced  to  the 
form  (5)  or  (10)  according  as  ac  -  b2  is  positive  or  negative. 
We  find  thus,  if  ac  -  b2  is  positive, 


dx  1  ex  +  b  ,,  ft% 

tan   ,/„„   mx  ;         (12) 


J  «4  2bx  +  ex2      </(ac  -  b2)  "        ^  {ac  -  b2) 

and  if  ac  -  b2  is  negative, 

f  dx  1  \cx  +  b  -  y/ (b2  -  ac))    . 

J  a  +  2bx  +  a*2  =  2^{¥  -  ac)  °g  (<» -».  b  +  </  (b2  -  ac)}'  l     ' 

Examples. 

'■     l(^-l^-2)=1°g(^"l)- 

f  <to  1         fx  -  4\ 

'     J  (z  +  2)(*-4)  ~  6   °g  W+~2  j  ' 

3.     [_* 

J   1  —  x  ■*-  *2 


<&?  2  ,  /2a; -1 

=  —  tan-1 


I(J  +  m£)^#        «  r     (6  4  c#)*fc  (Ic  —  mb)  C            dx 

a  +  2&s  +  ex2  ~  c  J  a  +  2bx  +  ex*  c        )  a  +  2bx  +  ex2 

n  ,                .  (le  -  mb)   f           <fo 

=  —  log(a  +  2bx  +  ex2)+- '■  ,  0,     , o. 

2c  c         J  a  +  2ta;  +  or2 

f          (I  +  mx)dx             l  +  ma^      .  /#  -  a\       .             f          >,  ,  .„ 

-s— i '— -  = .tan"1  — -—    +lmlog  {«- o)-  +  /82}. 
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_      f  dx  1     ,      ,  (x  -  cos  0\ 

6.  — =  - —  tan-1  (  — ; J . 

J  x2  -  2x  cos  0  +  1      sin  0  \    sin  0    / 

7.  -5 — = : — r  =  !og  V(z2  -  2a;  cos  0  +  1)  +  cot  0  tan"1  (  — , . 

J  x2  —  2x  cos  0  +  1  \    sin  0  / 

8.  (  **  -         *         co;ri(        ^-^        j*. 
J   «  +  2£#  +  e#2      V(«^  -  b2)  [c(a  +  2bx  +  ex2) ) 

f  (l  +  mx)dx        I     ,      .(        jb\      m,      ,       .  „ i 

9-  J  4+tr = ^ tm  H= ) + t  log  (* + J*!)a- 

11.  It  may  be  noticed  here  that  the  integral  of  dxjx  can 
be  deduced  from  that  of  xmdx.  If  we  suppose  the  integral  of 
the  latter  expression  to  vanish  when  x  =  a,  we  have 


I 


x' 


dx 


Xm+l  —  dm+l 

m  + 1 


If  we  expand  now  xm+1  and  «w,+1  by  the  exponential  series, 

that  is,  putting 

h2 
Xk  =  1  +  h  log  X  +  pTj  (log  #)2  +  &o., 

and  a  similar  value  for  ah9  where  m  +  1  =  A,  we  get 

C  1  / 

a^_1  dx  =-  (xh  -  ah)  =  log  a?  -  log  a  +  —  { (log  a?)2  -  (log  a)2}  +  &e. 
J  /*  \J^ 

Hence,  letting  h  =  0,  we  have,  finally, 

Jdx  ( x  \ 

—  =  log  x  -  log  a  =  log  (  -  J,  or  log  x% 

if  «  is  taken  equal  to  unity. 

12.  Again,  we  can  make  circular  functions  depend  upon 
logarithmic  by  means  of  an  imaginary  transformation. 
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In  (11),  putting  a=  1,  and  x  =  ft,  where  i2  =  -  1,  we  get 


f 


dz         1  .      /I  +  ta 


1  +  s2      2t     &  Vl  -  izj' 


and  the  constant  to  be  added  is  zero  if  the  integral  vanishes 
with  z.     Hence,  from  (5)  we  have 

tau-s=Ilog(r^l) 

that  is,  the  circular  function  tan"1 8  is  expressed  as  a  logarithm 
by  the  use  of  the  imaginary  i. 

If  we  put  z  =  tan  9  in  the  foregoing  equation,  we  arrive 
at  the  well-known  exponential  values  for  sin  9  and  cos  9. 

13.  As  has  been  remarked  already,  we  can  define  loga- 
rithmic and  circular  functions  by  means  of  the  Integral 
Calculus  solely,  and  thence  derive  all  their  properties.  Thus, 
writing  \dx\x  =/(#),  and  if  the  constant  is  supposed  to  be  such 
that/(l)  vanishes,  we  have 


/(*)  +  Ay)  = 

therefore 


dx      dy 
x        y 


xdy  +  ydx      td(xy) 
wy  J    xy 


A*)  +M  =/W> 


which  may  be  considered  as  the  fundamental  property  of  the 
logarithmic  function.  We  can  then  immediately  derive  the 
properties  of  tan-1#  by  means  of  the  expression  of  this  func- 
tion as  a  logarithm.     Or,  directly  thus  for  sin-1#;  putting 


j 


■v/(i-«T-,w' 
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and  supposing  the  integral  to  vanish  with  x,  if  /(a?)  +  f(y) 
=/(z),  a  constant,  we  have  d{f(x)  +  f(y))  =  0,  that  is 

7(rV7(fer0' or  v(W)<wa-^=o. 

Now,  integrating  the  terms  of  the  latter  expression  by 
parts,  namely,  making  use  of  the  formula  (1),  we  have 

xydy 


«/(l-y2)dx  =  Xv/(l-y2)  + 


S(l-xz)dy  =  yS{l-*2)  + 
hence  we  get 

sVa-y')  +yy(l-«*)  + 


xy 


dy 


TO-?)' 

xydx 

dx 


+ 


v/(l-^)     -/(!-#) 


=  a  constant,  or,  since  the  quantity  under  the  sign  of  inte- 
gration vanishes, 

x^/{l-y2)  +  y^/(l  -xz)  =  a  constant  =  z, 
as  we  have  #  =  z,  when  y  vanishes,  from  the  equation 

We  see  thus,  that  if    f(x)  +f(y)  =  /(*),  then 

•  .*v/(l-.^)+Sfv/(l-^), 

which  may  be  considered  as  the  fundamental  property  of  the 

function  sin_1#. 

dx 
14.  To  integrate     ^"r^y 

We  have  seen  already,  in  Art.  6,  that  the  substitution 
x-2d2z/  (z%  +  a2)  transforms  the  radical  ^/{a%  -  x2)  to  a  rational 
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form.  Hence,  putting  a2/x  for  x,  we  see  thaty^2  -  a2)/x,  and 
therefore  </(x2  -  a2)  is  rationalized  by  assuming  x  =  J(s  +  a2/z). 
Differentiating  then  this  relation,  we  get  (z-x)dz  =  zdx;  but 
z  -  x  =  ^/{x2  -  a2) ;  therefore 

dx  dz 


and 


^(x2-a2) 

Hence,  changing  the  sign  of  a2,  we  have 
dx 


dz 

-  =  log  z  =  log  {z  +  v/(#2  -  a2) } .     (14) 

2 


I 


-/(*»  + a*) 


=  log{#  +  v/0*2  +  O}.  (15) 


By  the  aid  of  (4)  and  the  forms  in  the  preceding  Article 
we  can  evidently  integrate  the  expression 

dx 


2\> 


\/[a  +  2bx  +  ex2) 

where  a,  b,  c  are  any  constant  quantities. 

Putting  ex  +  b  =  s,  as  in  Art.  10,  we  find  from  (14)  and 
(4), 

dx  1 

=  — — r  log  (ex  +  b  +  </  [c(a+  2bx  +  ex*)}),  (16) 


i 


*/(a  +  2bx  +  ex2)      ^/c 


1  (    b  +  ex     )  ..,„, 

or  —;=  cos"1    — — ,  17 

./_c  [^(tf-ac)) 

according  as  c  is  positive  or  negative. 

If  the  factors  of  the  quantity  under  the  radical  are  given 
and  real,  we  can  exhibit  the  integrals  under  certain  simple 
forms. 


15.  To  find  the  integral  of 
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v/{(*-a)(*-j3)) 


17 

,  let  x  -  a  =  s2; 


then 
hence 

and 


dx 


^/(x-a) 
dx 


=  2dz; 


2dz 


>/{[x-a)(x-p)}       v/(^  +  «-/3), 

dx  _  f  flfe 


51 =  2f 


or 


J; 


=  2 log  (g  +  -/  (a8  +  «  -  j3) ),  from  (14), 
=  21og{v^-a)+v/(*-i3)}.      (18) 


tf# 


v/{(^-a)(^-^) 


In  this  integral  x  is  supposed  to  be  always  greater  than 
both  a  and  j3  ,  but  if  it  be  less,  we  find  in  the  same  way, 

[sK.-tv-.T)"-**^-^®-*-    (19) 

dx 
Again,  to  find  the  integral  of  ——-. —. 7777,  we  might 

put  /=asin20  +  j3eos^.  •!(« -*)(*-£)} 

We  get  then 

a-#  =  (a-j3)cos20,     x-  )3  =  (o-j3)  sin2</>, 
dx  =  2  (a  -  j3)  sin  0  cos  <p  d<p  ; 


hence 


and 


«/{ (a-*)  (*-£)} 


=  2a?0, 


!)(*-0)i 


=  20  =  2  tan 


"  jfc$> 


(20) 
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Examples. 
f  dx 

2.     f  *L-„Us*    /(f). 

J    V(a+2bx  +  cx2)       c     K  '  c       }  V (a  +  2bx  +  ex2) 

4'     J    V{(a  +  ^)(7  +  5^)7  =  V085)1Og  W  \1     /  +  >/ (      5~ j  )' 

''     J    V{(«2-tf2)(s2-£2)}  W\**-W)' 

8      f  <**  f     -rffr1)      =lC03-t  /«\ 

J    *V(z2-a2)      Jv(l-«2ar2)      a  W  * 

9-     (    -ITTl-n  =  f  ^7  dK\s  =  -  -  log  l^1  +  V(l  -f  a**-')} 
J    #V(s   +  a2)      JV(l+a!r2)  a 

"•  l*J(^i)-u«<*+^-i»-hi-'6)- 

,,      f  fe I  tan-'  ( -    / 1—\  \ 
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13.  Show  by  the  Integral  Calculus  that 

log  {x  +  \'(z2  -  1)  j  =  i  cos-1jc. 

14.  Given  —7-3  +  — Z-  =  0, 

1  +  xl      1  +  y1 

show,  without  making  use  of  (5),  that 

1  -  xy  =  c(x  +  y), 
where  c  is  a  constant. 

dx 


16.  To  integrate 


[x -a)  y(a  +  2bx  +  c#3)' 
putting  x  =>  a  +  «,  we  have 


d# 


afe 


(x  -  a)  >y  (a  +  2bx  +  ex2)     J  z</  (a'  +  2b' z  +  6-s2) 

r      -*{*+) 

.  ^(c  +  2b/z~l+az-2y 
where  a'=a+  2ba  +  ca2,     V  =  b  +  ca. 

We  see  thus  that  the  integral  is  reducible  to  (16)  or  (17), 
according  as  a  is  positive  or  negative.  For  instance,  if  d  is 
positive  we  get 

r^fe_        1     lo( ,-. )     (21) 

J(#-a)A      \/a'         \a  +  bx+ a(cx  +  b)  +  A\/ a) 

where  A2  =  a  +  2bx  +  ex2. 

From  this  result  we  can  obtain  the  integral  of  the  expres- 

[lx  +  m)dx       n  ,  .  „  .         .  a  .    ,. 

sion  77-* — ,Q     /v>t    ,  bv  making  use  01  rmagmaries.     feubsti- 

{(^-a)2  +  j32)A  ° 

tuting  a  +  t/3  for  a,  if  we  put 

a  +  2ba  +  c(a2  -  ]32)  =  m2  cos  2A, 
2(5{b  +  ca)  =  m2sm2\, 
a  +  bx  +  a(cx  +  b)  +  Am  cos X  -  A, 
(5  (ex  +  b)  +  Am  sin  X  =  Z?, 
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and  make  use  of  the  identity 

log  (A  +  iB)  =  J  log  {A2  +  B2)  +  i  tan"1  f^Y 


we  find 


dx 


(x-a  +  ij3)dx 


(a?-o-*/3)A'        J  f(#-a)2  +  /32)  A 
=  _IrCosA-/sinX)^ilog(^  +  ^)-ilog((^-a)2+i32}) 

(sin  A  +  i  cos  A)  Iran-1  f  —  )  +  tan-1  (  -     -  ]j 


x-  a 


Hence  at  once  we  get 

(x  -  a)  dx 


[{x-a)2  +  j52}  A         m 
sin  A 


COsXn         {(x-aY  +  fi2)] 
log  ' 


A2  +  B2 


J 


dx 


m 
sin  A 


tan" 


log 


B 


+ 


A 

A2 


tan-.(Jt)},     (22) 


j(#-a)2+/32))A  m        &  ((<P-a)*  +  /3*J 

cosA  i.       JB\      .     J  /3 


m 


Hd)+to4(£)l«  (23) 


upon  which  two  integrals  the  integration  of  the  expression 
given  above  can  be  evidently  made  to  depend. 


i 


dx 


Examples. 
1 


\a  +  bx) 


(a  +  to)V(l  -&*)      V(a2-62) 

f  ^  1  /  a  +  to  \ 

'     J    («  + to)V(l  +  £2)  =  V(«2  +  ^)    °g  \*  -  &»  +  V{(«2  +  ft*)  (1  +  »2) }7  ' 
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dx  J_  N{a  +  2bx  +  ex2)  -m\ 

me  \  ex  +  b  / ' 


J    {ex  +  b)  V(«  +  2bx  -f  ex2) 
if  ac  —  b2  —  m2c ;  but  if  ac  -  b2  —  -  n2c,  the  integral  is 

-  tan-1  ( -  V  (a  +  2bz  +  ex2)  ] . 
nc  { n  ) 

f  dx  1     l/a—x\ 

J    (a  +  x)  V(«2  -  x~)         a\  \a+  xj  ' 

C  dx  1  I  a  +  bx        ) 

J    (a  +  bx)  M{a  +  2  bx  +  ex2)  ~  ma         (V(a  +  2bx  +  ex2)  -my 

if  ac  —b2  =  m2a ;  but  if  ac  —  b2  =  —  n2a,  the  integral  is 

1  ,    /  nx  \ 

—  tan"1  [  — ; ) . 

na  \  v  (a  +  2bx  +  cx~)J 

6       [  dx  _     l  i  /     x^     \ 

'     J    (l+x2)V(l-x2)      V2    ^     \V(1-*2)/ 

J    (^  +  5)V{(^+l)(^  +  4)}-2  °S   (2V(^  +  4)-V(a;+l)j' 
8'     J    {x  +  3)V{(6-z)(x-l)\==°tan~l\l\2\6^x')\- 

I 


dx =  _L  t  -1    wa? 

(a  +  fo2)  V(l  -  x2)      ma   an    V(l  -  *2) 
if  a  -f  b  =  m2a ;  but  if  a  +  b  =  —  «2a,  the  integral  is 


J_         |V(1  -  *)  +  nx) 

2na     &  (v(l  -  x2)  -  nx) 

1 1       [  dx  ( x  ~  & ) 

'     J    (*  -  «)  V{{x  -  a)(x  -  $)}  =  2{$  ~  a)  j  JZ-a 
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12      f  dx  =  2  (g  +  /3  -  2a;) 

J    {(x-a){z-0)\*      («-£)2V{(a;-a)(a;-)8)}' 

f          (A  4-  A*a?)  dx        _  2\(g  +  j3  -  2a;)  +  2/x{2gff-  (g  +  g)a;} 
J    {(•-«)(*-/9}ft"  (a-/B)*V{(*-o)(*-jB)} 

<?a;  #  +  <?a; 


14.     f- 

J    {(a  +  26a;  +  ca;2)*      (ac  -  b~)  V(a  +  26a;  +  ca;2) 

17.  The  method  of  integration  by  parts,  that  is,  the  use  of 
the  formula  given  at  the  end  of  Art.  5,  enables  us  to  obtain 
very  readily  a  great  number  of  integrals  which  it  would  not 
be  easy  to  determine  otherwise.  This  is  particularly  the  case 
when  the  expression  to  be  integrated  involves  both  algebraic 
and  circular  or  logarithmic  functions,  as  we  can  then  fre- 
quently make  the  given  integral  depend  upon  another,  in 
which  the  transcendental  function  disappears  under  the  sign 
of  integration.  The  advantage  of  this  method  can  be  best 
exhibited  by  applying  it  to  the  few  following  cases  : — 

To  integrate  */{x2  +  a2)  dx, 

let  u  =  */(x2  +  a2),     v  =  x,     in  the  formula 

j ndv  =  uv  -  / vdu. 

We  get  then 

„         ..      f      x2dx 
JV(*2  +  a2)  dx  =  x  y/{x*  +  a2)  -  J  —^f^y 

but  we  have 

f     a2  dx  [      x2  dx 

therefore,  by  addition,  we  get 

f       dx 
2 JV(a?  +  a2)  dx  =  x^/(x2  +  a2)  +  a2j  y^r^  5 

or  finally,  from  (15), 

J y/  (x2  +  a2)  dx  =  \x*/W  +  (?)  +  i (? %  \x  +  V  {«?  +  a2)  i  •    (24) 
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Again,  to  determine  the  integral  of  log  xdx,  putting 
u  =  log  x,  v  =  x,  we  get 

J*  log  xdx  =  x  log  x  -  jdx  =  x  (log  x  -  1). 

In  the  same  way  we  find 

j  tan'1  xdx  =  x  tan-1#  -  log  y/  (1  +  x2). 

We  may  frequently  determine  the  value  of  an  integral  by 
repeating  the  process  of  integration  by  parts,  as,  for  instance, 
to  find  the  integral  of  eax  sin  mx  dx,  we  may  take 

u  =  sin  mx,     v  =  eax/a, 
when  we  get 

7YI 

\eax  sin  mxdx  =  -  eax  sin  mx [eax  cos  mxdx. 

and  in  the  same  way, 

m 
f  eax  cos  mxdx  =  -  e°*  cos  m#  +  —  f eax  sin  mpdir. 
a  aJ 

Hence,  substituting  for  jeax  cos  mxdx,  and  solving  for 
j  eax  sin  mxdx,  we  obtain 

,  __  ,           T          .  (a  sin  m#  -  m  cos  ma?)  ,_„. 

f  eax  sin  m#  dfc  =  e°* = \         (25) 

In  like  manner  we  get 

,  „„             »        „,  [a  cos  mx  +  m  sin  mx)  MM 

f  ea*  cos  m#  cfc  =  eax  J '-.  (26) 

It  may  be  observed  that  the  two  latter  integrals  can  be 
obtained  at  once  by  putting  a  +  im  for  a  in  (8),  and  equating 
the  real  and  imaginary  parts  on  both  sides  of  the  resulting 
equation. 
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4. 


7. 


10 


11. 


12. 


Examples. 

V(a2  -  x2)  dx  =  \xM(a2  -  x2)  +  \a2  sin"1  (-)  . 


V(«  +  2ia;  +  ex2)  dx  =  —  (ex  +  b)  V(«  +  %bx  +  ex2) 

ZtC 


+ 


ae  —  b2 


2c      J  V( 


J  V(a  +  26a;  + 


ca;2)' 


(a  +  te2)i<fc  =  i*(a  +  te2)*  +  fa  J  (a  +  ia;2)*tfa;. 

sin-1  xdx  =  x  sinrlx  +  V  (1  -  x2). 

x  Bmrlx  cfc  =  \{2x2  - 1)  sin"1  a;  +  \x  V(l  -  a;2). 

log{V(«-o)  +  V(*-/B)}^=|(2a;-o-i8)log{V(ar-o)+V(a;-i8)} 

a;2  tan-1  a;  da;  =£  a3  tan"1  a?  -  %x2  +  £logV(l  +  x2). 
x2  cos  xdx  =  (x2  -  2)  sin  a;  +  2x  cos  *. 

»  am2 xdx  =  ^{x2  +  x  cos  2a;  -  sin  x  cos  a;). 

tan-1  a;  dx  _  1  +  x  tan-1  a; 
(l  +  a;2)i  ~      V(l+a;2) 

a;™+1    ,       /  x  \ 

X™  log  Xdx  = -  log    (   — -). 

&  m  +  1     6  \*»+1/ 

a;3  <?*<&;  =  £*  (a;3  -  3a;2  +  6x  -  6). 


18.  In  connexion  with  the  process  of  integration  by  parts 
we  give  here  a  general  formula,  which  will  be  shown  to  be  of 
considerable  use  in  the  evaluation  of  integrals. 
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If  we  put 

_         dnv     du  dn~lv      d2u  dn~2v  ,    -,    dnu 

c\  —  it  _  i    i  I    (_  i  \n  ~ 

dxn      dx  dxn~>      dx2  dxn~2      '       K      }    dxn    ' 
we  shall  have 


dn+xv 


«S£T*-e-(-l)-    v-—dx.  (27) 


dx 


dn+lu 


dx1 


For,  if  we  differentiate  this  equation,  it  becomes 
dn+1v      dQ     ,    ,.      dn^u 

u  — —  =  — -(-iy»f> 


dxn+1       dx     v      '      dxn+l' 

which  can  be  verified  at  once,  as  we  have 

dO      du  dnv      d2u  dn~lv  ^+1w 

fa  ~  Txdx~"  ~  ch?  dxFx  +  *  *  *  +  (~    P^jJ 


n+i 


d""v     du  dnv  ,     -.    dnudv 

dx™      dx  dxn  v       '    dxn  dx ' 

but  all  the  terms  on   the  right-hand  side  of  this  equation 

destroy  one  another,  except  the  last  of  the  first  line  and  the 

first  of  the  second  line,  which  gives  the  result  stated  above. 

As  an  example,  we  may  make  use  of  (27)  to  determine 

the  integral  J*  eaxf(x)  dx,  where  f(x)  is  an  integral  polynomial 

expression  in  x  of  degree  n.     Taking  then  u  =  /(#),  v  =  eax, 

we  have 

d™v       M+I   nr     dn"u      . 

dx™  ~         e    '     dx™         ' 

from  which  we  infer 

aMl  \eaxf(x)dx  =  O; 

or,  putting  for  9  its  value, 
eaxf(x)  dx  ml  eax  \f(x)  -  -f(x)  +  .  .  .  +  ~^/w  (*)]«  (28) 

D 
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In  like  manner  we  can  obtain  the  integrals 
jf(x)  cos  axdx  =  P  cos  ax  +  Q  sin  ax, 
jf(x)  sin  axdx  =  P  sin  ##  -  Q  cos  ax, 


(29) 
(30) 


where 


--3/to-  3/"W  +  **. 


«* 


Q=-/(*)  -  ~/»  +  &o. 
a  ar         ' 


19.  We  now  proceed  to  consider  some  integrals  of  diffe- 
rentials involving  circular  functions  of  the  variable.  These 
are,  in  general,  reducible  to  integrals  of  algebraic  expres- 
sions already  given,  but  we  shall  here  consider  them  sepa- 
rately. 

dB 
To  find  the  integral  of     -; — „, 

°  sin  0 

we  have 


dO 


dO 
sin  0     J  2  sin  \  0  cos  \  0 

Or  thus : 
f  dB        fsin  Odd 


fsec2i0tf0 
2  tan  id 


sin  0 


fsin 

si 


sin20 


(/(cos  0) 


l-cos20 


5=-ilog 


d  tan  J  0 
tan  £0 

-  log  tan  i  0.      (31) 
1  +  cos  0' 


1  -  cos  0y 
=  log  tan  ^  0. 


Similarly  we  find 

£  =  log  (sec  0  +  tan  0),     or    log  tan  (-  +  ■=  J.      (32) 

d0 

Again,  to  integrate n, 

&      '  °  a  +  b  cos  0 
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we  have 


dO 


dO 


+  b  cos  0     J  [a  +  b)  cos2  i  0  +  (a  -  b)  sin2 J  9 


sec2  i  0^0 


\d  tan  \9 


a  +  b  +  (a-b)  tan2  J 0     J  a  +  b  +  [a  -  b)  tan3  J 0' 
Hence,  from  (5),  if  a  >  b,  we  get 

J9 2  t  (  )/«-  ft\        0 

«  +  5cos0"v/(a2-^)tan  WvrV    2'' 


or 


1  (J  +  or  cos  0) 

a  +  b  cos  0)' 


COS 


(33) 


and,  from  (11),  if  a  <  ft, 

</0        _  1  1       {y{b  +  a)  +  */(b-a)ttmi9) 

a+bcos9~  S(b2-a2)    °g  \y/(b  +  a)-  </{b-a)  tanjflj'   l     J 


Examples 


i 


dd 


log 


cos  0  —  cos  o      sin  a  J    .    a  —  0 

sin  — — - 
2 


I. 


J  a+6cos0      V(i2-a2)   °g  ( 


." 


6  cose     v(£2-<*2) 
<ro  1 


A  4-  a  cos  0  +  V(£2  -  a2)  sin  0  j 
a  +  b  cos  0  j ' 

'  52  +  c2  +  «i  cos  0  +  ac  sin  0 


COS" 


+  6  eos0  +  c  sin  a      V(a2-b2-c2)  {{a+bcosd+csmd)V(b2+c2))' 

f  ^0  1  (b2+c2 +  (ab  — me)  cos  9+ (ac  +  mb)  sin  d) 

J  o  +  icos  0  +  c  sin©      m         (  a+bcosd  +  csinO  j' 

where  *n2  «=  b2  +  c2  —  a2. 

This  and  the  preceding  integral  are  reduced  to  (33)  and  (34)  respectively  by- 
putting     b  =  e  cos  a,     c  =  e  sin  a. 
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,       f  d9  1  ./}  \ 

5.  I    -= =- — .,   .  0n  =  -r  tan"1     -  tan  0  ) . 

J    a2cos20  +  />2sm20      ab  \a  J 

6.  1  •—  = tan-1  \ tan  -  J . 

)  a2  +  b2  +  2abcos9      a2-b*  {a+b        2) 

.      f       V  _2_      t     _   (*  +  -*~J) 

Ja+£sin0      \{a2-b2)  (^-i2  )' 

1  .,(*  +  «  sin  0 ) 

or  -r-r —  sin-1  <  — : —  \ ,     if  a  >  o. 

V(a2-62)  (a+*sin0)' 

f         ^0  _J j &  +  «tan|0-V(a2-a2)  i 

J  «  +  £sin0~V(62-a2)   °g  U  +  atan^  + V(r--«2)j'     x    a<    ' 

9.  From  the  expression  given  by  the  Differential  Calculus  for  the  sine  of 
the  angle  at  which  the  radius  vector  meets  a  curve,  namely,  rd9  /  ds,  show  that, 
if  0,  <p  are  the  base  angles  of  the  triangle  formed  by  the  foci  of  an  ellipse  and  a 
point  on  the  curve,  tan  \9  tan  \<f>  =  a  constant. 

f  dd  b  ,    .      .  a9 

10.         ,   =  - — -  log  (a  cos  9  +  b  sin  9)  + 

J   a  +  b  tan  9      a2+b2     &  v  ' 


a2  +  b2 


11 


f  d9  _  1  la sin  9  -  b  cos  0  +  V(a2  +  £2)  | 

J  o  cos  9  +  b  sin  9  ~  V(a2+  b2)     g  (  a  cos  0  +  4  sin  9  j ' 

f  (/+mcos8  +  «  sin  9)  d9  _  (ma+nb)  I  C  ld9  \ 

J  acos0  +  £sin0  a?  +  b2    \         J  «cos0  +  6sin0J 

(mb  -  na)  .      .  ..■•-» 

+  — - — — -  log  la  cos  0  +  £  sin  0). 
a2  +  b2 

20.  In  the  case  of  integrals  of  algebraic  differentials,  it 
may  be  of  interest  to  notice  the  forms  which  these  expressions 
take  when  they  are  rendered  homogeneous,  that  is,  when  we 
substitute  yjx  for  x.  Now,  if  we  put  yjx  for  x  in  f(x)dx,  we 
get 

from  which  we  see  that  if  the  expression  <f>(x,  y){xdy-  ydx)  is 
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capable  of  integration  without  assuming  any  relation  between 
x  and  y,  then  (j>(x,  y)>  namely,  the  coefficient  of  xdy  -  ydx, 
must  be  a  homogeneous  function  in  x,  y  of  the  degree  -  2. 
The  advantages  which  follow  hence  are  those  which  have 
place  in  algebra  from  the  use  of  homogeneous  expressions, 
namely,  symmetry  of  form  and  the  applicability  of  the  linear 
or  homographic  transformation.  Suppose  we  transform  x,  y 
by  the  linear  substitution,  that  is,  let 

x  =  ax  +  (3y,    y  =  a  x  +  /3V>  (35) 

then  dxy  dy  are  evidently  transformed  in  the  same  way,  and, 
therefore,  we  have 

xdy  -  ydx  =  (a/3'  -  (3a) {xdy  -  y'dx') ;         (36) 

that  is,  xdy  -ydx  is  transformed  into  the  product  of  the  simi- 
lar expression  for  the  new  variables  by  the  determinant  or 
modulus  of  transformation.  If  then  we  transform  a  diffe- 
rential expression  <p (x,  y) [xdy -ydx)  by  the  linear  substitution 
(35),  we  get  \p(x',  yr)[x  dy  -  y'dx)  multiplied  by  the  modulus 
of  transformation.  In  this  manner  we  can  frequently 
simplify  the  expression  to  be  integrated  by  a  proper  choice  of 
the  new  variables,  in  the  same  way  as  this  result  is  effected  in 
the  theory  of  binary  quantics. 

From  this  point  of  view  two  general  forms  of  integrals 
representing  the  circular  or  logarithmic  functions  are — 

xdy  -  ydx  _ 


u 


{xdy  -  ydx 
J      *Vu 


(38) 


where  u  is  a  quadratic,  and  v  is  linear  in  x,  y. 
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"We  see  then  that  one  form  cannot  be  reduced  to  the  other 
by  a  linear  transformation.  The  reduction,  however,  can  be 
effected  by  a  quadratic  transformation,  as  will  be  proved  in  a 
subsequent  chapter. 

The  integral  (37)  will  evidently  be  logarithmic  or  circular 
according  as  the  factors  of  u  are  real  or  imaginary.  In  the 
first  case,  if  these  factors  are  Ix  +  my,  Vx  +  m'y,  and  if  we  call 
them  x\  y,  respectively,  we  get  at  once 

'xdy-ydx  1 


log 


// 


u  Irri  -  I'm 

In  the  second  case,  we  may  put 

u  =  (Ix  +  my)2  +  [Vx  +  m 'yf  =  x2  +  y"\  say, 
and  then  we  have 

'xdy  -  ydx  1 


(39) 


u 


tan-M^). 
Im  -  Im  \x 


(40) 


21.  As  an  application  of  the  method  of  the  preceding 
Article,  we  may  investigate  the  value  of  the  integral 


pz  +  q 


dz 


From  Art.  6,  we  see  that  ^{d1  -  z2)  is  rationalized  by 
taking 

2ax  2axy 


1  +x2' 


or 


x2  +  y2i 


if  we  put  y/x  for  $.     With  this  substitution  the  given  inte- 
gral takes  the  form 


R 

S 


[xdy-ydx)y 


where  R  is  a  quadratic,  and  S  a  biquadratic  expression  in 
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x,  y.  Now  the  linear  factors  of  8  are  evidently  all  imaginary, 
and,  therefore,  from  algebraical  considerations,  8  can  be  ex- 
pressed in  a  single  manner  as  the  product  of  two  real  quad- 
ratio  expressions,  P,  Q,  say.  Again,  if  J" denote  the  Jacobian 
of  P,  Q,  namely  the  quadratio 

dx   dy       dy    dx"* 

it  is  easy  to  see  that,  in  general,  we  may  write  any  arbitrary 
quadratic  in  the  form  IP  +  mQ  +  nJ,  that  is,  we  may  assign 
the  constants  /,  m,  n,  so  that  this  expression  may  coincide 
with  any  given  quadratic.  Supposing  then  R  to  take  this 
form,  the  integral  given  above  becomes 

IP  +  mQ  +  nJ 


PQ 

or 


I 


(xdy  -  ydx\ 


I 


" (xdy  -ydx) 


(xdy  -  y dx)         [J(% dy  —  y dx) 


+  n 


PQ 


(41) 


Now,  since  the  factors  of  P  and  Q  are  imaginary,  the  first 
two  terms  in  (41)  are,  from  (40),  expressible  by  angles ;  and 
the  third  term  is  expressible  by  a  logarithm,  as  we  shall  show 
now.     We  have 


.  (  dQ       dQ\  fdP  ,       dP  ,  \ 

~l{xdy-ydx)^--  -  --j  =  *J{xdy-ydx). 
Thus  we  get 

J  (xdy -ydx)      2(PdQ-QdP) 
PQ         "  PQ 
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and  consequently  the  third  term  of  (41)  is  equal  to 


2n  loS  \  p\- 

22.  In  addition  to  the  methods  given  in  Art.  5  for  the 
reduction  of  integrals  to  known  forms,  we  may  notice  here 
the  principle  of  differentiating  or  integrating  under  the  sign 
of  integration.  Let  a  be  any  quantity  involved  in  a  func- 
tion of  x,  which  we  may  therefore  denote  by  f(x,  a),  and 
suppose  we  have  any  equation 

jf(x,  a)dx  =  <j>(x,  a), 

d<p  (x,  a) 


then  /(#,  a)  = 

and 


dx      ' 

df(x,  a)  _  d2(f)(xf  a)      d2<j>(x,  a) 


da  da  dx  dx  da 

Hence,  integrating  with  regard  to  x,  we  get 


I 


df(x,  a)       ^d<p(x,  a) 


da  da 

that  is,  if  we  have    judx  =  v, 

then 


£*-£    •  («) 


w  da  d(C 

where  a  is  any  quantity  that  is  involved  in  u,  and  does  not 
vary  with  x. 

We  may  evidently  repeat  this  process  as  often  as  we  wish, 
so  that  we  have 

—  dx-—  (43) 

J  dan    X  "  dan'  ^     ' 

In  exactly  the  same  way  we  can  show  that  we  may  inte- 
grate with  regard  to  a  quantity  a  involved  in  u  and  v,  that 
is,  if,  as  before,  j  udx  =  v,  then  we  have 

J  ( /  u  da)  dx  *  /  vda.  (44) 
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Examples. 


J  (x2  +  a)2  da  J  z2  +  a  da\<Ja  Va 


1    ,      ,  x        1        # 
tan-1 — 


2al  Vrt     2a  *2+«* 

2.        =  —  log 

J  fa;2 -a)2      4 a* 


+  Va\        1         # 


(s2-a)2      4af         \x-<Ja)      2a   x%  ~ a 

t        dx  2  d    r       dx       _  x  (3a  +  2a;2) 

J   (z2  +  a)*3  3  da   J  (x2  +  a)i      3«2(#2  +  a)3 

f  d    f  #m+1     (,  1      » 

4.  j  #m  loff^a*u;  =  -7-      xmdx  = uog# }. 

J  dm  J  m  +  1  (  m  +  1  J 

r  #m+1         #"*■'■*''  7  1     \  * 

5.  Wlog  #)2<fr;  =  ; 77,  + {   I  log* )  . 

J        v    6    '  (m+1)3      w+1  \    °         m+1/ 

f  a*0  _      d    r         a*0 

J  (a  +  b  cos  0)2         dff  J  «  +  i  cos  9 

.  _ii_ tan-.  {  /(i^)tan.9j »»» . 

(<jJ-4!)*  (\\tt  +  6/  J      («*-»*)(<>  +  »  cos  9) 

Jd2     f  (F^ 

x2eax  dx  =  —    \  ea*dx  =  —  (a2x2  -  lax  +  2). 
«V   J  aA 

f  0*    f  1  0 

8.     I  6  cos  wd  dQ  =  —     sin  m0  dd  —  —  cos  m0  H cos  m0. 

J  dm  J  m^  m 

23.  We  have  now  enumerated  and  exemplified  most  of 
the  methods  which  are  generally  adopted  for  the  reduction  of 
integrals  to  the  elementary  circular  and  logarithmic  forms. 
The  different  methods  may  sometimes  be  made  use  of  to 
obtain  the  same  integral,  and  must,  of  course,  then  give  the 
same  results,  the  identification  of  which  may  often  serve  to 
throw  additional  light  on  the  processes  employed. 

E 
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The  reduction  to  the  forms  just  referred  to  is  always  pos- 
sible, when  the  given  differential  coefficient  is  a  rational 
function  of  x  and  the  square  root  of  an  expression  which 
does  not  involve  powers  of  x  beyond  the  second.  The  most 
important  methods  in  this  case  are  (2),  (3),  and  (4)  of  Art.  5. 
and  to  each  of  these  we  propose  to  devote  a  chapter. 

The  same  methods  of  reduction  are  also  applicable,  if  the 
expression  under  the  square  root  involves  higher  powers  than 
the  second.  When  this  expression  is  of  the  third  or  fourth 
degree,  the  integral  can  be  made  to  depend  upon  three  fun- 
damental forms,  namely,  the  three  kinds  of  elliptic  integrals, 
some  elementary  properties  of  which  we  shall  consider  in  a 
separate  chapter. 

24.  We  can  give  a  geometrical  illustration  of  the  pre- 
ceding remarks.  Let  x,  y  be  the  Cartesian  co-ordinates  of  a 
point  on  a  conic,  then  if  <j>  (x,  y)  denotes  any  rational  function 
of  x,  y,  the  integral 

J  0  (*,  y)  dx  (45) 

depends  upon  the  elementary  circular  and  logarithmic  trans- 
cendents. This  can  be  seen  to  be  the  case,  by  supposing  the 
conic  to  be  written 

y1  =  ax1  +  2bx  +  c, 

when  the  integral  evidently  assumes  the  form  referred  to  in 
the  preceding  Article.  Again,  similarly,  the  integral  (45) 
will  depend  upon  elliptic  integrals,  if  the  point  x,  y  lies  on  a 
general  curve  of  the  third  degree,  and,  more  generally,  if  the 
point  lies  on  a  curve  the  nth  degree,  (45)  will  depend  upon 
certain  fundamental  forms  of  the  integrals  which  have  been 
called  Abelian.  We  shall  return  hereafter  to  the  consider- 
ation of  transcendents  from  this  point  of  view. 
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Examples. 


dx  .  2  V* 

-  tan-1  - 


J  (T+*)V*  l~x 

f         dx  1    .    ,  ,n        .  .s 

4.     [    — - — =»  tan"1  (c*). 
J    <?*  +  «-* 

f        dx  11 

5 


i 


a;  (logs)"  n  -  1    (log  ar)""1" 


J       a* 
— =  log  (log*), 
a?  log  a; 

f  a;2  J*  sin  a;  -  x  cos  * 

J    (x  sin  #  +  cos  x)2      x  sin  *  +  cos  x 

x2dx  x  sin  x  +  cos  * 


J    { (aa;  -  £)  sin  *  +  (a+  fa)  cos*}8      b  {{ax  —  b)  sin  a;  +  (a  +  bx)  cos*}' 


(x  cos  *  —  sin  x)2      x  cos  x  —  sin  * 

x2  dx  (x  sin  *  4-  cos  x) 


x2dx        a  (3a  +  ix) 
10 


J    (a+te)      a3    °gU  +  fa/       2«3  \x       )' 


xzdx 


Jx~ax 
(a  +  bx)*  ~      la 


(a  +  bx)*  (a  +  bx)2      db  (a  +  bx)3' 

=  -—  (a  +  fa)  (2b2 x2  -  babx  +  1  la2)  -  —.  log  (a  +  fa). 

a  +  fa      664  «4 

U-     J    V  (2  + to- 4*)  -  *  ■"'•'  (-3-J  • 
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15-  lv(2^+^r*log{4*+1+2V(2+2*+4*')}- 
l6- 1  v<(,-?(6-»)>r8,iB"{*V('-1»- 

J  *  V(7a;2  +  6x  -  1)  ~  8m~   (    4a?     j' 
18*     I»V(3^  +  4*-4)==i8in'1(?i-)- 

+  log{a;+2+V{(a;  +  1)  (*  +  3)}. 

20-         -T7! ^  =  -  co8"1  U  V. 

J  *V(a»»-  1)      n  v       7 

f  <£#  2  2  /     !  \ 

21.  —  V(s»  -  1)  =  -  V(a*  -  1)  -  -  sin-1  (x'~-J. 

„       f  a;V(6  +  2a;2)rfa; 

22.  j        \.2  +  3        =  V(6  +  2a:2)  -tan-1  {V(5  +  2a;2)}. 

23-   |(^WT2^)  =  tan"1{v(5  +  2^)}' 

25  f     (P  +  9*)<te     m  3p-2q+(5p-3q)x 
J   (2+6a;+6a;2)S  V(2  +  6s  +  5a;2) 

26  f  * =(2^  +  ^)V(a;2_g2) 

27'   I  vf^j:=V(1+a:2){a;2-f(1  +  a;2)2  +  ^1  +  ^3^- 

28.     \^{{a-x){x-b)}dx  =  \{2x-a-b)^{{a-x){x-b)} 

i  /       tno    •    !  (2a;-  a-  b) 
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29.  |  Jtan-^-itan-^  +  logj^-^j. 

30.  j  J  sin-**  =-  \  sin-,  +  log  j--^  J. 

31.  f  *Mog(*2-l)^  =  |a;'log(*2-l)- f*-f*3-ilog  (j^l- 

32.  [  tan4  0d0  =  \  tan30  -  tan  0  +  0. 

33.  [  cos  0  V(l  -  *2  sin20)  rf0  =  £  sin  d  V(l  -  e2  sin20)  +  \erl  sin-1  (e  sin  0). 

34.  J  sin  0  V(l  -  e2  sin20)d0  =  -  £  cos  0  V(l  -  e2  sin20) 

-  ^  ~e>>  log  {cos  0  +  V(l  -  <?2  sin20) } . 

„      f  tan  0^0  1  ,(„//,       «2\  ) 

35-     ]    Via'  +  PtanHrW^)  1°°*  °  4  V  "  »)\' 

~   ,,  }    t,x  log  { V(«2  -  *2)  cos  0  +  V(a2  cos20  +  A2  sin*0) } . 
V(#  —  o  ) 


36-    I  v(„»  +  w„)  =  VJS^j sin"'  |sin  "  -j  ('  "  9  }• 

—r, =  log  {  V  (H>  -  <#)  sin  6  +  V(a2  cos2«  +  4«  sin2«) } . 

V  (o  —  <?  *) 

[     d9     ..  ,     ,,    .  0  x       T         .  (   3  cos0 
37.         -r—  V  a2  +  A*  sm20   =  A  cos"1    77-77—7^ 
J  sine     v  (V(a2  +  A2) 


-  a  log  {a  cot  0  +  V(A2  +  a2  cosec20) } . 

38.  (sin  9)*'1  sin  (n+ 1)0  d0  =  $  (sin  0)'*-1  (sin  «0  cos  0  +  cos  w0  sin  0)d0 

1    r  1 

=  -   I  {sin  n0d  (sin  0)"  +  (sin  0)"  tf  (sin  n0)}  =  -  sin  «0  (sin  0)". 

39.  (sin  0)'*-1  cos  (n  +  1)  0  d0  =  -  cos  n0  (sin  0)n. 
J  n 
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40.  Girtn         U=  ax*  +  Ux2y  +  Zcxy2  +  dy*, 

H=(ac  -  b2)x2  +  {ad  -  bc)xy  +  (bd  -  e1)  y*, 

G  =  {a2d  +  2JS -  Zabc)x*  +  S(abd  +  b2c  -  2ac-)x2y 

+  3  {2db2  -  acd  -  be*)  xy2  +  {Zbed  -  2c3  -  ad2)  y3, 
show  that 

r  H2  G 

)u2{xd!/-t/dx)  =  -W 

41.  With  the  same  notation  as  in  the  preceding  example,  show  that 
[E2{xdy-ydx)      1 


UG 


-i-0 


42.  If  P,  Q  are  two  quadratics  in  x,  y,  and  /has  the  same  meaning  as  in 
Art.  21,  show  that 


Cj(xdy-ydx)  =  2_  /Q\"* 

J        pUm  Ql-m  m    \j>) 


(     39     ) 


CHAPTER  II. 

INTEGRATION    OF    RATIONAL    FUNCTIONS. 

25.  We  propose  to  consider  in  this  chapter  the  integrals  of 
f(x)dx,  where  f(x)  is  a  rational  algebraic  function  of  x.  The 
most  general  form  of  such  a  function  is  evidently  a  fraction, 
namely,  the  ratio  of  two  expressions,  P,  Q,  say,  which  can 
be  written 

P  =  pQxm  +plxm-1  +  .  .  .  +pm, 


Q  =  q0xn  +  qxxn~l  +  .  .  .  +  q 


«> 


where  m,  n  are  positive  integers,  and  p0,  pu  . . .  pmy  q0,  qh  . . .  qn 
are  constants. 

If  the  degree  of  the  numerator  be  equal  to,  or  greater 
than,  that  of  the  denominator,  the  fraction  P/  Q  may  be  re- 
duced by  division  to  the  sum  of  an  integral  expression  and 
another  fraction  in  which  the  numerator  is  of  a  lower  degree 
than  the  denominator.  The  first  part  can  be  integrated  at 
once,  so  that  we  may  confine  our  special  attention  to  the 
case  when  m  is  less  than  n.  The  method  of  integration 
adopted  in  this  case  is  (2)  of  Art.  5,  namely,  by  decomposi- 
tion of  the  given  expression  into  fractions  with  simpler  de- 
nominators, which  are  called  partial  fractions.  We  have  had 
already  a  very  simple  example  of  the  application  of  this 
method  in  Art.  9. 
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26.  Supposing  the  fraction  P/  Q  to  be  denoted  by 
(p(cc)  I fix),  we  know,  from  algebraical  considerations,  that 

f(x)  can  be  expressed  as  the  product  of  a  series  of  factors  of 
the  form 

X-O,      [x-byy      (*2-2aZ  +  a2  +  /32),      (x2-2a'x  +  a2+P'y. 

The  simplest  method  will  be  then  to  consider  these  four  dif- 
ferent kinds  of  factors  separately,  and  this  is  what  we  proceed 
to  do  in  the  following  Articles : — 

27.  First,  let  all  the  factors  of  f(x)  be  of  the  form  x  -  a, 
that  is,  suppose  that  all  the  roots  of  the  equation /(#)  =  0  are 
real  and  unequal,  then  we  have 

f(x)  =  (x-  ax)  (x  -  a2)  (x~a3)  ...  {x  -  an),  (1) 

where  al9  tf2,  •  •  •  an  are  the  n  roots  of /(#). 
We  may  put  now 

<p(x)        Ax  A2  An 

I7rjr  =  +  +  . . .  +  ,  2 

f(x)      x-di      x-a%  x  -  an 

where  Alf  A2  . . .  An  are  constants ;  for,  if  we  multiply  both 
sides  of  this  equation  by  f(x),  and  then  equate  like  powers  of 
x,  we  obtain  n  linear  equations  for  the  determination  of  the 
n  quantities  Aly  A2,  . . .  An.  The  simplest  method,  however, 
of  finding  these  quantities  is  as  follows : — 
From  (1)  and  (2)  we  have 

^ (x)  =  At  (x - a2)  (x - a3)  . . .  (x -  an)  +  A2(x- ax)  (x-a3) ...  (x-an) 

+  .  .  .  +  An  (x  -  ax)  (x  -  a2)  ...  (x  -  an^) ; 

but  this  identity  is,  by  hypothesis,  to  hold  for  all  values  of  x  ; 
therefore,  putting  x  =  an  where  ar  is  one  of  the  roots  of /(#), 
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all  the  terms  except  the  coefficient  of  Ar  vanish,  and  we  get 

Ar  ~/Wy  (3) 

observing  that     (ar  -  ax)  (ar  -a2)  ...  (ar  -  an)  =f'{ar). 

Hence,  giving  to  r  all  values  from  1  to  n  inclusive,  we 
obtain 

0(g)  =  0fai)  _L  +  0(«»)      1     +         L   tM       1  (4, 

/(*)      /(«0  »  -  «i     /'(^  *  -  <h      '  "      /'(««)  *  -  «»' 

and,  therefore, 
"£®  <fc  =  ^  loir  (x-a  )  +  ^  loir  (x-a)  + 


which  we  may  write 


,    0 W  i         /  v 


( 58* -»jf^»  «•-*)■       <5> 

where  the  summation  refers  to  r. 

In  this  result  x  is  supposed  to  exceed  the  greatest  of  the 
roots  «u  tf2,  &c. ;  but  if  it  be  less  than  any  one,  as  say,  of 
these  quantities,  log  (x  -  as)  must  of  course  be  replaced  by 
log(tfs  -x). 

From  this  investigation  we  see  that  the  integral  contains 
a  single  term  of  the  form 

corresponding  to  a  root  ar  of  f{%).     But  this  expression  re- 
mains real  and  determinate,  if  any  of  the  other  roots  are 

F 
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imaginary  or  become  equal  to  one  another,  provided  ar  itself 
is  a  real  determinate  quantity  and  not  a  multiple  root.  We 
see  thus  that  (5)  gives  us  all  the  terms  in  the  integral  arising 
from  real  unequal  roots  of  /(#),  the  summation  in  this  case 
extending  to  these  roots  only,  and  the  parts  depending  on 
the  other  roots  being  determined  by  a  different  process. 

It  may  be  observed  that  if  the  degree  of  <p  (x)  exceed  n  -  1, 
the  partial  fractions  involved  are  still  of  the  same  form. 

Let  0  (x)  jf[x)  in  this  case  be  put  equal  to  \p  (x)  +  0!  (x)  / '  f{x), 
where  \p(x)  is  an  integral  expression,  and  <j>i{x)  is  of  the 
degree  n  -  1,  then 

<p(x)  =  \p(x)f(x)  +  <pl(x)1 

and  therefore 

<p(ar)  =  <pi[ar), 

which  establishes  the  remark  just  made. 


Examples. 

,       f  dx I  {(x-a)(x-b)) 

'     J  (x -a)(x-b)  {2x- a- b)      {a-bf     S  \~(2x-a- bf  )' 

,,       f  ^ 1  l0J.{x~a)2{x-b)\ 

'     J  (x-a){x-b){3x-2a-b)      2{a-bf     S  \(Sx  -  2a- bfj' 

f  xdx  _  f  xdx 

3*     J  x3-6x*  +  11*- 6  "J    {x  -  1)  {x  -  2)  (x  -¥) 


3  4 

+ * ^    d* 

x  -  3      x- 2 


U     J    (^-l)(*-2)(*-3)"*  +  Tl0g(       (a;  -  2)"       } 
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5      f  dx  1 W  ((*~2)4(*  +  3)) 

'     J    a;3-  7a:  +  6      20     S  (       (x  -  l)5       )* 

*     J    a:3  -  7a;  +  6  "  3  J      a?  -  7a;  +  6 

7'     J    a;(l-a;2)=l0S  Ml-*2))" 
J    a;3-  1 


xidx 


[3x4-  12 

The  factors  of  a;3  -  13z  4-  12   are   x  -  1,  a;  -  3,  x  +  4,  so  that  we  may 
assume 

a;4  -4i  -^2  -^3 

a;+  a+ =■  + + 


a;3- 13a; +12  x  -  1      a;  -  3      a; +  4 

Multiplying  up,  we  find,  from  the  coefficients  of  x3,  a  =  13,  and  we  have 

Hence,  we  get 

C  x^  dx 

ja;3_13a.+  12  =  ^2+13a;-1Jolog(a;-l)  +  Hlog(a;-3)  +  ^log(a;  +  4). 

10-    J    x3_37x+u  =  x-^loS(x-3)+^log(x-i)-miog(x+1). 

1L         7 7T7 ^  =  £*3  +  fa:2+7a;  +  log    V M. 

J    (x-  l){x-  2)  °  (   x-  1    J 

f  ^  i    f  dz  • 

l2.     I    -7-5 rr-^ — — x  =  *  1    j v-j Tt,    putting  a;2  =  «. 

J    a;(a;2  +  o)(a;2+/3)      2  Jz(z  +  o)(2  +  j3)'     *         ° 

Hence  we  get 

P  dx  _l /     x2    \ 1_  /     a;2    \ 

Ja;(a;2+a)(^+/3)~20(a-/3)    °g   U2  +  &)      2a  (a  - /8)    °S  \«M~a/ ' 
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13-  ]  (^_i)(^_4)=3 J {zm-jflZTi}** 
J/^=2'OWOS(^)' 


14.  Show  that 


where  f(x)  =  (x2  -  a\2)(x2  -  tf22)  .  . .  (x2  -  an2), 

and  the  summation  refers  to  the  letter  r. 

28.  We  now  consider  the  case  in  which  f(x)  has  a  factor 
of  the  form  (x  -  b)p.     Putting 

we  may  assume 

<p(x)  Bx  B2  Bp       f  W        .. 


(x-byj\{x)    [x-by    (x-b)p-'         x-b    fx(x)' 

where  <px(x)  is  an  integral  expression  of  the  (n  -  p  -  l)th 
degree  in  x,  and  Bh  B2,  . . .  Bp  are  constants.  This  assump- 
tion is  legitimate;  for  if  we  multiply  both  sides  of  (6)  by 
(x-  b)p  fx  (x),  we  obtain 

<l>(x)={Bl+B2{x-b)  +  ...+Bp{x-by-l}fl{x)+<p1(x)(x-by;  (7) 

and  equating  then  like  powers  of  x  in  this  identity,  we  get 
as  many  equations  as  there  are  indeterminate  quantities. 

To  find  the  actual  values  of  2?i,  B2,  &c,  let  x  =  b  in  (7). 
We  get  thus 

which  determines  Bx.  Again,  differentiating  (7)  with  regard 
to  xf  and  then  putting  x  =  b,  we  find 
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Continuing  this  process,  we  obtain 

f(b)  =  9ifi"{h)  +  2B2f1/(b)  +  2B3f1(b), 

f'(b)  =  BKfr(b)  +  SBt/W)  +  6A//(6)  +  6A/x(6), 

and  so  on.  These  equations  evidently  enable  us  to  determine 
Bi}  B2,  . . .  Bn  in  succession.  We  might,  however,  write 
down  at  once  the  value  of  Br  as  follows : — Multiply  both 
sides  of  (6)  by  (x  -  b) p,  differentiate  r  times  with  respect  to  x, 
and  then  put  x  =  b.     We  thus  find 


- '     1  £  (*(*))  ™ 

'"irrfafl/.Or))'  W 


I  r 

where  b  is  to  be  put  for  x  after  differentiation. 

Integrating  now  both  sides  of  the  equation  (6),  we  obtain 


]{*-b)'Mx)-]-JW     P   g(      }~*-< 


6 


1        -^p-2  -^1  m\ 


2 


(«-&)* "'    (i?-!)^-^)^1' 


If  /(a?)  have  any  other  factor  of  the  form  {x  -  c)9,  we  must 
evidently  put/!  (a?)  =  (x  -  c)qf2(x),  and  repeat  the  process 
just  given  for  the  integral 


/i  (*) 

29.  We  may  notice  here  another  method  of  treating  the 
integral  in  the  case   considered   in   the   preceding  Article. 

Let  x  «  b  +  -,  then  dx  =  — ?,  and  ; — -  =  -  yp~2  dy. 
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Also,  we  have 


/.«-/.(» +i)-^*w, 


where  ^  (2/),  1//1  (y)  are  integral  expressions  of  the  degrees  «  - 1 
and  w  -^?,  respectively.     We  get  thus 


I 


0  (a?)  <fo 


(*-*)ViW 


vMy)' 


Now  since  the  degree  of  \fj  (y)  exceeds  that  of  y^x  (y)  by  p% 
we  can  evidently  evaluate  the  latter  integral  in  the  manner 
already  mentioned  in  Art.  25.  In  fact,  by  the  transfor- 
mation just  made  use  of,  the  given  integral  is  resolved  into 
the  sum  of  two  integrals,  namely,  that  of  a  rational  integral 
expression,  and  another  of  the  same  form  as  the  given  one, 
from  which  the  multiple  factor  has  disappeared.  This 
method  will  be  found  useful  when  f{x)  has  but  one  factor  of 
the  form  (x  -  b)p. 

Examples. 

1.   f  * .JLi+kf  "(•zIV 

J  (*-iy»(*-2)    x-i     °  \z-ij 

of  x^x  1  (x  ~  ^\ 

"     J    (*-l)*(*-2)  =  x  -  1  +     °g  \x-l)  ' 

3.     [   _^_=I_i- log(-^-V 
J    x2(a—x)      ax      a2  \a  —  xj 

4       f  ** . 1_    (2z-a-b)        _J_         /JZJX 

J    (*-<»)»(*-»)»         {a  -  by  {x  -  a)(x  -  b)      (a-bf     s  \x  -  a) 
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5-  \^h?=ll^hr'  puttin< 


is  x-  -  z. 


We  thus  find 


r        dx  J_    _1_       J_         /    _  a2\ 

J  x  {x*  -  a2)2  ~  2a2  *»  -  a2  +  2a4    °g  ^         *V  ' 

f         da?  1    ,       (x  +  a\         1          a; 

'     J    (a;2  -  a2)2  "  4^   og  \*7^/  +  2^  a;2  -  a2' 

7.     f  ^ . 

J    a;2(^-a2)2 

This  integral  may  he  made  to  depend  upon  the  preceding  one  as  follows. 
We  have 

f  dx  _  Cdx  I     x  n3 

J    z2(z2  -  a2)3  ~  J  a*j  (x^a?  ~  x) 

_  C  dx    (       x1  2  1  \ 

~)ai[  (x*  -  a2)2  ~  #2-a2  +  a>J 

J  a4    ((a;2-a*)2      *»-«*■*») 

1  fx  +  a\         1         1     r       rfa: 

"  2fl5    0g  \x~^)  ~  a^lc  +  a*   J  (a;2 -a*)2' 

r         <&  2a;-  3«          1  /         a\ 

'     J    (a; -a)3  a;  =  2a2  (*-  a)2  +  ^    °g  \    ~  S/ 


where   <p  (x)  =  ax2  +  bx  +  <?,    /(a;)  =  (a;  —  o)  (x  —  #)  (a;  —  7). 

___    ,                           <p(x)          I             tn  n 

We  have  Vr4  = +  ~  + 


f(x)      x  —  a      x  -  /3      x  —  y 

where  1-^      m  -  ^       H  -  ^ 

Mh6ie  '"/'(«)'     m~/'(3)'      M-/(7)' 

U(z))2_       I2  m2  n2  2ftn 

'  \W) )   "  (*- «)2  +  (^S)"2  +  F1?)2  +  (*-«)(*- 

2mn  2w/ 

+  (*-j8)(*-7)  +  (*_a)(*-7)» 


0) 
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and  the  integral  sought  is  equal  to 

(    I2  m2  w2    )        2lm    ,        tx-a\        2*»ft   ,        /x-$\ 

+  log     1    . 

7-0  \x  -  a) 


10 


(*-«)»(* -AX* -7)       («-£)(a-7)a:  -  a 


(a-jB)3(a-7)a     °  '      (a-/8)*(i8-7)       (a- 7)2()3  -  7)" 

30.  We  consider  now  the  case  in  which  f(x)  has  a  factor 
of  the  form  x2  -  2ax  +  a2  +  j32,  that  is,  when  it  has  imaginary 
roots.  The  results  already  obtained  for  real  roots  will,  of 
course,  still  hold ;  but  as  each  separate  term  involves  the 
imaginary,  it  is  necessary  to  show  that,  if  we  take  together 
the  terms  arising  from  conjugate  imaginary  roots,  the  sum 
so  obtained  will  be  real. 

Let  a  ±  ifihe  two  conjugate  imaginary  roots  of/(#),  then 
the  corresponding  part  in  the  decomposition  of  ^  (#)//(#) 
into  partial  fractions  is,  from  (4), 

<t>(a  +  i(3)  1  0(a-?/3)  1 


/'(a+ifi)  x-a-ifi     f{a-ifi)  x-a  +  ift 

L(x-a)-M 

(x-aY  +  F'  (10) 

if  we  put 

fl(a  +  *73)       »(a-t/3)       T 
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But  it  is  easy  to  see  that  Z,  M,  and  therefore  (10)  are 
real.     The  corresponding  expression  in  the  integral 

is  then         |  L  log  { («  -  af  +  /32)  -  *  tan-  fe).     (11) 

31.  Practically,  however,  the  method  just  given  is  not,  in 
most  cases,  the  best  for  obtaining  the  values  of  L,  M.  If  we 
put    f{x)  =  (x2  -  2ax  +  a2  +  j32)  x  (#)>    we  may  write 

0_W =     L{x-a)-M       R 

{x*-2aX  +  a2+l32)X{x)      x2-2ax+a2  +  j52       S'       l      ; 

where  E  /  S  is  a  fraction  arising  from  the  factors  of  x  (x)  •  We 
have  then 

0  Or)  =  [L  (x  -  a)  -  M}  x(x)  +  |  (*  -  2ax  +  a2  +  /32)  x  (*), 

and,  therefore, 

♦  W-{X(«-«)-Jf).xW,  (13) 

for  both  the  values  a  ±  »j3  of  #.  Substituting  now  2ax  -  a2  -  j32 
for  x2  in  (13),  and  repeating  this  operation,  we  shall  finally 
get  a  simple  equation  in  x.  Equating  then  the  terms  on 
both  sides  of  this  equation,  we  get  the  values  of  L,  if. 


i. 


Examples. 
r      dx 

J  r 


+  x 


:/ 


1  A  Bx  +  C 

Let r  =  = + 


1  +  X6       1  +  x       1  -  x  +  x'-' 
then,  from  (3),  A  =  \.     Clearing  of  fractions,  we  get 

■'l-**i*  + 8(1 +  «)(£*  \  C)y 
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•whence,  from  the  coefficient  of  x2  and  the  ahsolute  term  we  find  Bm  —  |,  C— 
We  have  thus — 

J  1+a;3      6         (l-*  +  a2)      V3  V    V3    / 

.      f    *<te       1,       (1-z  +  z2)        1  ,2x-l 

2.         =  -  log    +  —  tan-1  — — . 

J    1+z3      6         t  (1  +  z)2  )      V3  V3 

3'     J    7TT  *  -  4  l0g  (y+i)  +  i  ^  U+l)  +  2  tan  '* 

4      f  dx «  _L_  locr  (    x~a    \  _  _iL_  tan-^ 

'     J    (a;-a)(l+a;2)      1  +  a*     °\V(l+z2)/       1  +  a3 

r  dx  1  la  t     x  —  a    \ 

°*     J    (*  -  «)2(1  +  *a'  "  (1  +  o-)(s-a)  +  (1  +  a2)2    °g  \v(l  +  *2)/ 

a2-  1 

tan*1  a;. 


(a2  +  l)2 

This  integral  may  also  he  found  from  the  preceding  hy  differentiation  with 
regard  to  a. 

r  dx  11,   fx\ 

6.  -rrr, rx  m 3-  +  ~  cot        - 

J    x~(.c~  +  a  i  a* it      a6  \a/ 

h      f      dx         1  ((l-M)2    (1  +  s+a*))         1  /  rV3  \ 

— 


4a;  +  3 

We  have  x*  -  ix  +  3  =  [x  -  l)2 (**  +  2x  -f  3). 

Hence,  assuming 

1  o  $  yx+8 


s4  -  4x  +  3  ~  [x  -  l)2      a;  -  1      xz  +  2x  +  3' 
we  have        1  =  a{x2  +  2z  +  3)  +  £  (a;  -  1)  (a;2  +  2a;  +  3)  +  (-yz  +8)(x-  l)2. 
Putting  then  fa  1,  we  get  a=l  ;  and  taking  a2  -f  2x  +  3  =  0,  we  have 
1  =  (7#+8)(l-2a;-2a;-  3), 
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or  4#(7a;  +  5)  +  2  {yx  +  5)  +  1  =  0  ; 

hence  -  47  (2a;  +  3)  +  4  5a;  +  2  (yx  +  5)  +  1  =  0, 

from  which  we  find    7  =  9,     8  =  £.     From  the  coefficient  of  xz  we  obtain 
then 

0  -  - 1  —  *» 

so  that  finally  we  get 

f  «&  11  1  ,  1   ,      /  o      „ 

J  ,Tn7T-3  =" sjTT  -  5 10« <*-'>  +  Is l0* (*• +  2*  +  3> 

1  .  tx  +  1 

+ =  tan-1 


18  V2  \    V2 

The  integral  may,  however,  be  obtained  more  easily  by  putting  x  =  1  +  z  l. 


-,{¥)• 


18V2 


in   f    ^  _  i  r  (    2  -  ^         2  +  *    f . 

'     J    a^Tl-8  J  (^-2^  +  2  +  ^  +  2^  +  2)^ 


=  £  {(an"1  {x  -  1)  +  log V(x2  -  2a;  +  2) 

+  tan-1  (a?  +  1)  +  log  V(a;2  +  2a;  +  2)} 
2x  ,    ,       (a;2  +  2a;  +  2; 


,     2x  .   ,       (o;2  +  2a;  +  2) 

„.     [  f»  ._-i_  +  iog(  J*;1'3  J+2tan-'(*  -1). 

J    (x-  iy(x--  2a;  +  2)  x-i         °  (x2  -2c  +  2)  * 

12.     f    d-X =  f ^ 

J    x*-\Qx-+  15* -6      J  (x-l)*(x2  +  3x  +  6) 


f  zV«  .  1 

-  —    ^~^ — r r>  where  2  = , 

J  l(b2  +  53+1'  x  -  1 


(x  +  3)dx  f  8(a?  +  3)rfdf 

1  o. 


r  (a;  +  3)  ffa         _  r 

J    ix"  +  9a;2  +  18a;  +  17  ~  J 


I*3  +  9a;2  +  18a;  +  17      J   (3a;  +  l)3  +  5  (x  +  3)3 

<fc  ,  3a;  +  1 

#+3' 


=  4     -r— ri  where  2  = 
J  s3  +  0' 


52  INTEGRATION  OF  RATIONAL  FUNCTIONS. 

f  x^  dx  I x\  I x\ 

"■   J  ^r+i)(^  +  4)^+9)°Ataai"lg-At,m'1  (2j+*ton"1  U)- 

f  z*dx  1       f  /     a2  £2     \ 

'     J    (**  +  «'-)(*'-+*')  "  «2-*2  J  V*  +  *  -  **  +  0»J 

=  -5 — 5  (  «  tan-1  -  -  b  tan"1  -J . 
a2  —  b-  \  a  b) 

32.  The  case  when/(#)  has  a  factor  of  the  form 
(x2  -  2ax  +  a2  +  ft2)* 
can  be  made  to  depend  upon  Art.  28.     Putting 
/(*)  =  (x2-2ax  +  a2  +  (32)q  xW  -(*-«-  $)«  (*-  a  +  *0)«  X(*)i 


(x-a  +  ijd)q  (x  -  a  +  i($)9  x(,r) 
can  be  expressed,  as  we  have  already  shown,  as  follows 

Bi  B2  Bq 

'     .   .   .    + 


(x-a-  ij3)q      {x  -  a  -  ifi) q~x  x-a-  ifi 

+  . . .  + 


xW 

Now  it  is  easy  to  see  that  Br  and  (7r  must  be  conjugate 
imaginaries.     Hence,  putting 

»     Br=  Lr  +  iMn     Cr  =  Lr-  %Mn 
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and  taking  together  the  terms 


+  /— - — -THTry  (15) 


(x-a-ij3)r  '    {x-a  +  ipy 
the  sum  is  real ;  for,  letting 

x  -  a  -  p  cos  0,     /3  =  p  sin  0, 

(15)  becomes      —  (Lr  +  iMr)  (cos  rO  +  i  sin  rO) 

1  2 

+  —  (Lr  -  iMr)  (cos  rd  - i  sin  rO)  =  —  (Lr  cosrQ  -  Mr  sin  rO). 

Multiplying  (15)  then  by  dx,  and  integrating,  we  get 

Lr  +  iMr  Lr  -  iMr 

+ 


r  -  1  ( (#  -  a  - ifiy-1       (x-a  +  ifi)1'-1 
=  7— '■^JLrooB(r-l)0-MrBm{r-l)0}9     (16) 
except  in  the  case  in  which  r  =  1,  when  we  have 

Z,  log  { («  -  o)a  +  /3s)  +  2J/x  tan-1  f — \  (17) 

33.  We  might  also  consider  the  integral  in  the  preceding 
Article  without  making  any  use  of  the  imaginary.     We  may 

assume 

(jj  (./•)  A ,  x  +  Bi 


+ 


(x°~  -  2aX  +  a2  +  /38)«  X  W       (*8  "  2«^  +  ■'  +  ]38)* 
A2x  +  B2  Jqx  +  Bq  <px(x) 


(xz-2ax+a2  +  j32y-1        "      x2-2ax  +  ai  +  j52       XH 


for,  if  we  clear  of  fractions,  and  then  equate  the  coefficients  of 
the  different  powers  of  x,  we  get  the  proper  number  of  equa- 
tions to  determine  LhMx,  L2,  &c.     The  latter  quantities  may, 
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in  many  cases,  be  most  easily  determined  directly  from  these 
2q  linear  equations.  The  given  integral  is  thus  made  to  de- 
pend upon  a  series  of  integrals  of  the  form 


which  is  equal  to 


[Arx  +  Br)  dx 
(x2-2aX+a2  +  (3Y 


dx 


2  (r - 1)  (x*  -  2ax  +  a2  +  /J2)'"1  +  (^'a  +  ^  J  {x*  -  2ax  +  a2  +  j32)r' 
Now,  putting  x  =  a  +  y,  we  have 


dx 


(x*-2ax  +  <r  +  py     )(f  +  p) 


dp 


n\r  ' 


but 


dp 


!f 


— — -  y-2'^  dy, 


which,  being  integrated  by  parts,  becomes 


If 


2r+3 


^J(l  +  j3V2)-+12/-2r+2^ 


2  (r  -  1)  iJ2  (1  +  0,jTt)r~l      (2r  -  2)  /32 

y ,        2r-3     f        (fy 

"  2  (r  -  1)  /32  (r  +  fly*      2  (r  -  1)  tf  J  (//2  +  0»)"'  V  " ; 

from  which  result,  by  changing  r  successively  into  r  -  1, 
■  -  2,  &c,  we  shall  make 


dy 


(!/2  +  W 


•  depend  upon 


dy       1  ,.x(y 


The  integration  of  dy/  (y2  +  J32)'',  in  the  manner  just  given, 
furnishes  an  example  of  the  method  (4)  of  Art.  5,  namely, 
that  of  integration  by  successive  reduction. 
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Examples. 

i       f         dx       =  JL  tan"1  (-)  +  - — 

J    (*2  +  «2)2      2a3'        W       2a2  s2  +  a-' 

2-  I  ^(^bp = " *  r tan_1  W  +  '  ^T^ + I}' 

3.  f  ***  _        l        (tan.i  /^-CQSaN        sm  a  (a; -cos  a)) 

J    (x2  -  2x  cos  a  +  1  j2      2  sin3  a  \  \    sin  a    /       xl  -  2x  cos  o  +  1  j " 

f  xdx  cos  a    ,       ,  Ix  —  coso\ 

4.         = tan-1 J 

J    (x2  -  2x  cos  a  +  l)2      2  sin3  a  \    sin  a     / 

1         (^ -cos  a  +  sin2  a) 
2  sin-  a     #2  -  2x  cos  a  +  1  ' 

-   J  (TT^P  =  9  lo*  (^TTT  j  +  -3^3 tan    [-7T) 

1   _1_       1       (l+x) 


9  1  +  *      9  xl  - x +  f 

6-   J  *(i+%2  =  ^hTTTlF  if  A'3  =  z* 

Hence       I  ^if^  - *  los  (it?)  +  *  nb- 

34.  We  have  given  already,  in  Art.  21,  a  method  of 
evaluating  the  integral  Rdx/PQ,  or  rather 

y     ',  (20) 

where  P,  Q,  P  are   homogeneous  quadratic  expressions  in 

a?,  ?/.     This  method  may  be  extended  to  the  more  general 

integral 

Un^(xdi/-ydx) 
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where  TJn  and  TJn-%  are  homogeneous  integral  expressions  in 
x,  y  of  the  degrees  n  and  n  -  2,  respectively,  and  n  is  an  even 
number. 

First,  let  n  =  6,  then  we  know  that  we  may  in  general 
assume  U6  =  PiP2P3,  where  Pj,  P2,  P3,  are  real  quadratic 
expressions.  Now  let  J^,  J^,  Ju  denote  the  three  Jacobian 
quadratics  of  P2,  P3 ;  P3,  Pi ;  Pi,  P2,  respectively ;  then  sup- 
pose we  assume 

Ui=  IPzPt  +  mPtPi  +  nPyPz+XJnP^ nJ3lP2  i  vJnPz.    (21) 

But  putting  for  Pi,  P2,  P3  the  values 

,/  dP,         dP\ 

we  see  that 

JiPi  +  /.Pa  +  JzPz  =  0,  (22) 

identically.  Equating  then  the  coefficients  on  both  sides, 
we  get  a  sufficient  number  of  linear  equations  to  determine 
/,  m,  n  and  the  differences  of  A,  ^u,  v,  as  we  see  from  (22). 
We  thus  get,  making  use  of  a  result  given  in  Art.  21, 

U^xdy-ydx)         \($dy  -ydx)  f  [xdy  -  ydx) 


PiP2P3 


=  / 


+  m 


P.  J         I 


7> 


+  n 


(x  dt/  -  y  d,r)      ..  ,  .         .  .       _       .       , .  _       _ 
V        p        7+2  !(^-i01ogPi+(^-A)logP, 


+  (X-iu)logP,).        (23) 
Each  of  the  integrals 

xdy  -ydx 
can  then  be  evaluated  by  (39)  or  (40),  in  Chap.  T. 
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In  the  same  way  we  can  integrate 

■jj{xdy-ydx). 

Putting     U8  =  P1P2P3P4,     and  assuming 

U6  =  IP,P3P,  +  mP.P.P,  +  nP.P.P,  +PPlP2Pz 

+  XJnPtPi  +  pJnPiPi  +  vJuPlP*,  (24) 

we  can  determine  the  seven  quantities  I,  m9  n,  p,  A,  jtv,  v.  The 
given  integral  is  thus  made  to  depend  upon  the  four  integrals 
of  the  form 

xdy  -  ydx 


Pr 


besides  the  expression 


(A  log 


♦  „  log  (J)  +  „  log  (g)J 


It  may  be  observed  that  the  case,  when  n  is  odd,  can  be 
made  to  depend  upon  the  preceding  by  multiplying  both  UH 
and  Un-2  by  an  arbitrary  linear  factor  Ix  +  my. 

35.  In  some  cases  in  which  the  roots  of  f{x)  are  known,  the 
partial  fractions  arising  from  the  decomposition  of  <j>  (x)/f(x) 
take  a  simple  form,  so  that  we  may  at  once  write  down  the 
integral  as  the  sum  of  a  series  of  known  terms.  For  instance, 
let  us  consider  the  integral 

(25) 


where  m  is  less  than  n. 

n 
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Now  if  a  is  an  imaginary  root  of  xn  -  1  =  0,  we  know 
that  a-1  is  also ;  in  fact  these  two  roots  are,  by  trigonometrical 
considerations,  of  the  form 

2rw     .  .   2nr 

cos  —  ±  %  sin  — , 
n  n 

where  r  is  some  integer.     But  the  partial  fractions  cor- 
responding to  these  roots  are,  from  (3), 

am  amn  Q-(m+l) 

*,  or— t c,  and 


iian~x(x  -  a)'        n(x  -  a)  n(x-  a"1) 

Hence,  adding  these  terms  together,  we  get 

1  X  (aw+1  +  a-™-1)  -  (am  +  am)  _  2  x  cos  (m  +  1)  0  -  cos  m$ 
n         x2  -  (a  +  a-1)  x  +  1  w       #2  -  2.r  COS  0  +  1 

if  we  put  2rir/n  =  0.   Writing  then  this  expression  in  the  form 

2  cos  (m  +  1)  0  (x  -  cos  0)      2  sin  (m  +  1)0  sin  0 
n       x2  -  2x  cos  0  +  1  w  (#  -  cos  0)2  +  sin2 0' 

multiplying  by  (fc,  and  integrating,  we  obtain 
1 


n 


cos  (m  +  1)  0  log  (#*  -  2a;  cos  0  +  1) 


2    •    /        -.x     ,      1/#-cos0\        .__. 
--sm^+l^tan-'J-^J.      (26) 


We  have  now  to  consider  two  cases,  according  as  n  is 
even  or  odd. 

First,  let  n  =  2p>  then  xip  -  1  has  x  -  1  and  #  + 1  as  factors, 
and  we  easily  find 
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[o^dx         1  (-  !)»» ,       -        1X 

J^^l=^l0g(^-1)+       2^l0^^  +  1) 

+  2^  si  cos  l^^J log  I1 "  2*cos  7  +  *  J 

/  nr> 

1    P-i  .    f(m+l)nr\,       JX'C0SJ 

~p^  ™v-y-  tan  — ~ 

\     Bin  — 
\  i> 

Secondly,  let  w  =  2p  +  1,  then  we  find 

xmdx        log(a?-l)           1         ^        |(m+l)2nr 
+  « ;  S.  cos  ' 


a^V-1        2p  +  l         2p+l    l        (     2p  +  l 

x  log  ( 1  -  2x  COS  x r  +  X 

°  \  2p  +  1 


2r7r 
a?  -  cos 


+  k ?  ^  am   ^ — f-7j —    tan  M  ^ 

2;j  +  1  V     2/?  +  1     ;  I  2nr 

\       2pTT 

In  both  of  these  results  the  summation  is  taken  with 
regard  to  the  letter  r  between  the  limits  indicated  in  each 
case. 

Examples. 

L     f        "gL.  -  i^-t.-2)  +  -r  .eg  f^gY 
J    *«-2a;-2      2  2  ^3         ^  +  1  +  ^3/ 

f  <fa  !   i^f(*~3)5(*  +  4)2) 

f  dx 1       1         (    x-2    ) 

'     J   *2(*-l)(z-2)~2*  +  4  °g  [x*{x-l)y 
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'    )    (x-n)(x2-l)~2(n2-l)     g  (  x2-l    \x-l)   )" 

5      f      (x2-a2)dx     =  1_  (x2  +  q2\ 

J   s2+Ga2#2  +  a4      2«    an     V    2as    / " 

7*   1  ^TT^T^) =  *  log  ( (TTWT^) } +  * tan_1  * 

f      (w#  +  n)  dx      _\  m  —  n      (3m  -  n)  Ix  +  3\ 

*     J   (*+l)»(*  +  3)**2i+T  4  g  Un]' 

q      f   ft2<fa 1  (#2  -  2^  cos  a  +  a2\ 

J    a;4  -  2a2 a;2  cos  2o  +  a4      8a  cos  a         (#2  +  2a#  cos  a  +  a2 )  * 

1  ,  /2ff#  sin  a\ 

+  I ~  tan       —% %      • 

4a  sin  o  \  a2-  x2  J 

1Q       f    «fo 1  {x2-2axcosa  +  a2\ 

]    z*  -  2a2 x2  cos  2a  +  a4  '         8a3  cos  a         \x2  +  lax  cos  a  +  a2) 

1         ,       ,   /2<?.r  sin  a\ 

+  J-Y-, tan       ""I -)• 

4^  sin  a  \  a'  —  x~   } 

f     (2*  +  3)<fe    _  f(*-l)10) 

"     J    z(*2+z-2)      (i      g   (^9(rc-H2))" 

12'  J  sH5**+4  =  «tan    Ur^j- 

13'     J    (l+a;2)(l  +  4^)-6tan'    VrT3.,2J' 

f  ^  2x  +1  _4         _,  /2*  +  l\ 

*     J    (1  +  *  +  z2)2  "  3  (1  +  x  +  x2)  +  V3    an      W3    / 

15     f         xdx        m  _       (*  +  2)       .  J.  t    _,  /2*  +  !\ 
J    (l+z  +  *2)2  3(l+a?  +  a?8)      ^3   ^      \    V3    / 

f       rr5^  1  x2     , 
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f      (3s  -  2)  dt  (x~2\ L_ 

J    (x  -  2)2  (x  +  2)  ~  2    °S   U  +  2/       a?  -  2' 

18.  f     .         "     .      =      *      (2  log  f2c0Sg-W>)-^  ^g  tan  '}. 
J    sin20-«sm0      »»-4(        &   \      smfi      /  &         2j 

19.         ■ „    .  o   >  =  ; r,  log  (tan  0  +  sec  0)  + .  tan"1  (m  sin  0  . 

J   cos  0(1  +  nfi  sin2  0)      1  +  m2     6  v  '     1  +  m2  v  ; 

nn      f  «■<&?  1         .     Sx  1  ,  / * \ 

20. =  -  tan-1 -\ tan-1  I  —  I . 

21  •     J    (*.+  l)(*  +  4)(,»  +  16)  "  -  ^      (4-^)   +   -  W  2' 
J    (1  +  x)  (1  +  x>)       *      5  (  1  +  x*  j       2 

„„         f    («3J  +  J)w+»-2  «fo  1  f,  »     ,.     ,<fo 

"     J    (x-a)"'{z-fi)»      (B-j8)»««J]^     H)  z™' 

.  a  —  fiz  y 

where  x  =  — ,     a  +  ba=p,     a  +  ofi  =  q. 

1  —  z 

The  latter  integral  may  be  evaluated  by  expanding  ( p  -  qz)m+n~z  in  a  series 
of  a  limited  number  of  terms. 

f  dx  _  (x  -  a)2  -  5  (x-a)(x-  $)-2  (x  -  fl)2 


M 


(a:  -  o)2  (a:  -  £)3  2  (o  -  j8)3  {x  -a){x-  j8)2 

3 


25.         = I  (z  -  l)™-1  — , 

J    x  (1  +  #")w  «   J  zm 

where  xn  (z  —  1)  =  1. 

(«£2  +  2£a-*/  +  c?y2)  (xdi/  —  ydx) 


(«-jS)4 


*  (my 


26 


■ 


#4  +  y4  -  2a;2  ?/2  cos  20 
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i  a  +  c  +  27*  sec  9 

where  41  = : , 

sin  6  ' 

a  +  c  —  2A  sec  9 

4m  = : -, 

sin0  ■ 

in  =  (a  -  c)  sec  9. 
27.  Show  that 

r- — £  =  -  jr  2«  cos  — S— —  lcS     x  -  2x  cos  v — — -!—  +  x2 ) 
J  1  +  x2u         2m     »  2w  D  \  In  ) 

(2r-l)7r 


+  -  2    sin  — — -i-  tan-1  < r> rr — 

«     »  2w  1  (2r  -  1)  ir      f  ' 

sin 


#  —  cos  - — -_ — —   J 


In 

where  the  summation  refers  to  the  letter  r. 
28.  Show  that 


(sm-i  +  -^-m-i)  dx     4       .    (2r  -  1)  wir        ,  /  *  ~  C0S  * 

i —  =  -  2  sin  2 : tan-1      — ^— — - . 

+  x»  n  n  I        .    (2r—  l)wi 


sin 


where  /*  is  taken  between  1  and  £w  or  |(»  —  1),  according  as  n  is  even  or  odd. 
29.  Show  that  the  general  term  of  the  integral 

f  xmdx 

J  x2n  -  2xn  cos  9  +  1 
is 

1  ,  ,.     .       .  /    #  sin  d>    \        sin(»-w-l)0,      .  .    _ 

— — cosfn-w-lUtan-1  [ —  )  -  — - : —  logiz2-2£cosd>+l  , 

wsin0       v  JY  \l  -x  cos <p)  2nsm9         oK 

where    d>  = ,  and,  to  obtain  all  the  terms,  r  must  be  taken  from  0  to 

n 

n-  1. 
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CHAPTER  III. 

INTEGRATION   BY   RATIONALIZATION. 

36.  In  the  preceding  Chapter  we  have  shown  how  to  obtain 
the  value  of  the  integral  judx,  where  u  is  a  rational  function 
of  x ;  and  we  now  come  to  the  case  when  u  involves  irrational 
expressions.  In  several  cases  the  irrational  expressions  can 
be  rendered  rational  by  certain  transformations,  so  that  the 
integration  may  be  then  considered  as  performed.  In  gene- 
ral this  simplification  cannot  be  effected  except  when  u  in- 
volves a  radical  not  containing  higher  power  of  x  than  the 
second,  and  in  certain  other  particular  cases,  which  we 
proceed  to  consider. 

37.  If  an  algebraic  expression  involve  fractional  powers 
of  the  variable  x,  it  can  evidently  be  made  rational  by  putting 
x  =  ym,  where  m  is  the  least  common  multiple  of  the  denomi- 
nators of  the  fractional  powers.      Thus,   for  instance,  to 

dx 
integrate  -rr rr,  we  put  x  =  y%  when  the  integral  be- 

x^  (-L  "J-  x* ) 

comes 

Sifdy 


l  +  y2 


=  6(y  -  tan"1^). 


Hence  we  get 

f        dx 


..  =61** -tan- (a*)  J. 

as  (1  +  a*) 
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In  the  same  way,  if  an  algebraic  expression  involve 
integer  powers  of  x,  and  fractional  powers  of  a  +  bx,  we  put 
a  +  bx  =  pm,  and  the  reduction  to  a  rational  form  is  effected. 
More  generally,  if  u  involve  integer  powers  of  x  and  fractional 
powers  of  y,  where 

a  +  fix 


y  = 


+  dx' 


it  may  be  rationalized  by  putting  y  =  s,n,  where  m  has  the 
same  meaning  as  before ;  for  we  have 


yZm  -  a 

X  = 


and  dx  = 


/3  -  hmi 

(/3y-  atymz'^dz 

(0  -  $zmy      ' 


Hence  we  see  that  u  dx  =  v  dz,  where  v  is  a  rational  func- 
tion of  z.     For  example,  to  evaluate  the  integral 


we  put 


x  -  a\ 

x  -  p 

X  -  a 


whence  x 


x-fi 

a  -  fil 


i  -  23  ' 

and  the  integral  becomes 


2  («  -  0)  j  (Tr?p  -  -j— ; g-  log  (^J 
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Examples. 
x^dx 


1.     f    -l^lss.£s!_4sl  +  4tan-1(a;i). 
J    1  +  z*  K 

2-         it; u  =  — *    -6zu  +  4V3  tan-1  ( ) 

J    si(l  +  a?l)       o  V      V3      / 

-2  log 


(1  +  afi)2 
1  -  a;1"5  +  »* 


c      x~  duf 

3-  iv<r^)  =  AV(1+a;)C3c2-4j;  +  8)- 

r  ^ i        i 

J  xl-  2z  +  4-4V(l+z)~      3V(l+ir)-l 

T  18     8  (*  +  4  +  2V(l+s)J 

9V2       '      V2     ) 

7.  I  (*-I^\ldx  =  V{{x-a){x-b)} 

+  2(a-l>)    /(^  +  3(«-i)logi^^l^^Z^) 

8.  [    f^l^Ac.^-aji^-^l  +  i^-^log^-i)*-,^^!} 

_  <"  -_g)  tan-1  f2(*-«)*  +  C*-*)*) 
V3  (        (*-£)aV3        )' 

I 
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f  dx  (x  —  a\\     „  f     dz  m    f      <fz 

a  -  bzz 
where  x  = -. 

1   —  23 

38.  We  now  come  to  the  consideration  of  the  integral 

//(*>  V)  dx>  (!) 

where  ^2  =  ax2  +  2bx  +  c  =  X. 

The  most  general  form  of  /(.r,  ?/)  can  be  evidently  written 
(A  +  By) I (C  +  By),  where  A,  B,  C,  B  are  rational  integral 
expressions  in  x.     Now  this  is  equal  to 

(A+By)(C-By) 
C%  -  Blif 

AC-BBX     (BC-AB)X  Q 

or  C2  -  B2X    +  (C2-B2X)y  "         y '  Say' 

where  P,  Q  are  rational  fractions. 

But  /  Pflfc  comes  under  the  case  of  rational  functions,  so 
that  we  have  to  consider 

Q<1* 


y/(ax2  +  2bx  +  c)' 

Our  object  is  then  to  reduce  the  integration  of  this  ex- 
pression to  that  of  a  rational  function. 

Now  if  we  put  y  +  h  for  x,  we  can  evidently  determine  h 
so  that  ax2  +  2bx  +  c  shall  assume  one  or  other  of  the  three 
forms 

o  o  o  2  2,2 

*2-  p$    y  -  «,    v  *  «  • 
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But,  from  Art.  6,  we  know  that  the  transformation 

2az 

y  = 


1  +  zl 
will  rationalize  */  (a2  -  y2) .     In  fact,  we  have 

(1  -  s2)  flfe 
and  dy  =  2a1XT^r. 

Again,  from  Art.  14,  we  see  that  the  transformation 

y  =  jfs  ±  — J  rationalizes  */($/*+  a2), 

in  which  case  we  have 

dy  dz 

*/(,/  +  a2)  =  T 

We  see  thus  that  in  the  three  cases  we  are  able  to  make 
(2)  depend  upon  the  integration  of  udz,  where  u  is  a  rational 
expression  in  z. 

We  might  treat  the  integral  (2)  directly  in  the  following 
manner  also : — If  a  is  positive,  assume 

ax2  +  2bx  +  c  =  a  (x  +  s)2,  (3) 

then  2bx  +  e '—  az2  +  2azx9 


az2  -  c 


or  2x  =  — -.  (4) 

2{o  -  az)  x  ' 

Also     (b  -  az)  dx  *  a  (z  +  x)  dz  «  */  [a  (ax2  +  2bx  +  c) }  dz ; 
therefore  -     0  dx =  V^*.  (0) 
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We  see  thus  that  this  substitution  renders  (2)  rational. 
For  example,  the  integral 

dx 


\ 


(x  -  a)  >/(ax2  +  2bx  +  c) 


2  \/a  dz  1  .       L/a  (z  +  a)-  A' 

becomes        =  —  log  ' 


az2  +  2aaz  -  2ba  -  c      A         Wa  (z  +  a)  +  A) 
where  As  =  aa2  +  2ba  +  c. 

Again,  if  c  is  positive,  assume 

ax2  +  2bx  +  c  =  c(l  +**)*;  (6) 

then  ax  +  2b  =  c  (xz2  +  2s), 

2  (cz  -  b) 
and  x  =  — ~. 


a  -  cz2 


(?) 


Also  dx  =  2^dz  (g) 

»y  (ax2  +  2bx  +  c)       a  -  cz2  ' 

Thus  we  see  that  this  substitution  rationalizes  (2)  pro- 
vided c  be  positive.     For  example,  the  integral 

dx 


I 


,a\» 


(x-a)^(l-x2) 


becomes 


2<fe 


d(az  +  1) 


J  a{i  +  z2)+2z         J  (a8  +  l)*  +  o8-r 
2z 


where  x  =  -  , 

1  +  Z' 

"We  now  mention  a  transformation  corresponding  to  the 
case  in  which  the  roots  of  ax*  +  2bx  +  c  are  real.  If  a,  /3  are 
the  roots,  it  is  etisy  to  see  that  ax2  +  2bx  +  c  will  be  propor- 
tional to  one  or  other  of  the  forms 

(x  -  a) (x  -  (5),      (a  -x)(x  -  fi). 
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3. 


Now  •  {(*-«)(»-/3)}-(»-0)J(£f* 


Hence,  by  the  preceding  Article,  we  put 

x  -  a 


whence 


*-/3 


=  2" 


A.   —  Z 


and 


dx  2dz 


^{(•-«)(»-/3)J      l-s2" 

In  the  second  case  we  get,  similarly, 


(10) 


a  +  /3s 

TTs 

whence  we  find 

dx  2dz 


*.^-,  (11) 


(12) 


The  preceding  transformations  include  all  the  cases  that 
can  occur ;  for  if  a  and  c  are  both  negative,  it  is  easy  to  see 
that  the  roots  of  ax2  +  2bx  +  c  must  be  real,  so  that  then  we 
make  use  of  (11). 

The  integration  of  udx,  where  u  is  a  rational  function  of 
x  and  the  square  roots  of  two  linear  expressions  in  x,  can  be 
reduced  to  the  preceding  cases.     Let 

then,  putting  a  +  bx  =  ?/2,  we  have 

w  =»  0  (y>  </(«'£  "  &'fl  +  &V))j 

and  /;<£#  =  2y6/y,  which  proves  the  statement  just  made. 
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Examples. 

(I  4-  mx)  dx 


1.     f   £± 


-J 


2  V«  {w(az2  -  c)  +  2/(4  -  gz)}  dz 

:z2  —  i 

«z*  —  c 


{az*-c-2a(b-  az)}2  +  4j82  (4  -  *z)2' 
where  x  — 


2  (4  -  az) ' 

or  f        2\Te{l{a-  cz2)  +  2m  (cz  -  4) }  dz 

J    \a{a-czi)-2  {cz  -*)}*  +  £' (a  - *«*)»' 

.  2  (cz  -  b) 

where  x  =  — -. 

a  —  cz1 

2      f  dx f  2dz 

J    (*-a)V(l-*2)-J    (l-a)s2-(l  +  a)' 

z2  —  1 

where  x  = . 

z2+l 


J  V(a*» +  ***+<?)  ~  2"  J 


where 


az2  —  c 


a:  = 


2(4  —  az)  ' 
putting,  then,  b  —  az  =  p,  we  get 

71 TTT  = f        -^-    y2  -  24y  +  42  -  «w)» 

J     (4-«z)'»+1  rt'"1  J    y»«+i   Vl/  y  '  * 

which  may  he  integrated  at  once  by  expanding  (y2  -  2by  \  42  -  ac)n. 

f  dX  1      '    f    *     .  .         , 

4.         — = (1  +  z2)*-1 

J   a;"V(l-.r2)       2"-1  J  *»  V*  T     ;     ' 

where  a;  = 


1  +  z2 


P  dx  1 

5.  J    {o;+V^  +  «2)}nv____=-{^  +  V(x2-f^)}». 

6.  f   {a;  +  V(x2  +  a«)}»<fo  =  **  +  Vf*'  t  a'^"  {»  V(*~  ~  <*2)  -  «}• 
J  »-  —  1  v  ' 
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71 


7.     |  ^{s  +  v^  +  a*)}*  =2V^ 


where 


{™V(a-#)  +  «V(*-)8)}  V {(a -*)(*-£)} 


//  a-£  \  (\Z{(a-j8)(m2+n2)}+mV(a;-i3)-wV(a-a;)) 

"     \U2+«V  l  mV(a-«)+«V(*-j3)  j 

[    t  ,        ,,  v>,  tyx-y/a)dz 

(«)'  (         (V(*-«)j      (v**  +  v« 


39.  We  now  proceed  to  consider  the  general  transfor- 
mation which  serves  to  rationalize  the  expression  involved  in 
the  integral  (2).  For  the  sake  of  symmetry  we  shall  render 
(2)  homogeneous,  by  putting  x/y  for  x,  when  it  may  be 
written  in  the  form 

<f>(x,y)(xdy-ydx) 

</(ax2  +  2bxy  +  cy2Y  {     } 

where  $  (x,  y)  is  a  homogeneous  expression  in  x9  y  of  the 

degree  - 1.     Let   us  put  now  P,  Q  for  x,  y,  respectively, 

where 

P  =  ax2  +  2(3xy  +  yy2, 

Q  =  ux2+2^xy  +  yY; 
then  the  integral  just  written  becomes 

cj)  (P,  Q)  J  (xdy  -  ydx) 
x/{aP2+2bPQ  +  cQ2)f 

where  J  has  the  same  meaniDg  as  iu  Art.  21. 


(14) 
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Now  this  expression  will  evidently  be  rational  if  we  de- 
termine the  quantities  a,  j3,  7,  a',  |3',  y',  so  that 

aP2  +  2bPQ  +  cQ2 

should  be  a  perfect  square.  To  eifect  this,  we  shall  obtain  a 
quadratic  expression  in  P,  Q,  which  is  a  perfect  square,  when 
it  is  expressed  as  a  function  of  x,  y.  Now,  if  we  take  the 
condition  that  P  -XQ  should  be  a  perfect  square  in  x,  y,  we 
have 

A'  (a'y'  -  j3'2)  -  X(a  y  +  y'a  -  2)3)3')  +  ay  -)32  -  0;      (15) 

so  that  if  Ai,  A2  are  the  roots  of  this  equation  in  A,  we  shall 
evidently  have  (P  -  A,  Q)  (P  -  A2  Q)  equal  to  the  square  of  a 
quadratic  expression  in  x,  y.     Hence,  in  order  that 

aP2  +  2bPQ  +  cQ2 

should  be  a  perfect  square,  we  must  express  that  it  coincides 
with  the  result  of  eliminating  A  between  (15)  and  P  -  XQ  =  0. 
We  thus  find 

qy-/3"_     (q'y  +  7  «  -  ggff)  _  «y  -  P\       na, 

and  these  are  the  only  conditions  to  which  a,  )3,  y,  a',  /3',  y' 
must  be  subjected  in  order  that  (14)  should  become  rational. 
To  find  the  quadratic  whose  square  is  proportional  to 
aP2  +  2b  PQ  +  cQ2,  we  observe  that  one  of  its  factors  is  a 
square  factor  of  P  -  Ai  Q,  and  therefore  must  satisfy  the  re- 
sult of  equating  to  zero  the  differential  coefficients  of  this 
expression,  namely, 

dP    .    dQ  dP         dQ 

-T--  Ai  — -  =  U,     — Ai  — =  U; 

ax  ax  ay  ay 
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whence,  eliminating  A,  we  get 

dPdQ_dP  dQ  _ 
dx    dp      dy   dx 

Hence  we  infer  that,  subject  to  the  conditions  (16), 
aPz  +  2b  PQ  +  cQ2  is  proportional  to  J2.  We  see  thus  that 
J  disappears  altogether  from  (14),  whioh  becomes  propor- 
tional to 

j<t>(P,Q)(xdy-ydx).  (17) 

40.  We  can  now  prove  the  statement  made  in  Art.  20, 
namely,  that  the  integral 

xdy  -  ydx 

can  be  transformed  by  a  quadratic  substitution  to  the  form 

xdy  -  ydx 
w       ' 

where  u,  w  are  quadratics,  and  v  is  linear  in  x,  y. 

Let  0  (xy  y)  in  (13)  be  taken  equal  to  v~l>  where  v  =  Ix  +  my ; 
then,  by  the  substitution  made  use  of  above,  the  given  integral 
is,  from  (17),  transformed  into 

xdy  -  ydx 
IP  +  mQ' 

which  is  of  the  form  of  the  second  of  the  two  integrals  just 
mentioned. 

41.  From  the  preceding  general  transformation  we  can 
derive  several  particular  cases  by  assuming  certain  relations 
between  the  constants  o,  j3,  7,  a,  /3',  7'.  For  instance,  if  we 
take  /3  =  a  =  0,    a  =  a,    ft'  =  -  a ;  then  from   (15)   we  find 

K 
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y  m  -  c,    7'  =  2b,    so  that  for  x/y  we  are  to  put 

ax2  -  ct/2 
2(by2-axy); 

tut  this  is  evidently  the  transformation  (4)  already  made 
use  of. 

Again,  taking    a  =  /3'  =  0,     a  =  -  c,     j3  =  c, 

we  get  y  =  -2b,    y  ■  a, 

which  gives  the  transformation  (7). 

If  we  take        j3  =  j3'  =  0,     o'-^'-l, 

we  find  from  (15),  that  a,  7  are  the  roots  of  the  equation 

(la2  +  2ba  +  c  =  0, 

so  that  iov  x/y  we  put  then 

ct#2  +  7#2 


X2 

+  y2   » 

or, 

changing 

the 

sign 

of 

ax2 

-y*/2 

ar  -  I/2 

These  are  evidently  the  transformations  (9)  and  (11). 

42.  We  have  already  remarked  that  if  u  involves  the 
square  root  of  an  expression  which  contains  powers  of  x  of 
the  third  or  fourth  or  higher  degrees,  the  integral  of  udx 
will  depend  upon  corresponding  transcendental  functions. 
In  certain  particular  cases,  however,  we  can  reduce  to  elemen- 
tary forms  the  integral 

'  Rdx 

J   y  -<x 

where  R  is  a  rational  function  of  x,  and  X  contains  powers 
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of  the  same  variable  as  far  as  the  fourth  degree.     Putting 
x  I y  for  #,  this  integral  may  be  written 

J 71 '  (18) 

where  X  =  ax*  +  4bx3y  +  6cx2y*  +  4dx  y3  +  ey', 

and  f(x,  y)  is  the  ratio  of  two  homogeneous  integral  expres- 
sions in  xy  y  of  the  same  degree. 

Now,  from  (14),  we  see  at  once  that 


I 


<p  (P,  Q)  J(xdij  -  ydx) 


S(PQ) 

depends  upon  circular  or  logarithmic  functions.  It  follows, 
hence,  that  (18)  will  be  reducible  to  the  elementary  integrals, 
if  /(#,  y)  is  of  the  form  Jcp  (P,  Q),  where  P,  Q  are  a  pair  of 
quadratic  factors  of  X;  J  is  the  Jacobian  of  P,  Q,  and  <p(P,  Q) 
is  a  rational  homogeneous  expression  in  P,  Q  of  the  degree 
-1. 

For  example,  let    P  =  x2  +  y%  +  2axy, 

Q  =  x1  +  y2  +  2bxy, 

then  J  is  proportional  to  x2  -  y2,  and  the  integral 

0  (x2  +  y\  xy)  (x2  -  y2)(xdy-_  ydx) 
</{(x2  +  y2  +  2axy)  (x2  +  y2  +  2bxy) } 

is  reducible  to  the  elementary  forms. 

Again,  we  can  show  in  the  same  way  that  the  integral 

0  (x2  -  y2,  xy)  (x2  +  y2)  (xdy  -  ydx) 
t/{{x2-y2  +  2axy)  (x2 - y2  +  2bxy) J 

admits  of  a  similar  reduction. 
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43.  In  several  other  exceptional  cases  expressions  involv- 
ing a  radical  can  be  rationalized.     For  instance,  the  integral 


dx 


x 


becomes 
if  we  put 

Again, 
is  transformed  into 

where 


I 
n 


(a  +  bxnY 


zw-xdz 


** -a9 

a  +  bxn  =  a*. 

xm~l  dx 

m 

(a  +  bxn)Tl 

zn-m-\  CJZ 


J    b  -  *»  ' 
a  +  bxn  =  («)• 


where 


Examples. 

f             %dx  .  f  dy  r , 

L       ; » — ; n  =  4   —  {  y-i)6-«2(y-i)8} 

y  =  l  +  (a  +  x)\. 

2-   J  (T+^"*^-e#^9)^14ap>' 


=  A  (2a;2-  3s  +  9)(1  +  *)*. 


J   (H 

+  — (a  -  *)  tan-1  j-i '- K—— L   . 

V3  (         (*-J)*V3        ) 
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r    (x-a)\dx_         N(x  -  b)  +  V(x  -  a))  Ix  -  a\\ 

J       (s_j)l    "  °SU(x-b)-^(x-a)j~      V^l)  ' 

f  dx  ({x  -b)i+(x  -a)l\  i(*-*|* 


'  (ax*  +  2bx  +  c)      2^1  J    (ob-A)» 
1        r<fy 


_^ .    f  J.  (ac  _  42  _  2fy  -  y2)n-i 

"-1  c»-J   J  y»  V  9     9/1 


2(cz-b) 

where  rr  =    — ,     cz  =  t/  +  b. 

a  —  cz2 


f  1       f  (z2  -  1)"»  1        f  fz2  -  l)n» 

8.  rc»{rc+V(l  +  **)}»^  =  T-r      V L^+  * Lfo, 

1  \      ■        / J  2m+1     J         Zm  *  2"»+l     J        z»»-n+2  * 

where  2  +  V(l  +  #2)  =  2. 

9.  f  **  {x  +  V(l  +  *»)}-  .,**    ..  =  1    f  (-^^£<fc, 
J  x  n    V(l  +  a;2)      2»»  J     zw-n+1       ' 

where  x  4  V(l  +  #2)  =  & 

f  <&;  1 

J   V{(«  -  x){x-fi)}    {V(a  -x)  4mV(a?- £)} 

-4        f  <fy 

~  V(a  -  0)   J  1  -  «/2  +  2wy' 

o(l-  2/2)2+  W 


10. 


where  a;  = 


(1  +  2/2)2        ' 

f    {V(a  -  a?)  4  m  V(s  -  j8)}w<fa  _  f  (1  -  y2  4  2my)» 

'     J  V{(a -*)(*-£)}  "  J        (14  2/2)-1         y* 

12.     J    {V(a^)  +  W\/(,-^)}»^=  -8(a-j8)   f(-^y> 
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(a;2-  \)dx 

27*)  V { (a;2  +  1  +  2ax) (a;2  +  1  +  2&x)} 

dz 


13. 


]    (*2+l  + 


-bf 


7  -  0  -f-  (a  -  7)  z2> 

,  a;2  +  1  +  20a;       . 

where  ~ =  z2. 

a;2  +  1  +  2ax 


'     J    (a;2  -  1  +  27a:)  V{(*2  -  1  +  2oa?)  (a:2  -  1  +  20x)} 

(a  -  7)  z2' 


_  f  rfz 

""  J  7  -  £  +  (a  - 


,  a;2  -  1  +  2  fix 

where  - — ; —  =  z3. 

x1  -  1  +  2aa; 


°'     J    1  +  a;2   V(l  +  x*)  ~  ^2  Sm~    U+*2/ 

fa;2  +  l         <&  1  /  a;2-!  v 

J    a:2  -  1    V(l  +  ««)  "  V2    °S  U  V2  +  V(l  +  x*)  J  ' 

Jdx 
V(a;4  +  2a;2  cos  2a  +  1) 

1    .         .    ,/2a;sma\       1           .      2a;  cos  0+  V(z4+  2x2  cos2o+  1) 
=  -smasin-i  [j^)  +  5  cos  alog 


1  -a;2 


r   1  -  a;2  dx  1         .    l  I2x  sin  q\ 

18#     J    n^2  \/(a;4  +  2a;2  cos  2a  +1)  ~  2  sin  a  8m     \  1  +  a;2  }  ' 


19.     I    =  I  : ,     where     1  4-  x3  =  x3zz. 

J    (1  +  a;3)*     J  1  -  2J 


20-   I  (^-^  =  il0°rr-z-^tan'lz'   where  *-;(*-* 

21.     f r  =  f        ^    where    z2»  (1  +  2a;")  =  a>. 

J    (1  +  *») (1  +  2*»)£     J     +ZW 
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CHAPTER  IV. 

INTEGRATION   BY   SUCCESSIVE   REDUCTION. 

44.  The  method  employed  in  this  Chapter  is  one  of  the  most 
important  in  the  Integral  Calculus,  and  is  not  only  appli- 
cable to  algebraic  differentials,  but  also  to  many  expressions 
involving  transcendents.  Its  principal  use  is,  however,  to 
reduce  the  integral  J"  /  (x,  Xp)  dx  to  certain  standard  forms, 
where  X  is  a  rational  integral  expression  in  x,  and  p  is  some 
number,  whole  or  fractional,  positive  or  negative.  Under 
this  form  are  included  such  integrals  as 

\xmX*dx,  (1) 

where  mis  a  positive  or  negative  integer  such  as  p.  The 
object,  then,  of  this  method  is  by  means  of  a  formula  of 
reduction  to  make  the  integral  (1)  depend  upon  another  or 
others  of  the  same  form,  in  which  one,  or  other,  or  both,  of 
the  numbers  m,  p  are  diminished  or  increased ;  so  that  by  a 
repetition  of  the  formula  we  can  ultimately  express  (1)  in 
terms  of  the  simplest  integrals  of  the  series. 

The  easiest  procedure  in  practice  is  frequently  to  assume 
some  function  of  x,  such  that  its  differential  can  be  expressed 
in  terms  of  those  of  two  or  more  integrals  of  the  same  form. 
By  integration,   then,  we   have  these  integrals  connected 


80  INTEGRATION  BY  SUCCESSIVE  REDUCTION. 

with  an  algebraic  quantity,  and  this  constitutes  a  formula 
of  reduction.     For  example,  differentiating 

xmXp,  where  X  =  a  +  bxn, 
we  have 

T  (xmXp)  =  xm-lXt>-1  (mX+  npbx11) 

(IX 

=  (m  +  np)  xm~l  X?  -  np  axm~l  X?-1 ;       (2) 

whence,  by  integration,  we  find  the  integrals 

jxm~lXpdx    and    \  xm~l  Xp~l  dx 

connected.     Again,  we  have 

—  (xmXp)  =  maxm-lXr-1  +  (rfi  +  np)btf**n'lX*-\ 
ax 

from  which  we  find  the  integrals 

\xm-xXP-'dx    and    j  x"1"1-1  X?'1  dx 

connected.  We  see  thus  at  once  that  we  can  connect  the 
integral  J"  xm~xXp  dx  with  any  one  of  the  four  following  inte- 
grals : 

jx'^X^dx,    jxmlXp+1dx}    jxm-n-lXPdx,    j  xm!,~l  Xp  dx ; 

and  we  can  select  then  whichever  of  these  is  the  most  appro- 
priate, according  to  the  values  of  m,  pt  n.  When  this  is 
done,  we  take  the  one  of  lower  dimensions  of  the  two  expres- 
sions whose  integrals  are  to  be  connected,  increase  the  in- 
dices of  both  x  and  X  by  unity,  and  assume  the  result  equal 
to  P.  Then  dP  can  be  resolved,  as  has  been  shown  above, 
into  the  sum  of  the  two  expressions  whose  integrals  are  to  be 
connected,  whence  by  integration  the  formula  of  reduction  is 
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obtained,  which,  by  successive  applications,  serves  to  reduce 
the  given  integral  to  a  known  form,  or  the  simplest  integral 
of  the  series. 

45.  In  many  cases  the  integrals  of  rational  expressions 
of  the  variable  are  most  easily  treated  by  the  method  of 
this  chapter.     We  commence  with  the  integral 


! 


dx 
X~n' 


where  X  =  a  +  2bx  +  cxz,  and  n  is  a  positive  integer.     Taking 

b  +  cx 


P  = 


we  have 


dP 
dx 


Xnl 


2  (n  -  1) 


=  2  (n  -  1) 


I"-" 

(b  +  ex)1 


Xn 

(ac-b*)  _  (2k-3)c 
X*  Xn~l     * 

dx  b  +  cx  (2n  -  3)  c        f    dx 

X^  =  2(n-l)(ac-b2)Xn-1  +  2 (n -1) (ac-b2)  J  X^ 


Hence,  integrating,  we  get 


(3) 


By  the  aid  of  this  formula  of  reduction,  the  integral 
J  dx  I  Xn  is  made  to  depend  upon  /  dx/X9  which  is  found 
from  (12)  or  (13)  of  Chap.  I. 

By  the  substitution  of  y  +  h  for  x,  we  can  remove  the 
coefficient  of  y,  and  we  may  then  more  readily  separate  the 
cases  in  which  the  factors  of  X  are  real  and  imaginary. 
If  X  =  a2  -  x2,  we  have 


dx 
X^ 


x 


+ 


2n-3 


(2n-2)a2X*~1      (2n  -  2)  a* 

L 


dx 


(4) 
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Hence,  changing  n  successively  into  n  -  1,  n  -  2,  &c,  we 
get 

fdx  x  2n  -  5       C    dx 

X^  =  (2n-4:)a3Xn-2  +  (2n-4)a2  J  X^2     0,, 


till  at  last  we  come  to 


I 


<fo       1   ,      fa  +  x 
log 


X      2a        \a  -  x 
so  that  we  have 

dx       jc_  I        1  (2w  -  3)  X 

X"  "  X^1  t(2rc-2)a2  +  (2w-2)(2»-4)   a* 

(2n-3)(2n-5).  X2 

+  (2»-2)(2w-4)(2/*-6)    "?"  +  "  ' 

(2k-3)(2k-5)  ...  3.1    Xw-2 1 
+  (2n-2)(2n-4)  ...  4.2    a2n"2  J 

(2n-3)(2n-5)...3.1     J_  ,(<*_  +  *)        ,« 
(2»-2)(2w-4)  ...4.2     2a2-1     *\a-s/       v; 

Again,  if  X  =  a2  +  x2,  we  get  a  formula  of  reduction  of 
exactly  the  same  form  as  (4)  for  the  integral  j  dx  /  Xn.  We 
find  then  an  expression  of  the  same  form  as  (5)  for  this 
integral,  with  the  exception  that  the  last  term  is  replaced  by 

(2»-3)(2»-5)...3.1      1    .      lf 

(2»-2)(2»-  4)  ...  4.  2     a2""'  lan    a  W 

46.  We  now  consider  the  more  general  integral 

xmdx 


(a  +  2kx  +cx2)n' 
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If  a  +  2bx  +  ex2  =  X,  we  have 

d  (xm~x\      (m-l)xm-2      2(n-l)xm-1(b  +  cx) 
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dx  \Xn-1 


I"-1 


X 


(m-1)  axm~2      2b  (m  -  n)  xm~x      (2n  -m-1)  ex* 


Xn 


Xn 


Hence,  by  integration,  we  obtain 


f  xmdx 

Xn       cj2n 


-x" 


+ 


2b  (m  -  n) 


i-m-l)Xn~x      c(2n-m-l) 


Xn 


xm~xdx 


Xn 


+  - 


a(m-  1) 
c(2n  -m-1) 


xm~2dx 


Xn     » 


(8) 


which  gives  a  formula  of  reduction,  by  successive  applications 
of  which  we  can  make  (7)  depend  upon  the  integrals 


J  xdx/Xn,     jdx/Xn. 


Now  we  have 


xdx      1 


Xn       c 


(b  +  ex)  dx      b 


dx 

X? 


dx 


"  2c(n-l)Xn~1      c   J   Xn' 

We  see  thus  that  (7)  is  ultimately  made  to  depend  upon 
the  integral  considered  in  the  preceding  Article. 


47.  The  integral 


xmdx 


(a2  ±  x2)n 
evidently  comes  under  the  preceding  case,  but  may  be  more 
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easily  evaluated  by  means  of  a  different  formula  of  reduction. 
Considering  the  integral 


xmdx 
(a  +  cx2)ni 

which  includes  both  signs,  we  have 


(9) 


J 


xmdx 
(a  +  cx2)n 


xm~l.  xdx 
{a  4  cx2)n 

-1 


2c(n-l) 
Hence,  integrating  by  parts,  we  find 


xm-ld 


1    ) 

(a  +  ftr2)-1!' 


! 


xmdx 


-  Xf' 


(a  +  cx2)n      2c  (n  -  1)  (a  +  ex2)"-1 


+ 


m  -  1 

2c  (w  -  1) 


'jp~2dx 

(a  +  cx2)n~1' 


(10) 


The  successive  applications  of  this  formula  of  reduction 
evidently  simplify  the  given  integral  more  rapidly  than 
those  of  (8). 


J  (* 


dx 


Examples. 

x  —  cos  e 


(x2  -2x  cos  0  +  l)2      2sin20(s2-2a:cos0+l) 

1              .  /x-co$8\ 

+  ^-^-T.  tan        r-r-  ) 

2sm30  \     sin0    / 


'~\ 


dx 


x  -  cos  0 


(z2  -  2z  cos  0  +  l)3      4  sin-  0  {x2  -  2x  cos  0  +  I)" 

3  (s -  cos  0)  3 

8sin40   {x*  -  2.ecos0-f  1)      8  sin5* 


j  /#  -  cos  0\ 
\     sin  0    / 
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f      dx     =  g(5g2-3^)  ,  _L  w  (a  +  *\ 

J    («2  -  x2f      8a4  (a2  -  x2)2      16a5      g  \a  -  x)  ' 

[     d*     ,*(^+8^)  +  i.tMl-iVgV 

J    (a2  +  a;2)3      8a*  (a2  +  a;2)2      8a5  \a/ 

r  x2dx  ab  +  (2b2 -  ac)x^ 

J    (a  +  2bx  +  ex2)*  =  2c(ae-bt){a  +  2bx  +  ex2) 

a  f  dx 


^  2{ac-  b2)   J  a  +  24*  +  ex2' 

f       a;2<f*  1        *  1  a;  la;  1   •       . 

5.         = + H 1 tan-1*. 

J    (!  +  *«)«  6(1  + a;2)3      24(1  + a;2)2      16  1+ a;2      16 

f      z*dx  la;'  la;  J_        a;  3        x 

L     J    (1  +  a;2)6  =  ~  8  (1  +  x2Y  "  16  (1  +  a;2)3  +  64  (1  +  s2)3  +  128  1  +  ** 

3 

+  tan-1*. 

128 


log(l  -x2). 


h 


(1  -  x2f      4(1-  a;2)2      1  -  x2      2 
5o*a;         11  11 


(1  +  a;2)6      4(1+  x*f      6   (1  +  a;2)3      10  (1  +  a;2)5' 

48.  We  now  come  to  the  consideration  of  the  integral  of 
the  form  //(a?,  y)dx,  where  y1  =  a  +  2bx  +  cxz.  We  have 
already  seen  in  Art.  38  that  such  an  integral  depends  upon 
another  of  the  form 

Qdx 
y/(a  +  2bx  +  c%2)' 

where  Q  is  a  rational  fraction. 

Now,  if  the  numerator  of  Q  is  of  a  higher  degree  than 
the  denominator,  we  may  put 

<t>(x) 
where  M  is  a  rational  integral  expression,  and  8  is  of  a  lower 
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degree  than  $(#),  the  denominator  of  Q.     Hence  (11)  be- 
comes 


Rdx 


y/(a+  2bx  +  ex2) 


+ 


8 


dx 


(j>  (x)   y/(a  +  2bx  +  ex2) 


■     (12) 


Now  the  general  term  in  the  first  of  these  integrals  is  of 
the  form 

(13) 


2\> 


*/(a  +  2bx  +  ex2) 

and  for  this  expression  we  propose  to  investigate  a  formula  of 
reduction.     Taking 


we  have 
dP 


P=xm-ly(a  +  2bx  +  cx2), 

x™-1  (b  +  ex) 


—  =  (m  - 1)  xm~2  ^/(a+  2bx  +  ex2)  + 

dx  '  v  '      y/(a  +  2bx  +  ex2) 

(m  -  1)  axm~2  +  (2?>i  -  1)  bxm~l  +  mcxn 
</(a  +  2bx  +  ex2) 

Hence,  by  integration,  we  find 

f         xmdx  xm~l    ,,      M 

J  y/ (a  +  2bx  +  ex2)      me 


(2m  -  1)  b   f         xm~l  dx  (m  -I)  a 


J 


xm~2  dx 


me        J  </  (a+  2bx  +  ex2)  me       J  </  (a  +  2bx  +  ex2) ' 

(14) 

By  means  of  this   formula  of  reduction  we  ultimately 
make  (13)  depend  upon  the  integrals 


xdx 


y/  (a  +  2bx  +  ex2) '     J  ^/  (a  +  2bx  +  ex2) ' 


dx 


intp:giiation  by  successive  reduction 

Now  we  have 
xdx  1 
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y/  {a  +  2bx  +  ex2)      c  )  */{a+  2bx  +  ex2)      c 


(b  +  cx-b)dx        1    ;         n2 

=  -</(«  +  2bx  +  cx*) 


dx 


2\> 


</  (a  +  2bx  +  ex2) 


and  the  latter  integral  is  given  in  Art.  15. 

49.  Proceeding  now  to  the  second  part  of  (12),  namely, 


8 


dx 


2\» 


<p  (x)  </  [a  +  2bx  +  ex2) 


(15) 


we  can  decompose  8/<j>(x)  into  partial  fractions  by  the 
method  of  Chapter  II.  Hence,  to  every  real  factor  x  -  a  of 
(p  (x),  which  occurs  once  only,  there  is  a  term  of  the  form 

dx 


*\» 


(a  -  a)  </(a  +  2bx  +  ex2) 

which  has  been  already  evaluated  in  Art.  16. 

Again,  to  a  multiple  factor  (x-  a)p  there  correspond  terms 
of  the  form 

dx 
J  (x  -  a)r^/(a  +  2bx  +  ex2)' 

But  putting  x  =  a  +  z~\  this  becomes 

zr~l  dz 


where 


y/  (a'  +  2bfz  +  cz2Y 
a'  =  c,     b'=  b  +  ca,     c'=  a  +  2ba  +  ca', 


so  that  the  integral  thus  assumes  same  form  as  (13),  and  is, 
therefore,  reduced  in  the  same  waj7. 
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50.  To  a  pair  of  conjugate  imaginary  roots  of  <p  (x)  will 
correspond  an  integral  of  the  form 


f 


(Ix  +  m)  dx 


,2\> 


{ (x  -  a)2  +  /32}  -/(«  +  2te  +  ex2) 


which  has  been  already  evaluated  in  Art*  16. 

Again,  if  <f>  (x)  has  a  multiple  factor  { (x  -  a)2  +  j32}7,  we 
see,  from  Art.  32,  that  there  will  be  terms  in  the  integral  of 
the  form 

(Lx  -f  M)  dx 


\ 


{{x-af  +  /3Y\/(«  +  2fa  +  ex2) 


2\   » 


f  (lz  +  m)dz 

or  say'  J  (*+0)WV+Wn  +  **f  (l6) 

if  we  put  a?  «  a  +  z. 

We  proceed  now  to  investigate  a  formula  of  reduction 
for  this  integral.  Dropping  the  accents  for  convenience, 
and  putting  Z2  =  a  +  2bz  +  cz2,  we  take 

P=         Z         . 

(s2  +  j32)-1 ' 

and  then  we  have 

dP  b  +  cz  2(r-l)zZ2 

flfe"*"  («2  +  /32)r-1Z~   (s*  +  /32)r^ 

(6  +  cs)(z2  +  |32)  -2  (r- 1) 2  (a  +  2bz  +  cz2) 
{z2  +  ft2)rZ 

2(r~l)\(cP2-a)z  +  2bP2}-\(2r-3)cz  +  (4r-5)b}(zi  +  p) 

{z2  +  pyz 
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Hence,  by  integration,  we  get 
r  \(cj52-a)z+2b^}dz  =  Z 

(z*  +  (32yz      ~  2  (r  - 1)  (s2  +  py-1 
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hi 


2(r 
Again,  taking  Q 


(2r-3)cg+(4r-  6)b}dz 
zZ 


(17) 


(z2  +  j38)r-1' 
we  have 

dQ     a  +  Sbz  +  2czt     2(r-l)g»Z 
~dz~   (z*  +  p2)r-lZ         (z2  +  /32)r 

"  (7+Sp  ( («  +  Zhz + 2cs2)  ^ + ^  ~  2  ^ *'  (*+2fe+«*) ) 

-y  +  pyz(2fe-l)ff(«-gffl  +  g^)--(»,  +  P,)((4r-7)fa 
+  (2r  -  3)  (a  -  2c/32)  }-2(r-2)c  (g*  +  /32)2>) 

2(r-l)g8(a-cffl  +  2te)  '  {4r -7)bz  +  (2r -S)(a -2c (32) 
"      .       (z2  +  |32)rZ  (s2+/32)r"1Z 

2(r-2)c 
(z2  +  /32)r-2Z* 
Integrating  then,  and  restoring  the  value  of  Q,  we  get 

(a-cfi2  +  26z)rfz  zZ 


J        (*2  + 


+ 


+ 


j32)rZ 
1 


2(r-l)j3! 
(r-2)c 


2(r-l)j32(z2+/32)r-1 
(4r  -  7)  6z  4  (2r  -  3)  (a  -  2c/32) )  dz 


dz 


(r-l)/3*J(*8  +  /3T^" 


(18) 


M 
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Since  h  +  m  oan  be  expressed  in  the  form 

A  { (c/32  -  a)  z  +  2b j32}  +  fi  (a  -  c(52  +  2b*), 

we  see,  from  (17)  and  (18),  that  the  integral  (16)  can  be  made 
to  depend  upon  an  algebraic  expression  and  two  integrals  of 
the  same  form  in  which  r  is  replaced  by  r  -  1  and  r  -  2,  re- 
spectively. By  successive  applications  then  of  the  formulae  of 
reduction,  the  integral  (16)  is  made  to  depend  upon  two 
integrals  of  the  form 

(A  +  fiz)  dz      f  (A'  +  fiz)  dz 


iz)dz      r  (X  + 

ryz'  J  (*a  + 


(**+pyz'  J  (z*  +  p)z' 

But  putting  r  =  2  in  (17)  and  (18),  we  see  that  the  first 
of  these  integrals  can  be  made  to  depend  upon  the  second ; 
and  the  latter  integral,  as  has  been  remarked  already,  is 
evaluated  in  Art.  16. 

If  Z=  za+  /32,  the  integral  (16)  becomes 

{Iz  +  m)  dz 


which  is  equal  to 


(z2  +  j32)r+*' 


-  / 


(2r-l)(z2+Fy-h 


+  m 


dz 


(*a  +  py* 


For  the  latter  integral  we  may  investigate  a  formula  of 
reduction  as  follows  : — Let 


P  = 


then 


dP^ 

dz 


(»*  +  /32)7-i ' 
1  (2r-l)s2 


(za  +  /3a)r-*    (s2  +  /sy-a 

(2r-l)j32        (2r-2) 

(s2  +  /32)r+i     (s2  +  j32)r-*' 
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Hence  we  get 
dz 


2r  -  2 


dz 


(s8+08r*~  (2r-l)  j32  (s2  +  /32)^+(2r-l)^2J  (z2+j32)r-i'   ^ 

by  successive  applications  of  which  the  given  integral  is  ulti- 
mately made  to  depend  upon 

dz  z 

.  (s2  +  /3*)i  =  j32(s2  +  /32)*' 

This  integral  is,  however,  more  easily  obtained  by  putting 

s2  +  j32  =  y2z\ 
when  we  get 


dz 


-1 


(y-i) 


r_j    <fy 


y 


2r1 


(s2  +  j32)r+*      j3n 

which  may  be  integrated  at  once  by  expanding  (y2-  l)r~l  by 
the  Binomial  Theorem. 

51.  In  the  preceding  Articles  there  are  included  several 
integrals  which  seem  to  deserve  special  consideration. 

For  instance,  under  the  form  (13)  is  included  the  integral 

the  formula  of  reduction  for  which  is,  from  (14), 
xmdx  xm-x (m-l)«2f   xm~2dx 


*/{a2  -  x2) 


^/{a2-  x2)  +  v 


m 


m 


y(a*-x*y 


(21) 


Changing  then  m  into  m  -  2,  m  -  4,  &c,  successively,  we 
come  at  last  either  to 


f      x<idx  .         .  ,      „      a2 


dx 


*/  {a2  -  x2) 


=  -  ix,/(a2  -  x2)  +  -^  sin"1  -, 
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Xi 


X2) 


=  -^(a2-x2); 


so  that,  making  use  of  these  results,  we  find,  when  m  is  even, 


xm  dx 


\xm~l      (m-l)a2xm-3 


-773 ft  "  -  V'ia*  ~  x%)    —  + /       0\ 

*/(a2-x2)        v  '  I  m  m(m-2) 


(m  -  1)  (m  -  3) 


-^aixm-5  +  ...+ 


(m-l)(m-3)...l 


m(m-2)  (m-  4) 


(m  -  1)  (m  -  3)  ...  1         .    , 

+  " /      o\        o       am  sm    "  '* 

m  (w  -  2)  ...  2  a 

and  if  m  is  odd, 


m  (w  -  2)  (m  -  4) . . .  2 


am-%x\ 


(22) 


,m-l 


=  -</(«■-*»)      + 


m  -  1 


f  m       m  (m  -  2) 


a'a?™-3 


v^a2-*2) 

(m-l)(m-3) 
w(w-2)(m-4) 

The  latter  integral  may,  however,  be  more  easily  evaluated 
by  putting  x2  =  a2  -  y2,  when  it  becomes 


m  {m  -  2)  (w  -  4)  ...  o        ) 


1 


-  («2-y2)  2  ^y» 


which  may  be  obtained  by  expanding  (a2  -  y2)    2    in  a  finite 
number  of  terms  by  the  Binomial  Theorem. 
52.  Again,  let  us  consider  the  integral 

xmdx 


*/[2ax  -  x2)' 
The  formula  of  reduction  in  this  case  is  from  (13), 

xmdx  -xm'l^/{2ax-x2) 


(24) 


f 


y/(2ax  -  x2)  m 

(2m  - 1)  a 


+ 


m 


xm~l  dx 


,*\» 


y/  (2ax  -  x2) 


(25) 
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by  means  of  which  the  value  of  the  integral  can  be  written 
down  in  the  same  way  as  in  the  preceding  Article. 
53.  To  find  a  formula  of  reduction  for  the  integral 


dx 


we  take 

We  have  then 


P  = 


xmy(a  +  bx*y 
<s/(a  +  bx2) 


xl- 


dP^  -{m-l)^/(a  +  bx2)      ^b 
dx 


x 


m-2 


xm~%    «/(a  +  bx2) 

-(m-l)(a  +  bx*)  +  bx3 
xm~2^(a+bx2) 

-(m  -l)a  (m-2)b 


xms/{a  +  bx2)     xm-*y(a  +  bx2)' 
Hence,  integrating,  we  get 

dx  -  y  (a  +  bx2) 

xmy(a+bx2)  ~  [m  -  l)axm~x 

(m  -  2)  b  f  dx 


I 


•      (26) 


(m  -  1)  a  J  xm~2  *y(a  +  bx2) 

54.  It  often  happens  that  an  integral  may  be  more  easily 
treated  at  once  by  a  special  formula  of  reduction,  instead  of 
being  reduced  by  the  method  adopted  in  Art.  48.  For  in- 
stance, the  integral 


j  (a2  -  x~)n^dx, 


(27) 


94 


INTEGRATION  BY  SUCCESSIVE  REDUCTION, 


where  n  is  a  positive  integer,  may  be  most  easily  treated  as 
follows.     Integrating  by  parts,  we  have 

j  (a2-x2Y^dx  =  x(a2-x2Y^  +  {2n  +  1)  jx2{a2  -x2)n^dx 

=  x(a2-  x2)n+l  -  (2n  +  1)  j  (a2  -x2-  a2)  (a2  -  x2)n^dx 

=  x(a2-  x2)n^  -  (2»  +  1)  /  {a2  -  x2)n^dx  +  (2n  +  l)a2 

x  j(a2-x2)n-ldx,  (28) 

from  which  we  get 


I 


(2      ***a       x(a2-x2)'»l      {2n+l)a2. 
(a2-x2)n+sdx  =     v0^     0y —  +  v  0      ^      |  (a2-x2)n-*dx, 


2n+2 


2n  +  2 


by  which  formula  of  reduction  the  given  integral  is  ulti- 
mately made  to  depend  upon 


dx 


=  sin  *  -. 
a 


</{a2-x2) 
55.  More  generally,  let  us  consider  the  integral 

j  xm{a  +  bx2)n^dx.  (29) 

TakiDg  P  =  xm~l  (a  +  bx2)n+*>  we  have 

dP 

—  =  (m-  l)xm-2  [a  +  bx2)n+*  +  (2n  +  3)  bxm  {a  +  bx2)n^ 

(XX 

=  {a  +  bx2)n^  { (m  -  1)  ax™-2  +  (m  +  2n  +  2)  bxm ) . 

Hence,  by  integration,  we  obtain 

x"1-1  (a  +  bx2)n+* 


xm(a  +  bx2Y+*dx  = 

(m  -  l)a 


[m  +  2n  +  2)  b 


(m  +  2n  +  2)b 


./•'»-2(r/  +  bx2)"+h?s.       (30) 
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By  this  formula,  when  m  is  even,  the  given  integral  is 
ultimately  made  to  depend  upon  j  (a  +  bx2)n+bdx,  which  may 
be  treated  in  the  same  manner  as  the  integral  in  the  pre- 
ceding Article.  When  m  is  odd,  the  last  integral  of  the 
series  is  \  x  [a  +  bx2)n+%dx,  which  is  equal  to 

(a  +  bx2)n+* 
{2n  +  3)b' 

56.  In  the  case  of  the  integral 


j 


(« + **r J  %  (3i) 


we  can  find  a  formula  of  reduction  in  which  the  connected 
integral  has  both  the  indices  diminished.     We  have 


I 


(a  +  bx2)n+h—  = 


-  (a  +  bx2)n+* 


m  -  1  \xm~l 


-(a  +  bx2)n+*      (2»  +  1)  b 


{*  +  &)*£+     (32) 


(m  -  1)  xm~l         m  -  1 
by  integration  by  parts. 

Examples. 

f  x*dx  [%i      bbx      15£2-4«c)    ,, 

L     j    V(a+2to+^)"  \Zc-  67+  -6^—j  V(«  +  2fe  +  «») 

(9afo-15£3)   f  <to 

+  6?  J    V(a  +  2bx+cz2)' 

2     [  **  =        1        tan-t  pi!!L!)) 

J    (z2  -  «2)  v(l  -  *2)      «V(fl»-l)  (flV(l-«2))' 

! i0K  j  «V(i-*)+wa-tf)  i 

2r/V(l  -«2)     8  («V(l-*2)-arV(l- «2))" 
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(  d*  a         ,       (  x  +  a  \ 

3.  =  -log ) 

J    (s+«)2V(l+*2)      (1+«T         il-ax+V{(l+a*){l+x*)}  J 
1  1  1  aV(l  +  s2)-a;V(l  +  a2) 


V(l+a2)     x  +  a      (1  +  a2)     1  -  ax  +  V{(1  +  a2)(l  +  x2)} 

f  ^  1         V(l  -  x2) 

'     J   (*  +  a)2V(l-*2)  "  a2  -  1     ~7+a~ 

^tan-f    f-W—h 

(a* -if  W(«+l)(l+*)) 

r        (63 «  +  oc  -  Zb*)dz  2<j2  («:  -  i)  V(a  +  2fo  +  w2) 

'     J    (za  +  02)2  V(a  +  2fo  +  «2)  "  (^-  £2)(z2  +  02)  • 

where  ac  -  352  =  2c2  02. 

.      r                 dx                       2a  +  1            .  /    *V(1  +  a)    \ 
6.        ■ tan"1  ( i '-  ) 

J    (z2  +  a)2  V(l  -  x*)       2((a*  +  a)*  \V{a(l  -  s2)}/ 

1  sV(l-s») 

+  (a2  +  a)        s2  +  a 
/•         <fc  # (2a;2  +  3a2) 

J    (s2  +  a2)3      3a4(s2  +  a2)*' 
C         t^  dx 

10-  I  vissnb)  -  "  *  <*+ 3"> v<2«* "  *°> + w  8in''  (Jb)- 

Jx^dx  I    \  x  \       1 

^T^  =  6a'  ^  (V2a)  "  6  (2*2  +  6«*  +  *  ^  V<2°*  "  "* 

*     J   s3V(«2-z2)~2a3    °g(  «  )  2a2*2     ' 

t*      f  __A_         (3*2-2)    ,/,  i     2X       3,      (1+V(1  +  *2)) 
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14.  (a2  -x2)*  dx=  —  (8*4  -  26a2*2  +  33a4)  V(a2  -  x2)  +  —   sin-1  -. 
J  48  16  a 

15.  f  *2(a  +  btffdx  =  ~   (SPx*  +  llabx*  +  9a2)  V(a  +  to2) 
J  4o0 

a8     f  a^ 

+  163  J    V(a  +  &z2)' 

,.       f   /        i,x*rf*      (2bx*-u)   ,.        __.       3a*    f  a* 

16.  J    (a  +  **2)     _=L__JV(fl  +  ^)+_  j    _ _ _. 

57.  As  has  been  remarked  in  Art.  44,  the  method  of 
treating  integrals  by  formulae  of  reduction  is  not  only  ap- 
plicable to  those  already  considered,  but  is  also  of  use  in 
reducing  expressions  involving  radicals  of  higher  powers  of 
the  variable  to  certain  fundamental  standard  forms.  For 
instance,  let  us  consider  the  integral 

j  xm~x  (a  +  bx2  +  cx')»-ldxy  (33) 

where  m  is  an  integer  and  p  is  some  fraction  positive  or 
negative.     Putting  a  +  bx2  +  ex4,  =  X,  we  have 

^  =  7f'x  X"-1  [rX  +  2px  (bx  +  2cx>) ) 

=  raxr~x  X*"1  +  (V  +  2p)  bxr+l  X*"1  +  (r  +  4jo)  car*X»-1. 


dx 


By  integration,  then,  we  have  an  integral  of  the  form  (33) 
connected  with  two  others  in  which  the  indices  of  x  are 
increased  or  diminished  by  two  and  four,  respectively. 
Thus,  for  example,  taking  r  =  1,  p  =  J,  we  get 


x*dx       x  >y  X      2b 


x2dx       a 


dx 

(34) 


yx      'dc      3c  J/i    3c  J  yx' 

and  the  latter  two  integrals,  as  will  be  seen  in  the  chapter  on 
Elliptic  Integrals,  do  not  admit  of  any  further  reduction. 

N  ' 
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58.  We  now  proceed  to  consider  the  investigation  of 
formulae  of  reduction  for  integrals  involving  circular  func- 
tions. Most  of  these  can  he  transformed  into  the  integrals  of 
algebraic  expressions  already  considered,  hut  they  seem  to 
deserve  separate  treatment,  on  account  of  the  simplicity  of 
their  forms  and  the  frequency  of  their  occurrence  in  the  ap- 
plications of  the  Integral  Calculus. 

Considering  the  integral    J*  (sin  B)ndd, 

we  have  j  (sin  0)nd0  =  -  J  (sin  0)"-1  d  (cos  0) 

=  -  (sin  6)n-1  cos  0  +  (»  -  1)  J  (sin  0)"~2  co&26d0, 

by  the  formula  for  integration  by  parts. 

Hence  J"  (sin  dfdd  =  -  (sin  0)""1  cos  0  +  (w  -  1)  J  (sin  0)n~2d0 

-  (n-1)  J(sin0)V0; 
therefore 

{sin  eydd  -  - (9in  e)"w"  °09  e  ♦  fezi)  jf  (Sin  9T*-     (35) 

By  successive  applications  of  this  formula  we  get,  when 
n  is  even, 

(sin  0)nd9  =  -  —  {(sin  0)-1  +  £^  (sin0)-3 
J  n     (  (n  -  2) 

(»-l)(»-3)  6  („-l)(n-3) ...  1  ) 

+  (»-2)(»-4)(8me)     +---  +  (»-2)(»-4)...28mej 

(n-j)(»-3)...l 

»(»- 2)  (n- 4)7.72  ' '  (db) 

and  when  w  is  odd, 

|  (sin  0)"  rf0  -  -  —  1  jsin  0)-1  +  |tl^  (sin  0)-3 
J  w      (  (w  -  2)  ' 

(„_l)(w_3)                                (fi-l)(n-3)...2|      /0^N 
+  ) S77 r  pm  0)      + ....  4  7 £7 Tx 7 !  •    (37) 
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In  the  latter  case,  however,  the  integral  may  be  obtained 
by  writing  it  in  the  form 


n-l 


-J'(i  -  COB2  0)   2  tf(cOS0), 
n-l 

as  (1  -  oos'0) 2   can  be  expanded  in  a  finite  number  of  terms. 
In  the  same  way  as  that  made  use  of  above,  we  get 

C08  «). dg  .  8in  6  (°oa  fl)  -  +  felil  J  (cos  »)-<»  ;    (38) 
n  n 

and  by  means  of  this  result  we  oan  write  down  expressions 
similar  to  (36)  and  (37). 

59.  Altering  n  into  n  +  2,  and  then  changing  its  sign  in 
the  formulae  of  the  preceding  Article,  we  obtain,  after  trans- 
position, 


dd 


008  0 


+ 


(n-2) 


dd 


(sin  0)n        (»  -  1)  (sin  0)"-1      (»  -  1)  J  (sin  0)n 


dd 


sin0 


+ 


(n-2) 


dO 


(39) 


(40) 


(oos0)"      (n-l)  (cos  6)"-1      (n-l)  J  (oos  0)-2' 
By  successive  applications  of  (39)  we  find,  when  n  is  odd, 
dO     _     __oobi9___  J      (n-2)  OL^^LT*)^^ 


(sin0)M       (M-l)(sin0)*-1  (       (n-3) 


(n-2)(n-4)  ...  1  ,  .    m 

+  •  •  •  +  —^(7 k o    sm  *  " 

(n  -  o)  (»  -  5)  ...  2 

(n-2)(n-4)...l  0 

-jy— j  log  tan  =, 


recollecting  that 


(n-l)  (n-3) 


{   dB  0 

-r-^  =  log  tan  jr. 

sm0  2 


(41) 
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When  n  is  even,  the  integral  may  be  obtained  by  writing 
it  in  the  form 

n-3 

-J'(l+cot30)arf(cot0), 
and  expanding 


n-2 


(l  +  cot20) 

in  a  finite  number  of  terms. 

In  the  same  way,  from  (40),  we  can  write  down  the  value 
of  \dB  J  (cos  0)n,  when  n  is  odd;  and  when  ft  is  even  this  in- 
tegral can  be  obtained  by  writing  it  in  the  form 

n-2 

/(l  +  tan20)Trf(tan0). 

60.  It  may  be  observed  that  the  integrals  of  Art.  58  can 
be  obtained  very  readily  by  expressing  the  powers  of  sin  0 
and  cos  0  in  terms  of  the  simple  dimensions  of  the  sines  or 
cosines  of  multiple  angles.  Thus,  from  trigonometrical  con- 
siderations, we  have 

71     fl  — ~  1 

2n"x  (cos  9)n  =  cos  n9  +  n  cos  (n  -2)0+  —J — ^—  cos  (n  -  4)  0  +  &c. 
Hence  we  get 


I  (cos  0)n< 


1     (sin  nO      n  sin  (n-  2)0      n.n-1  sin(n-4)0 
dQ  =  xr-:  \ +  v    ^         + 


1 .  2n  -  4 

+  &c),  (42) 

in  which  the  last  term  is,  if  n  =  2r, 

2   1.3.5  ...2r-l 
2r       1 .  2  .  3  . . .  r 
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and  if  n  =  2r  -  1, 

1    (2t-l)(2r-2)...(2.1)_._fl 
2^  1.2.3..  .,-1 8m  6- 

In  the  same  way  we  can  evaluate  the  integral  /(sin  9)nd0 
by  expanding  (sin  6)n  in  a  series  of  sines  or  cosines  of  multiple 
angles,  aocording  as  n  is  odd  or  even. 

Examples. 

f  1  3 

1.  sin40rf0  »  — r  sine  cos 0(3  +  2  sin20)  +  -  0. 
J8  8 

f  1  5 

2.  cos60tf0  =—  sin  a  cos0(8cos40  +  lOcos20  +  15)  +  —  0. 
J  48  16 

C     d9  cos0        1  .  0 

3.  -r-r-  = — -  +  -  log  tan  -. 

J    sin>0  2sm20      2     6         2 

(     dd  sin  0     ln      m       _   .      3  ,      , 

4.  — -  = (2  +  3  cos20)  +  -  log  (sec  0  +  tan  0). 

J   cos50      8  cos40  v  '      8     6V 

f     dd  1 

5.  — --  =  -  —  cot  0  (3  cot40  +  10  cot20  +  15). 
J    sm60  15  ' 

f  113 

6.  1    cos40i0  =  —  sin  40  +  -  sin  20  +-0. 

7.  cos50  dd  =  —  sin  50  +  —  sin  30  +  -  sin  0. 
J  80  48  8 

61.  We  now  proceed  to  consider  the  integral 

J"  (sin  0)M  (cos  0)"^0.  (43) 

Before,  however,  investigating  a  formula  of  reduction,  we 
notice  some  cases  in  which  the  integral  may  be  obtained  more 
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simply  otherwise.     First,  if  either  of  the  numbers  m  or  n  is 
an  odd  positive  integer,  say,  m  =  2r  + 1,  we  have 

j"  (sin  6)n  (oos  0)md0  =  J  (sin  0)n  (1  -  sin2  d)r  d  (sin  0), 

which  may  be  integrated  at  once  by  expending  (1  -  sin2  0)r. 
Similarly,  if  n  =  2r  +  1,  we  have 

J  (sin  6)n  (cos  6)m  d0=-f(l-  cos2  6)r  (cos  6)md(cos  0). 

Again,  if  the  sum  of  m  and  n  is  a  negative  even  integer, 
say,  m  +  n  =  -  2r,  we  have 

J  (sin  0)»  (cos  0)md0  =  J  (tan  0)n  (sec  0)2r  tf0 

=  J  (tan  6)n(l  +  tan20)r-^(tan  0), 
or         J  (sin  0)n  (cos  0)m  tf0  =  J"  (cosec  0)2r  (cot  0)mtf0 

=  -  J  (1  +  cot2  0)r~1  (cot  0)md  (cot  0) . 

62.  If  the  integral  considered  in  the  preceding  Article 
does  not  come  under  the  special  cases  mentioned  there,  we 
must  make  use  of  a  formula  of  reduction  which  may  be  ob- 
tained as  follows : — We  have 

[  (sin  0)n  (cos  6)m dd  = —  f  (sin  0)*"1  d (cosw+1 0) 

J  Tit    i    x.    J 

(cos0)m+2(sin0)"-2</0,     (44) 


(sin0)"-1  (cos0)^      (»-l) 


m  +  l 


m  +  1 


by  the  formula  for  integration  by  parts. 


Hence,        (sin  0)n  (cos  0)mdB=  - 


(sin  0)"-1  (cos  0) 


m+i 


f 


n-1 
m+  1 


(cos  0)n"2  (008  0)*  dd- 


m  + 1 


m+l 

(cos0)m(sin0)V0; 
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therefore,  bringing  across  the  last  term  to  the  left-hand  side 
and  dividing  by     (m  +  n)  (m  +  1),     we  get 


(sin0)n(cos0)ma?0  =  - 


(sin  0)""1  (cos  0)m+1 


m  +  n 


+ 


(»-« 


m  +  n 
In  the  same  way  we  obtain 


(sin0)M-2(cos0)OT</0.       (45) 


,  .     m    /         m       ,/»       (sm  0)n+1  (COS  0)m-1 

sin  0  n  (cos  0)md0  =  ^ }- — ^ '- — 

n  +  l 

(sin  0)M+2  (cos  0)^-^0,       (46) 


m-  1 

+ 

n  +  l 


and 


/  •     a\»,        a\mja      (sin  0)M+1  (COS  0)"1"1 

(sin  0)n  (cos  6)md0  = - — 2 ' — 


m  +  n 


+ 


(m-  1) 
m  +  n 


(sin0)"(cos0)m-2^0,      (47) 


By  successive  applications,  then,  of  the  latter  formula  we 
get,  if  m  is  supposed  to  be  an  even  positive  integer, 

(sin  0)"  (cos  6)md0  -(Sme)r1  ((oosfl)"-^  J^L  (00s (?)«»-• 


w*  +  n 


(m  +  n-2) 


(m-l)(m-3)        ,       m      "    .    ) 
(m  +  n  -  2)  (m  +  n  -  4)  ) 


(m-l)(m-3)  ...  3.1 
(w  +  »)  (m  +  n  -  2)  .  . .  (m  +  2) 


(sin0)V0;       (48) 


and  the  latter  integral  is  known  from  (36)  or  (37),  according 
as  n  is  positive  or  negative. 
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In  the  same  way,  if  n  is  an  even  positive  integer,  we 
find,  from  (47), 

f  (sin  0)»  (cos  Q)m  d$  =  ~  (°0S  d)m"  j  (sin  0)-1 
J  m  +  n       {  ' 

♦  ±Z\  (gin8)^+       (» -!)(»- 3)  0         &o  j 

(m+n-2)  (m  +  n  -  2)(w  +  w-4)  ) 

(„-l)(»-3)        8.1  ^ 

(m  +  n)  (m  +  *  -  2)  . . .  (m  +  2) 

63.  If  one  of  the  indices  in  (43)  is  positive  and  the  other 
negative,  we  can  obtain  a  formula  of  reduction  in  which 
both  of  these  quantities  in  the  connected  integral  are  dimi- 
nished.    Altering  the  sign  of  m  in  (44),  we  have 


(sin0)V0 


(sin  0)"-1 


(cos0)m       (m-l)(cos0)m-1       m 


(K-lK(sin0)"-2(/0 

rrj  (cos0r2-    (50) 


Since  we  may  suppose  n  to  be  even,  by  this  formula  of  re- 
duction the  given  integral  is  ultimately  made  to  depend 
upon    j  (sm6)n-mdQ,    or 


(sin  0)W1  dO 
cos  0 


and 


dO 


(sin0)w-"m(/sin0 
1  -sin20~ 

,  if  m  >  n. 


,  if  m  <  », 


(COS0)' 

Again,  altering  the  sign  of  n  in  (46),  we  have 


{  (cos  0)mdQ 


J      (sin0)n      =  (>*-l)(sin0)n 


(cos  0)*"1  (m  -  1)  f  (cos  0)w-2  r/0 


» 


-1 


(sin  0)"-2 


,     (51) 
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64.  If  both  the  indices  in  the  integral  which  we  have 
been  considering  are  negative,  we  may  find  a  formula  of  re- 
duction as  follows.     Writing  the  integral  in  the  form 


dO 


(sin0)n(cos0)w' 
where  m  +  n  is  supposed  to  be  odd,  and  taking 

P  = 

we  have 


(52) 


1_ 

(sin  0)nM  (cos~0) 


m-l> 


dP  -  (n  -  1) 

~d0  ==  (sin0)n(cos0) 

m  -  1 


W-2 


+ 


(m-l)(l-cos*0) 
(sin0)n(cos0)m 

(m  +  n  -  2) 


(sin  6)n  (cos  6)m      (sin  0)n  (cos  0) 
Hence,  by  integration,  we  find 

dO  1 


m-2 


(sin  0)"  (cos  0)m      (m  - 1)  (sin  0)n"1(cos  0)m~1 
(m  +  n-2)    f  rf0 


+ 


m 


s9. 


In  the  same  way  we  obtain 
dO 


(sin  0)n(cos0)m-2' 
1 


(53) 


(sin  0)n(cos  0)m      (»- 1)  (sin  0)w~1(cos  9)m~l 


+ 


(m  +  n  -  2) 
«  - 1 


dO 


(sin  0)""2  (cos  0)"*        ^ 


By  successive  applications,  then,  of  both  these  formulae  we 
can  ultimately  make  an  integral  of  the  form  (52)  depend 
upon  one  of  the  integrals,  according  as  n  is  even  or  odd, 


d$ 


cos 


7j  =  log  (sec  0  +  tan  0), 


dO  0 

-s — 7^  =  log  tan  -. 
sin  0         6  2 
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65.  We  consider  here  the  integrals  j  (tan  Q)nd9,  /  (cot  QfdO. 
Although  these  are  included  in  the  case  treated  in  Art.  63, 
we  give  a  separate  investigation  on  account  of  the  simplicity 
of  the  results.     We  have 

j  (tan  0)nd0  =  J  (tan  0)»-2  (sec20  -  1)  dO 

=  /  (tan  0)"-2tf  (tan  0)  -  J  (tan  0)n"V0, 

or  J  (tan  0)»d0  =  ^^  -  J  (tan  B^dO. 

Hence,  we  get  at  once 

frL      *    ,n      (tanfl)"-1      (tan0)"-3      (tan  0)»-5 

J  (tan  OYdd  =  5 '- 5 5—  +  £—  . . .  &c. ;     (55) 

J  v  ft  - 1  n  -  o  ft  —  0 

the  last  term  being  (-  l)2  0,  if  n  is  even ;  and  (-  1)  *  log  cos  0, 
if  n  is  odd. 

In  a  similar  manner  we  find 

S  (cot  0)"tf0  =  -  ("**F*  _  J  (cot  0)-2tf0.  (56) 


i 


Examples. 

cosz9d9  _        (l  +  sin20) 
sin20  sin0 

sin5  Ode      1 


2.  f  S-^-4^=-sec0(3  +  6cos20-cos40). 
J      cos20        3 

3.  f  sin3  9  cos7  0d0  =  —  coss  0  (4  C0S2  0  _  5). 
J  40 

.       f  cos39d9      ....  .    _.  /,       1     .  2  .\ 

4.  -T7-? — r  =  2  V(sm  9)  [1  -  -  sin2  0    . 
J  V  (sin  0)  v  \         5  / 

f  a  (2        „  1  1) 

5.  I  V  (cos  0)  sin8  9d9  =  2  (cos  0)  a  j  -  cos  9  -  —  cos4  9  -  -  j . 
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sin2  0  cos5  0  dO  =  sin'  0  [  -  sin*  9  -  -  sin2  0  +  -  ) . 

— : —  =  4  tan  0  +  -  tan3  0  -  6  cot  0  -  -  cot3  9  -  -  cot5  9. 

sin6  9  cos4  0  3  3  5 

d9  1 

— —  =  -  tan4  9  +  tan3  9  +  log  tan  9. 

sin  0  cos5  0      4  ° 

— — -T- -j  =  2  (tan  6)1  1 1  +  -  tan2  0  ) . 

(sin  fl)i  (cos  0)i          v         ;     V         5  / 

cos*  9  d9  1    .  . 

— : ■  =  -  -  smz  0  +  log  sm  0. 

sin  0  2  6 

1  0 

cos4  0  sin2  0^0  =  —  sin  0  cos  0(3  +  2  cos2  0-8  cos4  0)  +  — . 
48  lo 


3  1 

sin4  0  cos4  0^0  =  ——  0  -  — —  sin0  cos0  cos  20  (3  +  8  sin'  0  cos2  0). 
128         128 

3  1 

sin4  0  cos6  9d9  =  -—  0  -  n—  sin  0  cos  0  cos  20  (3  +  8  sin2  0  cos2  0) 
256         256 

1     .   < 

+  —  sm5  0  cos5  0. 


d6  1-1-3  cos2  0      ,  0 

+  log  tan  -. 


sin  0  cos4  0  3cos30  2 


d9  2-3  cos2  03,  0 

+  o  l°S  tan  -. 


sin3  0  cos2  0      2  sin2  0  cos  0      2      °          2 


d9  8  -  25  cos2  0  +  15  cos4  0      15,  0 

+  —  log  tan 


sin5  0  cos2  0  8  sin4  0  cos  0  8  2' 


tan40  dd  =  -  tan3 0  -  tan 0  +  0. 


(cot  0)5  d9  = cot4  0  +  -  cot1 0  +  log  sin  0. 

4  ^ 


(cot  0)«  d9  =  -  -  cot50  +  -  cot3  0  -  cot  0  -  0. 
o  3 
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66.  To  find  a  formula  of  reduction  for  the  integral 

dO 

.  (a+  b  cos  0)"9 

where  n  is  a  positive  integer,  we  take 

sin  0 


(57) 


where 


P  m 

0n-l' 

a  +  b  cos  0  =  9. 


We  have  then,  "by  differentiation, 

tfP     cos0      (n  -l)b  sin20 

+  — 


do     en~i 


Qn 


_  cos_0      (n-l)b  _  (;?-l)6cos20 

=  e^+     en  ~9"       ' 

Hence,  putting  (O  -  a)/b  for  cos  0,  we  get 

dP_e-a      (n-l)b      (n  -  1)(92  -  2«9  +a2) 


tf0      59n-x 


9n 


69n 


_  (n  -  2)       (2»  -  3)  a  _  (n-l)(g2-^) 
69w~2   +      &0n"1  bQn 

Therefore,  integrating  and  transposing,  we  get 


Cdd 


-  b  sin  0 


+ 


(2»-3)ff 


9n      (?i-l)(di-b2)en-1      (n-l)(a2-b2) 

(n-2) 


[  d0_ 
f^-   (58) 


{n-l)(di-b2) 

By  successive  applications  of  this  formula  the  given  in- 
tegral is  ultimately  made  to  depend  upon  the  integrals 


dd 

(a  +  b  cos  0) 


»» 


rffl 

a  +  b  cos  0' 
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But,  taking  n  =  2  in  (58),  we  have  the  first  of  these  ex- 
pressed in  terms  of  the  second ;  and  the  latter  integral  is 
evaluated  in  Art.  19. 

67.  The  integral 

<fy_ /5m 

(a2cos2<p  +  b2  sin20)n  V     ' 

evidently  comes  under  the  form  considered  in  the  preceding 
Article  by  putting  2$  =  9 ;  but  we  consider  it  worth  while 
mentioning  here  a  substitution  by  which  (59)  assumes  a  form 
admitting  of  a  more  immediate  integration.     Taking 

tan  <b  =  t  tan  0, 
0 

we  have      dcf>  =  rftan'M  \  tan  0 )  =    .   ."a  ,  M  ^Sn  5 


b  J     a2sin20  +  £2cos20 

also  a2  cos-<£  +  b2  sm20  =       .      — 5 — -3 ; 

r      a2  sin2  0  +  62  cos  0 

so  that  we  have 

SK5p»?Wfr  "  <^  J(**"  +  *oortr «»;  (60) 

but  the  latter  integral  can  be  evaluated  at  once  by  expanding 

(a2  sin'0  +  V  cos20)n-\  or  {a2  +  (62-  a*)  cos20)n-x 

in  a  finite  number  of  terms,  and  integrating  each  term  sepa- 
rately by  Art.  58. 

68.  We  proceed  now  to  consider  the  integral 

J  xn  cosaxdx. 

Integrating  by  parts,  we  have 

xn  smax     n 


xncosaxdx 

a  a 


xn~1sinaxd.r, 
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and 


.    .          ,           xn~l  cos  ax      in  - 1) 
xn~l  sin  axdx  = + 


a  a 

so  that,  eliminating    \xn~x  sin  axdx,     we  get 


#n-2cos  axdx; 


xn~x  .  .        .      n(n-l) 

xn cos  axdx  =  — —  (ncos  ax  +  ax  sin  ax) J — = — 

or   N  '  a2 


#n-2cos  axdx. 

(61) 

By  means  of  this  formula  of  reduction  the  proposed  in- 
tegral is  ultimately  made  to  depend  upon 


cos  axdx  =  -  sin  ax,    or 
a 


x   .  n 

x  cos  axdx  =  -  sin  ax  +  — 2  cos  ax, 


a 


a~ 


according  as  n  is  even  or  odd. 
In  the  same  way  we  find 


#"     ,     .  .     n(n-\) 

/sin  axdx  =  — -  (n  smax  -  ax  cos  ax) = — 

a2    v  a2 


#n~'sin  axdx. 

(62) 

69.  Altering  n  into  n  +  2  in  (61)  and  (62),  and  then 
changing  the  sign  of  n,  we  obtain,  after  transposing  and 
dividing  by  (n-1)  (n  -  2)  /a2, 


*  cos  ax  dx      ax  sin  ax  -  {n  -  2)  cos  ax 
tf»       ~       (n-l)(n-2)xn-1 

a2  f  cos  axdx 

~(w-l)(»-2)J      ^-2     '        (     j 

sin  a#rf.c         («#  cos  a.p  +  (n  -  2)  sin  tf#J 


x' 


[n-  l){n-2)xn-x 

a*  C sin  axdx  . 

"  (»-!)(»  -2)  J  ""S^-" 
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By  means  of  these  formulae  of  reduction  the  integrals 

J  cos  axdx      c  sin  axdx 
?      '    J        ^ 

are  ultimately  made  to  depend  upon 


cos  axdx 


x 


sin  axdx 


x 


which  are  irreducible,  and  can  only  be  obtained  in  infinite 
series  by  expanding  cos  ax  and  sin  ax. 

70.  We  can  find  a  formula  of  reduction  for  the  integral 

j  eax  {sinx)ndx 

as  follows  : — Integrating  by  parts,  we  have 


but 


6  H 

eax  rsin  x\n  £x=.  —  (sin  x)n  —    eax  (sin  x)n"1  cos  x  dx ; 
v        J  a    K        'a 


eax  (sin  x)n~l  cos  xdx  =  —  (sin  x)n"1  cos  x 

a 


1 

a 

n-1 


eax  { (n  - 1)  (sin  x)n~2  -  n  (sin  x)n]  dx 


=  eax  (sin  x)n~l  cos  x eax  (sin  x)n~2  dx  +  - 


a 


n 


eax(smx)ndx. 


Hence,  eliminating 

J*  eax  (sin  x)n~l  cos  xdx, 
and  solving  for 

j  eax  (sin  x)n  dx, 
we  get 

„w  •      x«  7        n*r  •       >«  i  («sina?-  wcos#) 
ea*(sm  #)*<&  =  eax(sin  a?)*-1  *— 


n2  +  a2 


+ 


n(n  - 1 ) 
n2  +  a2 


eax(8mx)n-2dx.       {65) 
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In  the  same  way  we  obtain 

f  „*  /        \-  7        n*  t        \-  i  (a  cos  #  +  ft  sin  a?) 
ea*(cos  a?)ncte  -  eox(cos  #)n_1  i —  — i 


+ 


»(*- 1) 


rr+  a; 


eax(coax)n-2dx.       (66) 


By  these  formulae  the  proposed  integrals  are  made  to 
depend  upon 

\eardx  =  -ear- 
a 

when  n  is  even ;  and  upon 

J  eax  sin  x  dx,    J"  eox  cos  x  dx, 

respectively,  when  n  is  odd.  The  latter  integrals  have  been 
already  given  in  Art.  17,  but  may  be  found  at  once  from  (65) 
and  (66)  by  putting  n  ■  1. 

71.  We  can  investigate  directly  a  formula  of  reduction 
for  the  integral 

J  cos  ax  (sin  x)ndx, 

and  thus  connect  it  with  another  of  the  same  form  in  which 
the  index  of  sin  x  is  diminished  by  two.  This  formula  may 
be,  however,  obtained  at  once  from  the  preceding  Article  by 
the  use  of  the  imaginary. 

Putting  ia  for  a  in  (65),  and  equating  the  real  parts  on 
both  sides  of  the  resulting  equation,  we  get 

f  ,  .      .  •         (sin  x)n~l  . 

cos  ax  sm  xr  dx  =  — - — '-r-  (n  cos  x  cos  ax  +  a  sin  x  sin  ax) 

J  v  '  AT  -  »* .  J 

<yi  (ft i  j  r 

~     cos0#(sin#)M_2flfc-      (67) 

a1  -  nr 
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Also,  equating  the  imaginary  parts,  we  obtain 

.     .        .  .      .    .  (a  sin  x  cos  ax  -  n  cos  x  sin  ax) 

(smx)ndx  =  (sin  x)n-x  —  — — — 

n  {n  -  1) 


sm  ax 


it  -  a' 


+ 


n2  -  a2 


sin  ax  (sin  x) n~2dx.     (68) 


Again,  from  (66),  in  the  same  way  we  obtain  the  formulae 
of  reduction 


cos  ax  (cos  x)ndx  =  (cos  x) 


.    ,  (n  sin x  cos  ax-  a  cos  x  sin  ax) 

\n-i    i i 


W2  -«2 


+ 


w(tt  -  1) 

w2  -  a2 


cos  ##  (cos  x)n~2  dx,        (69) 


f     .         ,         .    _       ,         ,    ,  (w  sin  x  sm  ##  +  a  cos  #  cos  «#) 

sm  ax  (cos  #ra.r  =  (cos  x)n~l r = 

J  •      /  v         '  nr-a2 

n  (n  -  1) 


w2  -  a2 


sin  ax  (cos  #)n~2  ofc.       (70) 


72.  It  may  be  observed,  that  if  in  any  one  of  the  pre- 
ceding integrals  a  is  an  integer,  we  can  obtain  a  formula  of 
reduction  connecting  the  given  integral  with  another  of  a 
similar  form,  in  which  both  n  and  a  are  diminished  by  unity. 
Thus,  for  example,  integrating  by  parts,  we  have 

cos  ax  (sin  x)n  dx  =  -  sin  ax  (sin  x)n 

CI 

n    C    .  .  .      .    ,  , 

—      sin  ax  cos  x  (sm  x)n~l  dx 
a   ) 

(sin  x)n  -  -     (sin  (a  -l)x  +  sin  x  cos  ax]  (sin  a?)"-1  dx 


1    . 

=  -  sm  ax 
a 
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fl    C 
(sin  x)n sin  (a  -  1)  x  (sin  x)n"1  dx 


1    . 

=  -  sin  ax 
a 


n 

a  „ 
hence,  solving  for  j  cos  ax  (smx)ndx,  we  get 

.  .     .     ,       sin.  ax  (sin  x)n 

cos  ax  (smx)ndx  = 

n  +  a 

n 


cos  ax  (smx)ndx; 


n  +  a 


sin  (a  - 1 )  x  (sin  x)n~xdx.        (71) 


By  means  of  this  formula  of  reduction,  and  a  similar  one 
for  /  sin  ax  (smx)ndx,  we  can  determine  the  value  of  the 
proposed  integral.  In  exactly  the  same  way  we  can  obtain 
similar  formulae  of  reduction  for  the  three  other  integrals 
considered  in  the  preceding  Article. 

73.  More  generally,  substituting  a  +  ib  for  a  in  (65),  and 
equating  the  real  parts  on  both  sides  of  the  resulting  equa- 
tion, we  obtain 


J 


6 

eax  cos  bx  (sin  x)n  dx  =  —  (sin  x)n~l  { (asinx- ncosx)  cos  (fix  -  X) 


-  b  sin  x  sin  (fix  -  \) } 
+  n  (n  "  ^    [  eax  cos  (bx  -  X)  (sin  x)n~'dx,     (72) 

where   n2  +  a2  -  b2  =  c  cos  X,  2ab  =  c  sin  A. 

In  the  same  way  we  can  obtain  formulae  of  reduction 
for  the  integrals  J  eax  sin  bx  (sin  x)n  dx,  j  eax  cos  bx  (cos  x)ndx, 
j  eax  sin  bx  (cos  x)ndx. 

74.  We  may  here  investigate  a  formula  of  reduction  for 
J  xneaxdx,  where  n  is  a  positive  integer,  although  we  have  in 
effect  already  determined  the  value  of  this  integral  in  Art.  18. 
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xn  eax      n 
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xneax  dx  = 


a         a 


K 


-1  eax  dx. 


(73) 


By  successive  applications  of  this  formula,  we  ultimately 
come  to  j  eaz  dx  =  eax/a,  and  thus  arrive  at  the  result  (28) 
of  Chap.  I. 

If  n  is  of  the  form  (2m  +  1)  /2,  the  proposed  integral  can 
be  made  to  depend  upon 


eaxdx 


y/X 


=  2  /  e^'dy,  if  x  =  y\ 


.2    • 


The  latter  integral  can  only  be  obtained  by  expanding  eay  in 
an  infinite  series,  as  follows  : 

e*y*dy  =  [  (1  +  ay1  +  ^  +  &G.)dy 
To  find  a  formula  of  reduction  for 


eaxdx 


.<■'■ 


we 


have 


eardx 


or 


'  »  -  1   J 


eaxd 


.r" 


4 


(n  -  1)  xn~x      n-\ 


-£■       (74) 
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By  means  of  this  formula  the  proposed  integral  is  ulti- 
mately made  to  depend  upon 

eaxdx 


x 


which  can  only  be  obtained  by  expanding  enx  in  an  infinite 
series.     We  find  thus 


eaxdx 


x 


a3x3 


=  logs+gs  +  —  +  1   2   32  +  &c.    (75) 


75.  Putting  a  +  ib  for  a  in  (73),  and  equating  the  real 
and  imaginary  parts,  respectively,  on  both  sides  of  the  re- 
sulting equation,  we  obtain 


! 


! 


xn  ear  cos  bx  dx  =  xn  eax 


(a  cos  bx  +  b  sin  bx) 


n 


a2  +  b2 
xneax  sin  bxdx  =  xneax 


a2  +  b2 
xn-\  eax  (q  cos  bx  +  i  sin  fo.)  jx       (76) 

(a  sin  bx  -  b  cos  bx) 


a2  +  b2 


n 


xn-\  eax  ^a  g'n  QX_0  cog  QX}  dx^        (77) 


a2  +  b2 

which  constitute  formulae  of  reduction  for  the  integrals 
j  xn  eax  cos  bx  dx,    j  xn  eax  sin  bxdx. 

In  exactly  the  same  way  we  can  obtain  from  (74)  formulae 
of  reduction  for 


ax  1      <lX 

eox  cos  Ox  — , 

xn 


.    .    dx 
eax  sin  ox  — . 
xn 
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76.  The  formula  of  reduction  for  j  xm  (log  x)n  dx  may  be 
found  from  (73)  by  putting  x  =  ez.     We  obtain  thus 


v     ,      #      (log  #)  n 

Xm  (l0g^)n  dx  = V     6,     ' r 

°  m  +  1  m  +  1 

Similarly,  from  (74),  we  get 


xm  (logxy-'dx.     (78) 


f     xmdx  xm+1  »}  +  l  f      #mG?#  ^. 


(log  <r)n  (»-l)(loga;)n-1      u  -  1  J  (log  x)n~1' 


Examples. 

f 


dd  ,    __ ■     (4a2  -  A2  +  3«£  cos  0) 

=  -  6  sin  e 


a  +  b  cos  0)3  2c4  (a  +  5  cos  0) 

t  (2a2  +  b2)^         f(a-i)  .      la) 
+ -g tan-1  j  J tan  £  0  j , 

where    a2  —  b2  =  c2. 

dO  {a2  +  b2)<p      (a2  -  b2)  sin  <f>  cos  <p 


2.     f    * 

J    (a2  cos2  0  + 


b2  sin20)2  2a3*3  4a3  b3 


b 
where     tan  <p  =  -  tan  0. 


3.  f  x*cosaxdx  =  X-?^(ia2x2-2±)  +  6^(aix*-12a2x2+24). 

4.  I  x3  sin  ###  =  (3z2  -  6)  sin  x  -  (x3  -  6#)  cos  a;. 

j"  cos  a;  <?£  _^2  sin  x  —  cos  #      1    f  cos  #  «*# 

J  ~x3       ~  2x~2  2   J       x      " 


(x2  -  2)  sin x  -  x  cos  x      1    C  cosxdx 


f  sinaefa  _  (x2  -  2)  sin  a;  -  x  cos  #      1    f 

J  x4                           frr3                      6   J 

-       f  ••«*■■  sin2.z  (#  sin  x  —  3  cos  x)      6<?n*  (a  sin  a:  —  cos  x) 

7.         c"*  sm3xdx  = i ■+  ■ : ■ 

J  a2 +  9                           («2  +  9)(«2  +  l) 
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10. 

11. 

12. 
where 
13. 

14. 
15. 


16. 


17. 


eax 


e^  cos2xdx  =  — — {a2  cos2  x  +  a  sin  2x  +  2). 

a  (a2  +  4) 


1  2 

cos  3x  sin2  a;  dx  =  -  sin  x  (2  cos  x  cos  3a;  +  3  sin  x  sin  3a;) sin  3.r. 

5  15 


1  2 

sin  3a;  cos2  a;  dx  =  —  -  cos  x  (2  sin  a;  sin  3a;  +  3  cos  a;  cos  3a;)  -f  --  cos  3a;. 
5  15 


cos  4a;  sin2 a;  dx  =  -  sin  4a;  sin2 a;  —  —  (2  sin  2a;  -  cos  4a;). 


eax 
eax  cosbx  sinxdx  =  —  { (a  sin  x  -  cos  x)  cos  {bx-  A)  —  b  sin  a;  sin  (for- A)}, 


1  +  «2-  £2  =  ccosA,     2a*  =  c  sin  A. 

|       /  _     6        15\      15    r     rfa; 
«*##  =  a;    ex  [  x*  --x  +  —  I  — —    \  ex  — . 
\  2  4  /       8     J      Va: 

1  +  ax)  +  -  a2  \eax  — . 
2      J         a; 


dx         e** 

gax == 

x»         2x2 


xeax  cos  bx  dx  = 


xe0* 


2  (a2  +  b2) 


[a  cos  bx  +  b  sin  for) 


e«* 


{ (a2  —  i2)  cos  ia;  4-  lab  sin  &r } 


2(a2  +  £2)2 

x3   I  2  2\ 

(log  a;)2  da;  =  -   f  (log  a;)2  --loga;+-l. 

a  (2ac  -  Sb2)  +  (5ae  -  &b2)bx->rc{ac-b^)x't 


x3dx 


(a  +  2bx  -j-  ex2)* 


c2(ac-b2)\/(a+2bx  +  cx2) 
3*    f 


3*    f 

~  ~&    J  V(«  +  2bx  +  ex2)' 

T-n =7  -  (  — s ^ — ^  I  V(«  +  2*a;  +  ex2) 

J    a^  V (a  +  2*a;  +  ca;2        \2a2a:      2aa;2/     V  ' 


(3J2  -  ac)    f  <& 


J  V  (a  +  S 


2a2         )  V(a+2bx  +  ex2) 
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19.  Show  that 

f  xm  Xn         ian      f  ,  2nb      f 

I  zm-i  Xndx  = +  ■ I    x™-1  Xn~l  dx  + xm+1  X"-1  dx, 

J  m  +  in      tn  +  in  J  m  +  in  J 

where  X  =  a  +  bx2  +  ex*. 

f  !  1 

20.     I  sin  ix  cos2  xdx=  —  -  cos  #  (sin  #  sin  ix  +  2  cos  a;  cos  4#)  +  —  cos  ix. 

2L     (  71 JrTif  •  2«xi  "  ^  (3a4  +  3J4  +  2a2  *2)  ^  "  7  («*  -  *4)  sin  24> 

J    (a2  cos2  0  +  o1  sm2  0)3      8  .4 

+  ^(«2-*2)2sin4tf>, 

where  tan  d>  =  -  tan  0. 

a 

x2  e**  cos  bxdx=  —  {c2  x2  cos  (fo;  -  A)  -  2<?#  cos  (A*  -  2a) 

+  2cos(fo-  3a)}, 
where  a  =  c  cos  A,     £  =  c  sin  A. 
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CHAPTER  V. 

ELLIPTIC     INTEGRALS. 

77.  In  this  chapter  we  propose  to  give  a  slight  account  of 
those  integrals  which  have  been  called  elliptic.  This  subject 
is  very  extensive,  and  would  in  fact  require  a  whole  treatise 
for  itself.  Here,  however,  we  merely  investigate  some  of 
those  properties  which  are  of  more  immediate  use  in  the 
geometrical  applications  of  the  Integral  Calculus. 

78.  As  has  been  remarked  already  in  Art.  24,  the  elliptic 
integrals  are  the  irreducible  expressions  on  which  we  can 
make  all  the  integrals  of  the  form  j  <f>  (x,  y)  dx  depend,  where 
y  is  the  square  root  of  a  rational  integral  expression  in  x 
containing  powers  of  the  variable  as  far  as  the  fourth  degree, 
namely, 

y  =  ^/{a  +  bx  +  ex2  +  dx*  +  ex*)  =  \/X,  say. 

For  the  purpose  of  proving  this,  we  commence  by  trans- 
forming X  to  a  simpler  form.  Now  it  is  shown  in  trea- 
tises on  algebra,  that  X  can  always  be  made  proportional 
to  a  +  j3s2  +  7s4  by  a  real  homographic  transformation ;  that 
is,  by  the  substitution  of  (m  +  nz)  /  (p  +  qz)  for  x.  We  have, 
then,  X  =  (a  +  j3s2  +  7s4)  /  (p  +  qz)*  =  Z /  (p  +  qz)',  say,  and 
dx  -  (np  -  mq)dz/(p  +  qz)2.  Now,  in  the  same  way  as  in 
Art.  38,  we  see  that  j  <p  (x,  y)  dx  can  be  written 
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where  P  and  Q  are  rational  functions  of  .r.  The  first  part 
of  this  integral  is  already  known ;  and  the  second  part, 
namely, 

Qdx 

</T 

by  the  homographic  transformation  just  made  use  of,  be- 
comes 

Rch 

where  R  is  a  rational  function  of  s.  But  R  can  be  always 
expressed  in  the  form  i/,  (s2)  +  si//i(s2) ;  so  that  we  have 


Rdz 


yz 

xL(z2)dz      1 
2 


Vz 


the  latter  of  which  expressions  becomes,  by  putting  s2  =  u> 


\f,i(u)  du 


<y  (a  +  fiu  +  yu2) 


and  is  integrable  by  the  methods  of  Art.  38. 
79.   We  have  thus  to  consider 


i//  (s2)  dz 

which,  by  the  method  of  Chapter  II.,  can  be  made  to  depend 
upon  integrals  of  the  form 

:2ndz 


VZ 

Q 


(i), 
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dz 


(lz2  +  m)  dz 


s  (2); 


dz 


{(**  -  ay + 1$"\  y  Z 


^  (4); 


(s'-aOV-Z' 


Kz'-a'y+pyyz 


(3); 
•    (5)- 


But  putting  Z  for  X,    2fi  -  3  for  r,  and  taking  p  =  ^  in 
Art.  57,  we  find,  by  integration, 

22„-2  ^s 


„2n-4  ^ 

-(2»-3)a  |  —^-  +  (2>?-2)j3 


+  (2»  -  1)  7 
from  which  we  get 

f  z^dz  _    z2n~*^Z      (2w - 2)  0    f  z2n~2dz 
7f  ==(2«-l)7      (2^T)y   J   "Tf" 


z7ndz 


yz' 


(2n-3)a 
(2»-l)7 


=^     (6). 


yz 


By  this  formula  of  reduction  the  integral  (1)  is  ultimately 
made  to  depend  upon 


</Z 
Again,  differentiating 

we  get 


z  dz      ._.  _ 

—     (7)         and 


<fe 


yz 


=     (»)• 


2V/Z/(s2-a1)r-1, 


But  the  numerator  of  the  fraction  on  the  right-hand  side 
of  this  equation  can  evidently  be  written  in  the  form 

a0  +  «i(«2  -  ax)  +  a2(z2  -  a,)2  +  a3(z2  -  m)3; 
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so  that  by  integration  we  may  then  write  down  the  relation 


a0 


dz 


{*-*)*</ Z 


■=.  +  ax 


dz 


—    +    #2 


I 


dz 


+  a* 


(z*  -  axy-^z 

dz 

(z2  -  ai)r-3  y~z   (s2-«i)r-1 


(z%-ai)"Sz 
z</Z 


By  this   formula  of  reduction  (3)   is   ultimately    made  to 
depend  upon  the  integrals 


dz 


{z2-a,)*/Z 


dz 

Tf1 


(s2-  ax)dz 

yz 


but  the  two  last  are  (8)  and  (7),  which  occur  in  the  reduc- 
tion of  (1). 

In  the  same  way,  by  means  of  formulae  of  reduction,  it 
can  be  shown  that  (5),  namely, 

(JV  +  m')  dz 


depends  upon  the  forms  (7)  and  (8),  besides 

(k2  +  m)  dz 

At  this  stage  of  our  knowledge  we  cannot  demonstrate 
the  possibility  of  the  reduction  of  the  latter  integral  to  the 
fundamental  forms  (2),  (7),  and  (8).  It  suffices,  how- 
ever, to  remark  here  that  the  integral  (4)  can  be  made  to 
depend  upon  (8),  and  two  integrals  of  the  form  (2),  in 
which  the  quantities  corresponding  to  ai  are  different.  The 
proof  of  this  has  to  be  deferred,  as  it  involves  a  knowledge 
of  the  more  advanced  parts  of  the  subject. 
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80.  We  thus  arrive  at  the  result  that  any  integral  of 
the  form 

j  (p  (x,  y)  dx,  where  y1  =  a s  +  bx  +  ex2  +  dx3  +  ex*, 

can  be  made  to  depend  upon  the  elementary  forms  and  three 
irreducible  integrals,  such  as  (2),  (7),  and  (8).  These 
three  integrals  we  propose  to  transform  to  the  simplest  forms 
which  they  are  capable  of  assuming,  namely, 

^-[^(l-ygin'fl)   (9)>    **(»)  =  jWl-i'rin'flJrffl  (W), 

f  df) 

n*fo°>°j  lu.^^ii-fd.-t)    (11)- 


These  three  are  usually  called  elliptic  integrals  of  the  first, 
second,  and  third  kinds,  respectively.  Each  of  them  is  sup- 
posed to  be  taken  so  as  to  vanish  with  0,  which  is  called  the 
amplitude  of  the  integral.  The  quantity  A',  which  is  sup- 
posed to  be  always  <  1,  is  called  the  modulus  ;  and  ^/(l  -  F), 
which  is  denoted  by  k\  is  called  the  complement  of  the 
modulus.  The  constant  n  which  occurs  in  the  third  integral 
is  called  its  parameter,  and  may  have  any  real  value  what- 
ever, positive  or  negative. 

In  the  notation  made  use  of  above  the  suffixes  are  omitted, 
when  integrals  having  the  same  modulus  are  under  consi- 
deration, as  is  usually  the  case.  When  0  =  Jtt,  the  integrals 
are  called  complete,  and  the  values  of  (9)  and  (10)  are  then 
denoted  by  K  and  E,  respectively  ;  that  is, 

and  the  corresponding  quantities  for  the  integrals  with  the 
modulus  A*' are  denoted  hjK\Ef.    The  quantity  >/{!- k*  sin2  0) 


ELLIPTIC  INTEGRALS. 


125 


is  usually  denoted  by  Ajt(0),  or  A(0),  in  investigations  in 
which  only  one  modulus  enters. 

Tables  of  the  numerical  values  of  Fu(B)  and  Ek(B)  were 
calculated  by  Legendre,  who  gave  the  integrals  we  are  con- 
sidering the  name  elliptic,  from  the  fact  that  Eu  (0)  is  exactly 
represented  by  a  portion  of  the  arc  of  an  ellipse. 

81.  We  now  consider  the  actual  reduction  of  (2),  (7), 
and  (8)  to  the  forms  (9),  (10)  and  (11).  , 

It  is  easy  to  see  that  a  +  fiz2  +  yzi  =  Z  must  be  capable 
of  being  written  in  one  or  other  of  the  forms — 

{A)  m>  {z2  -  a2)  [z2  -  b%  (B)  m2  {a2  -  z2)  [b2  -  z2), 

(C)  m2  {a2  -  z2)  [z2  -  b%  (D)  m2  {z2  -  a2)  {z2  +  b% 

(E)  m2  [or  -  z2)  {z2  +  b%  (F)  m2  [z2  +  a2)  {z2  +  V), 

(G)  w2(s4  +  26'Vcos2a  +  c4). 

In  case  (A)  we  have 


r    dz 


1 

m 


dz 


-v/  \  (z2  -  a2)  (z2  -  b2) }  '      ma  J    y/ (\  -  k2  sin2  0) ' 


U 

nn. 


dO 


where  z  =  a  /sin  0,  k  =  b/a,  b  being  supposed  <  a. 

In  case  (B) — 


f     da         1 

dd 

v/(l-Fsm20)' 

where                             z  =  b  sin  0,  k  =  b/a. 

In  case  (C) — 

'     dz            1 

yz~  m . 

f             dd 

. 

y/  {a2  cos2  0-b*f 

where 

&  — 

a  cos  0. 
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We  have,  then, 
dd  f 


dO 


d<p 


v/ (a2 cos2 0-b2)     J  S{a2-b2-a2sm20)      a  J  </{!  -£2sin20}' 

where 

a  sin  0  =  y/  (a2  -  b2)  sin  <j>,     and     &  =  y7  {a2  -  b2)  I  a. 

In  case  (D) — 


dz 


1 


dd 


-/(l-tfsin'fl)' 


where  s  =  a  sec  0,     k  =  fl/v/ (a2+  b2). 

In  case  [E) — 

f   rfe  1  f  rffl 

where  z  =  a  cos  0,     k  =  a/x/(a2  +  &'). 

In  case  (i*1) — 


f  tfs  I 


rf0 


where 


i^/Z     ^Jv/(l-^8in20)' 
s  =  6  tan  0,     fc  -  -/  (a-  -  62)  /«, 


£  being  supposed  <  a. 
In  case  (G) — 


f  —      _L 


rf0 


v/(l  -sin2a  sin20) 


where 


s  =  c  tan  ^  0. 


This  case  is  really  included  in  (F),  for  it  is  shown  in 
treatises  on  Algebra  that  the  form  (F)  is  convertible  into 
(G)  by  a  real  nomographic  transformation. 
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—  proportional  to 


yz 


dO 


sin2  0  A  (6/)' 


Now,  differentiating  cot  0A  (0),  we  have 
d  ,     L  n    //1N,  A(fl)      &2cos20 

-,     COt  0A  (0)      =  -  -rV^  -  —757- 

dd  sin2  0        A  (0) 


+  7^-^). 


sin2A(0)       A(0) 


Hence,  by  integration,  we  get 


dO 


dO 


J'A(0)r/0-cot0A(0) 


sin20A(0)     jA(0) 

.  F{0)  -  E{0)  -  cot  0A  (0). 

In  case  (B),  (7)  is  proportional  to 


In  case  ((?)• 


*zw-hw»-*w- 


z2dz 


Vz 

In  case  (D) 

But  we  have 
d 


=  varies  as  /  y/  (1  -  k2  sin2^)  d<j>  =  E($). 


z2dz 
\/Z 


varies  as 


dO 


cos20A(0)' 


dO 


tan  0A(0))  = 


A(0)      Fsin20  1-k2 


cos20        A(0)         cos20A(0) 
(l-*2) 


A(0) 


+  A(0); 
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therefore,  by  integration, 


dO 


cos2  0  A  (0)      JA(0)       k 


dO 


7/2 


A(0)f/0  +  tt2  tan  0  A (0) 


=  F(0)-  r7i{^(0)-tan0A(0)j. 


In  case  [E\ 


z2dz  f  cos2  Odd      1    _/fl.      tf« 

varies  as         ^-r^-  =  -2  i?  (0)  -  —  JP(0). 


In  case  (JF) — 


sVz 

— -  varies  as 


y/Z 


tan2  0^0 


cos20 


-1 


dO 

A(0)' 


and  therefore  is  reducible  to  case  (D), 
In  case  (G) — 


z2dz 

— —  varies  as 

2         2  cos  0 


lvsin2  0       sin2  0 


-  1 


tan2|0(/0 

~M0T 


(1  -  cos  0)2    dB 


A(0) 


=  2 


sin20        A(0) 
fl?0  2A  (0) 


sin20A(0)        sin0 


-F(6)t 


and  thus  is  made  to  depend  upon  case  (A). 

83.  In  all  the  transformations  made  use  of  in  the  different 
cases,  it  will  be  observed  that  the  integral  is  always  trans- 
formed by  a  substitution  of  the  form 

m  +  n  sin2  0 


so  that  in  each  case 


p  +-  q  sin2  0 ' 

dz 
\%*-ax)y/Z' 
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by  this  substitution  may  be  written 

p  +  q  sin2  6      dO 
,  m'+n  sin* 0  a"(0)' 

which  evidently  can  at  once  be  made  to  depend  upon  (9)  and 

(11),  namely,  F(0)  and  n  (»,  0). 

84.  We  enter  here  on  a  more  particular  consideration  of 

the  integral 

dx 


and  effect  the  reduction  to  the  form  (9)  in  a  different  man- 
ner. Suppose,  first,  that  X  has  two  real  linear  factors 
x  -  a,  x  -  /3,  say,  so  that  we  may  write 

X=(x-a)(x-f3)Q,     or     (a-x)(x-(3)Q, 

where  Q  =  X  +  fix  +  vx2 ; 

then  putting  x  -  - — —-, 

we  have,  from  equation  (10)  in  Art.  38, 

dx  2dz 


*/{(*- a)(*- 0)}       I-V 
also  we  get,  evidently, 

A'  +  j/s2+  vV 

^~       (1  -  s2)2      ' 
so  that  we  have 

dx  dx  2dz 


which  effects  the  reduction  to  the  form  (8). 

R 
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In  the  same  way,  if  X  =  (a  -  x)  (x  -  /3)  Q,  we  take 

a  +  fiz2 

We  have  then 

cfc  2  ate 


•  i(«-*x*-0)f   1+*- 


and 

so  that  we  get 
dx 


Q  = 


dx 


X 


n'z*  +  vV 


(1  +  S2) 


2\2  » 


2rfz 


v/X      ./l(a-*)(*-0)Q}        •  (A'- „V +  »'«*)• 

It  may  be  observed  that  in  both  of  these  cases  the  variable 

x  is  connected  with  the  amplitude  0  by  an  equation  of  the 

form 

x  =  (m  +  n  sin2  9)  /  (p  +  q  sin2  9) . 

Secondly,  if  we  suppose  that  X  has  a  quadratic  factor 
with  imaginary  roots,  we  may  put 

x  =  {(x-ay+p}Q. 

We  have  then 

dx        f  dy 


: 


2\)> 


v/Z      J  v/  { (^2  +  02)  (/  +  my  +  »y*) } 
if  we  put  x  -  a  +  y.     Taking  now 

y  =  (3  tan  (9  +  7), 
dy 


we  get 


■J 


dd 


*/  { I  cos2  (9  +  7)  +  mfi  sin  (0  +  7)  cos  (9  +  7)+  »j32  sin2  (6  +  7)  j . 
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But  the  expression  under  the  radical  in  the  latter  integral 
can  be  written 

i(l+  rc/32)  +  J  (I  -  n$z)  cos  (20  +  27)  +  imj3  sin  (20  +  27), 
or         J  (/+  nfi2)  +  £{(/-  w/32)  cos  27  +  m(5  sin  27 )  cos  20 

+  i  (w]3  cos  2y-(l-  nfi2)  sin  2y )  sin  20, 

which  takes  the  form  A  +  B  cos  20,   if  we  determine  y  so 
that  the  coefficient  of  sin  20  vanishes,  that  is,  if  we  take 


tan27 


mfi 


f 


We  get  thus 
dx 


where 
and 


dO 


I  -  nj52' 
1 


dO 


s/(A+Bcos20)      S(A  +  B) 

k2=2B/{A  +  B),  if  A>B, 
d$ 


3A\' 


v/(l-A;2sin20) 


vm 


2^\' 


y(l  -&2sin2tf>) 


where         k2  =  (A  +  B)/2B,  sin  9  =  k  sin  0,  if  ^  <  £. 

By  the  methods  of  this  Article,  the  integral 

dx 

is  reduced  in  a  very  simple  way  to  the  form  Fk(9),  with- 
out making  any  use  of  the  algebraic  theory  of  the  binary 
quartic. 

85.  The  following  investigation  may  perhaps  not  prove 
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unworthy  of  the  attention  of  the  student.     Let  us  consider 
the  reduction  of  the  general  integral 

0  (x,  y)  (xdy  -  ydx) 


\ 


(12) 


where  <p  (x,  y)  is  the  ratio  of  two  homogeneous  binary 
quantics  in  x,  y  of  the  same  degree,  and 

U  =  ax4,  +  bxzy  +  cx2y2  +  dxy1  +  ey*. 

We  observe  that  TJ  is  always  capable  of  being  expressed  as 
the  product  of  two  real  quadratic  factors,  which  we  shall  call 
u,  v.     Now  we  have  seen  already,  in  Art.  21,  that 

udv  -  vdu  =  \J (xdy  -  ydx), 
where  J  is  the  Jacobian  of  w,  v.     We  have  thus 
x  dy  -ydx      2(udv-v  du) 

Again,  it  is  easily  shown  that  <p  (x,  y)  can  be  expressed  in 

the  form 

0i  (w,  v)  +  J<j>2(u,  t>), 

where  <j)X  is  of  the  degree  0  and  02  of  the  degree  -  2 ;  for  if 
we  write  down  the  values  of  the  three  quadratics  n,  v,  J,  in 
terms  of  xy  y,  we  can  solve  for  x2  and  xy,  say ;  and,  taking 
the  ratio  of  these  values,  we  get  x/y.  Now  we  have  noticed 
already,  in  Art.  39,  that  J  is  connected  with  u,  v  by  an 
identical  relation  of  the  form 

J2  =  aU2  +  (5uv  +  yV2, 

by  means  of  which  we  can  express  x/y,  and  then  <p  (x,  y)  in 
the  form  given  above. 
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The  integral  (12)  is  thus  transformed  into 

(udv-vdu) 
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2{0j(w,  v)  +  J<f>2(u,  v)} 


Jy/ (UV) 

02(w,  v)  (udv  -  vdu) 


9  f  0i  (w,  v)  (udv  -  vdu)     _ 

J  J</(lw)  J  y/(uv) 

Now,  if  we  put  #  /  u  =  s2,  the  latter  integral  becomes 

and  is  thus  reducible  to  the  integration  of  a  rational  function 
of  the  variable.  By  the  same  substitution,  the  first  integral 
takes  the  form 

0!  (1,  z2)dz 


v/(a+/3s2  +  734), 

after  we  have  put  for  J  its  value  in  terms  of  w,  v.  The 
reduction  of  the  latter  expression  to  the  fundamental  forms 
of  elliptic  integrals  is  effected  by  the  method  used  in 
Arts.  79  and  80. 

Examples. 


r        dx  J_   f  dd 

'     J    V(l-*»)  "  ~  Y/%    J  V(l-#8in2*); 


where 


a;  ■  1  -  V3  tan2 £0,     &  =  (1+ V3)/2  V2. 
rf0 


2       f   __^_=  J_f  

'     J    V(z3  -  1)       ,*/3  J  V(l  -  ¥  sin20)' 

*  «=  1  +  V3  tan2  £  0,     k  =  (V3  -  1)  /2  V^ 
<te  If  <?0 


where 

3      f        <**      =  I  f 

'     J    V(l  +  ^4)      2   J    V(l-£sin20)' 

a;  =  tan  \  9. 


where 
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dx  1     f  d9 


C         dx  If 

J  v(i-**)  ""vi  ] 


V(l-x*)  ^2    J  v(l  -  isin20)' 

where  x  —  cos  0. 

x2dx 


5.     f   V(a  +  fo2  +  cz*)<te  =  -  x  V(«  +  to3  +  as4)  +  -    f  — 
J  o  3   J  V(a 


+ 


(a  +  bx'i  +  ex*) 
2a    r  dx 


2a    c 

T  J  v77 


'(a+  bxz  +  ex*) 

U2(_^ede_=  r_^sdl__c de 

J    V(l  -  W  sin20)          v  ;  J   V(l  -  #  sin20)      J  v(l  -  #  sin20) 

+  sin0  cos0  A(0). 


7.     f    * =  i-*(0)- 

J    (l-*28in20)S       *'2 


A2  sin  0  cos  0 


k'*A  (0) 
8.     To  find  the  value  of 


tf0 


(l+Msin20)2A(0) 
we  differentiate    sin  0  cos  6  A(d)  j(l  +  m  sin20).     "We  thus  obtain 

dd  «2  sin  0  cos  0  A  (0) 


2(m+1)(m  +  £2)  [  — 


(1  +  n  sin2  0)2  A  (0)  1  +  n  sin20 

+  {m2  +  2«  (1  +  £2)  +  3&2}n  (»,  0) 

+  m.E(0)  -  (n  +  k°-)F(d). 

9       f    _^_  =  _V2    [   ** 

J    Vsin0  J  V(l-|sin2<p)' 

where  sin  0  =  cos2<p. 

86.  We  now  proceed  to  consider  the  fundamental  pro- 
perty of  the  elliptic  integrals  of  the  first  kind,  namely,  that 
of  their  addition.  This  may  be  stated  in  the  simplest  man- 
ner as  follows.     If  a,  j3,  7  are  three  quantities,  such  that 

F(a)  +  F(P)  =  F(y),  (13) 
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then  they  are   also   connected   by  the   algebraic  relation 

cos  a  cos  /3  -  sin  a  sin  (5  A  (7)  =  cos  7.  (14) 

To  prove  this,  we  consider  a,  |3  as  functions  of  another 
variable  t,  and  7  as  a  constant.  Differentiating,  then  (13), 
we  have 

1      ^1      f  .0.  (15) 


A  (a)    dt       A(/3)    dt 

As  we  can  assume  a  to  be  any  function  of  t  we  please,  we 
take  t,  so  that 

we  have,   then,  from   (15), 

s  -  -  *» 

Squaring  both  sides  of  these  equations,  and  differentiating, 
we  obtain 

5f  ="  2  sm2a'      d?  =  "  2sm2/3' 

By  the  addition  and  subtraction  of  these  equations,  we  get 

&P  72      •  d%<l  72     • 

—  -  -  *"  sm  p  cos  q,       —  -  -  A2  sin  #  cosp, 

where  we  have  put 

a+/3=jt?,     a  -  j3  =  g. 
We  have  also 


dp    dq      fda\*    (dfi\ 


dt    dt      \dt  J     \  dt 


V 
)  =  -  Jfsmp  sm  q; 


136  ELLIPTIC  INTEGRALS. 

.  .       d2p      dp    disinq) 

hence  sin  q  — : —  =  0  : 

*  dt%       dt        dt 

from  which,  by  integration,  we  get 

— -  =  m  sin  q,  and  similarly,  — -  =  n  sin^?,  (16) 

where  m  and  n  are  constants ;  therefore, 

dq  .dp 

■m  sin  q  —  -  n  sm  p  -£-  »  0, 

whence  w  cos  ^  -  n  cosjo  =  c, 

or         (m  -  ft)  cos  a  cos  j3  +  (ill  +  n)  sin  a  sin  (3  =  c.         (17) 

But  putting  j3  =  0  in  (13),  we  have  a  =  7,  so  that 

c  =  (ft*  -  ft)  cos  7. 

Now  putting  for  p,  q,  their  values  in  terms  of  a,  |3,  in  (16), 
and  A  (a),  -  A(j3),  respectively,  for  da/dt,  dfi/dt,  we  obtain 

A(a)-A(j3)=ftisin(a-i3),    A  (a)  +  A(/3)  =ft  sin  (o  +  /3);   (18) 
whence,  putting  j3  =  0,   a  =  7,  we  have 

m  sin  7  =  A  (7)  -  1,     n  sin  7  =  A  (7)  +  1. 

We  thus  get 

(m  -  ft)  sin  7  =  -  2,     (w  +  ft)  sin  7  -  2A  (7),  (19) 

so  that  (17)  becomes,  finally, 

cos  a  cos  [5  -  sin  a  sin  (5  A  (7)  =  cos  7, 

which  is  the  equation  (14)    that  we  proposed  to  demonstrate. 
If  we  change  the  sign  of  7  in  (14),  we  get  a  symmetrical 
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relation  connecting  a,  /3,  7,  so  that  if  we  clear  (14)  of  radicals, 
we  ought  to  get  a  symmetrical  result ;  and  this  is  found  to 
be  the  case,  namely,  (14)  gives 

1  -  cos2a  -cos2/3-cos27  +2  cos  a  cos  |3  cos  7  =  7c3sin2a  sin2/3  sin2  7. 

From  this  we  can  deduce  the  two  further  relations 

cos  a  cos  7  +  sin  a  sin  7  A  (|3)  =  cos  /3,  ) 

(20) 
cos  p  cos  7  +  sin  (5  sin  7  A  (a)  =  cos  a,  ; 

corresponding  to  the  transcendental  equation 
F(a)  +  J(0)  =  F(y). 

87.  If  we  sought  an  integral  of  the  differential  equation 

dX    +  ^  =  0,  (21) 


where  X  =  a  +  bx+cx2  +  dx*  +  ex\ 

Y  =  a  +  by  +  cy2  +  dy*  +  eif, 
we  might  proceed  in  a  similar  manner.     Thus,  taking 


=  x/X,    we  have  ~ 

^_  1  <OT     d>_  IdY 

d?~  2  dx*     dt2  ~  2dy* 

Putting,  now,     x  =  \  (p  +  q),     y  =  i(p-q), 

d\ 
dt 


rSl,    wehave  J=-yr, 


andthen  2dx>     dt      2dy* 


d^"D 
we  have     ~  =  J  {b  +  2cx  +  3dx2  +  4ex:i  +  b  +  2cy  +  3dy2  +  4ey*} 


b  +  cp  +  ^d  (p~  +  q2)  +  J  e  (pz  +  3pq2) ; 

s 
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also  *S-/*^-f*tf_T_:F 

=  ftg  +  cjoy +  -J-d(g3  +  3p2g')  +  ie(p*q+pzq). 
Hence  we  obtain 

d2p      dp  dq 


dt2      dt  dt 


=  J  dqz  +  ejjq3, 


an  equation  which  admits  of  immediate  integration  by  mul- 
tiplying both  sides  by  2dp/q3dt.     We  thus  get 


1  (dP\* 

f[dt)=a      P  +  ePf 

where  a  is  an  arbitrary  constant.  Restoring  the  values  of 
p,  q  in  terms  of  x,  y,  and  observing  that 

dp      dx     dy  _    /—        ,— 

di-dt  +  di-vx-^Y> 

we  have,  finally, 

y/X  -  yY=  (x  -  y)  v/ (a  +  d(x  +  y)  +  e{x  +  y)2},     (22) 

which,  as  we  perceive,  constitutes  a  perfectly  general  alge- 
braic integral  of  the  differential  equation  (21). 

88.  We  may  notice  here  the  original  method  by  which 
Euler  inferred  that  there  was  a  general  algebraic  integral  of 
(21). 

Let  us  consider  the  equation 

<p=A  +  B(x+y)2  +  Cx2y2  +  2H(x  +  y)+2Gxy 

+  2Fxy  [x  +  y):m-0,       (23) 
connecting  the  two  variables  x,  y,  that  is,  the  general  homo- 
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geneous  relation  of  the  second  degree  connecting  the  three 
quantities  1,  x  +  y,  xy.     Now  we  may  evidently  write 

(j>  =  inf  +  2vy  +  w  =  u'x2  +  2vx  +  w',  (24) 

where  u,  v,  w  are  quadratic  expressions  in  x,  and  u,  v\  w 
similar  functions  in  y. 

Differentiating  0  then,  we  get 


but  from  (24), 

dip 


clidx+  S^-Oj  (25) 

dx  dp   9        '  v     ' 


=  2 (ux  +  v')  =  2 v/ (v2 -  u'w), 

and  -¥-  =  2(uy  +  v)  =  2</(v2~  uiv), 

dy 

the  latter  values  being  obtained  by  solving  for  x,  y,  respec- 
tively, in  (24).     Thus  (25)  becomes 

dx  dy 


y/  (v2  -  uiv)      y/  (v2  -  u'  w) 
which  is  of  the  form  (21).     But  comparing  v2  -  nw,  namely, 

{Fx2+(B+C)x+H}2-  {Cx2  +  2Fx  +  B)(Bx2  +  2Rx  +  A), 

with  X,  we  have  five  equations  only  to  determine  the  six 
constants  A,  B,  &c,  that  is,  any  one  of  these  quantities  may 
be  considered  as  indeterminate.  We  see  thus  that  <f>  involves 
an  arbitrary  constant,  and,  therefore,  that  0  =  0  is  a  general 
integral  of  (21). 

89.  We  now  proceed  to  investigate  a  relation  involving 
the  comparison  of  the  elliptic  integrals  of  the  second  kind. 
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Given 

F(a)  +  F(0)  =  F(y), 
to  show  that 

E{a)  +  E((5)  =  E(y)  +  k2  sin  a  sin  j3  sin  y.         (26) 
Writing         P  =  E(a)  +  ^(j3)  -  E{y), 
if  we  consider  7  as  constant,  we  have 
dP  ,      da  ,      dfi 

(COS  a  -  COS  j3  COS  7)  da        (COS  j3  -  COS  a  COS  7)  dfi 

sin  j3  sin  7         t#  sin  a  sin  7         (/£ 

from  (20).     Hence 

.         .  dP  tf(cosa) 

2  sin  a  sin  p  sin  7  —  =  -  (cos  a  -  cos  p  cos  7)  — - 

M?  (ft 

r       a  ,  d(cos/3) 

-  (cos  p  -  COS  a  cos  7) 

=  ^  —  (2  cos  a  cos  j3  cos  7  -  cos2a  -  cos2j3) ; 

but  we  have  already  shown  in  Art.  86,  that 

1  -  cos2  a  -  cos2|3  -  cos2  7  +  2  cos  a  cos  ]3  cos  7 

=  k2  sin2  a  sin2/3  sin27 ; 

therefore     sin  a  sin  j3  sin  7  — -  =  5  —  {k2  sin2  a  sin2j3  sin2  7), 

do       /£  clt 

dP       d  •    o   •      \ 

or  — ■  =  —  (k2  sui  a  sinp  sm  7), 

(XV        at 

whence  P  =  k2  sin  a  sin  j3  sin  7, 

no  constant  being  added  as  P  vanishes  with  a. 
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We  see  thus  that  if  we  have 

cos  a  cos  [5  -  sin  a  sin  j3  A  (7)  =  cos  7, 
then        E(a)  +  E  ((5)  -E(y)  =  k2  sin  a  sin  /3  sin  7, 
or  G  (a)  +  6r(/3)  -G(y)  =  /s2  sin  a  sin  j3  sin  7, 

where  G(0)  =  E(9)  +  \F(0), 

A  being  any  constant  quantity. 

90.  The  form  of  the  equation  (14)  would  lead  us  to  infer 
that  the  amplitudes  a,  j3,  7  can  be  represented  by  the  sides 
of  a  spherical  triangle. 

Let  the  sides  AB,  BC,  AC  of  a  spherical  triangle  ABC 
be  denoted  by  7,  a,  j3,  respectively  ;  then  the  opposite  angles 
C,  A,  B  are  such  that 

_,    cos  7  -  cos  a  cos  (5  .  .  .        ,  .  _       ,_. 

cos  C= '-. : — -T-- —  =  -  A  (7),  cos^i  =  A  (a),  cos  B  =A[B) ; 

sm  a  smp 

,  _      sin  C     sin  A      sin  B 

whence  k  = =  — . — ■  =  - — -, 

sm  7       sm  a       sm  p 

which  equations  agree  with  the  known  properties  of  spherical 
triangles.  We  see  thus  that  if  a  spherical  triangle  be  con- 
structed with  one  obtuse  and  two  acute  angles,  such  that  the 
ratio  of  the  sine  of  each  angle  to  the  sine  of  the  opposite  side 
is  equal  to  the  modulus  k ;  then  the  three  sides  a,  j3,  7  are 
connected  by  the  relation 

F(a)  +  F(j5)  =  F(y), 

where  7  is  the  side  opposite  the  obtuse  angle. 

By  means  of  this  representation  we  can  verify  the  results 
of  the  preceding  Articles. 
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Let  the  sides  AC,  BCbe  fixed  in  position,  and  AB  be  of 
constant  length ;  let  A!Br  be  the  consecutive  position  of  AB, 
and  with  the  point  of  intersection  0  as  pole,  let  arcs  of  small 


f 

c 

Fig.  1. 

circles  A' a,  Bfi  be  described;  then 

A'0+  0(3  =  aO+  OB, 

or  A'(5  =  aB  ;     also  AB  =  A!B  ; 

therefore  Aa  =  Bj3, 

and  in  the  limit 

-  cos  Ad[5  =  cos  Bcla,     or +  =>  «=  0, 

cos  A      cos  B 

,    .  da  dfi 

which  is  — —  +  — 77ST  =  0  ; 

A  (a)       A(/3) 

therefore,  by  integration, 

P(«)  +  J(/3)  =  F(y), 

since  j3  =  y,  when  a  =  0. 

91.  We  now  explain  the  notation  of  the  inverse  elliptic 
functions.  By  an  inverse  elliptic  function  we  mean  the  ex- 
pression for  x  or  (J)  in  terms  of  u  derived  from  the  equations 

dx 


u  =  Fk  (<p)  = 


2,v.2\t> 


-/{(l-^Kl-AV)} 


ELLIPTIC  INTEGRALS.  143 

where  x  =  sin  0.     The  notation  used  is  0  =  the  amplitude  of 
u  =  amu.  so  that 


x 


=  sin  <p  =  sin  tfmw,  cos  <£  -  cos  amu,  and  A  (0)  =Aamu. 


These  three  expressions  have  been  respectively  simplified 

into 

snw,  cnw,  dnw,     or     bh(u,  k),  gd.(u,  k)9  dn.(ut  k)9 

if  the  modulus  k  is  specially  involved. 

The  latter  forms,  which  are  due  to  Grudermann,  seem  to 
fulfil  all  the  requisites  of  a  good  notation,  namely,  brevity 
and  intelligibility. 

Putting    F(a)  =  Uy    F(j3)  =  v,    in  (13),  we  have 
y  =  am(u  +  v)9 
and  the  formula  (14)  becomes 

cnw  cnv  -  snu  snv  dn  (u  +  v)  =  en  (11  +  v). 

Again,  from  (18)  we  get 
(m  -  n)  (sin2  a  -  sin2/3)  =  2  sin  /3  cos  a  A  (a)  -  2  sin  a  cos/3  A(|3) ; 

but  (19)  gives  (m  -  n)  sin  7  =  -  2 ; 

„           .                           sin2  a  -  sin20 
therefore     sm  y  = Q     ,  ,N : — 5 — r-r. 

1        Sin  a  COS  p  A  (p) -Sin  p  COS  a  A  (a) 

Now  the  product  of  the  two  expressions 

sin  a  cos  |3  A  (j3)  ±  sin  j3  cos  a  A  (a), 
is  (sin2  a  -  sin2j3)(l  -  k2  sin2  a  sin2j3), 
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so  that  we  have 

sin  a  cos  B  A  (B)  +  sin  j3  cos  a  A  (a) 

sin  y  =  • - —-. : — -, 

7  1-Fsin2asin2j3  ' 

which  may  be  written 

,        N     sn^/•  cnv  dm'  +  sn#  cnw  dnw  ,„_. 

m(u  +  v)  = = — 5 — - ; .  (2/) 

'  1  -  k~  sn2w  sn~#  v     ' 

Changing  then  the  sign  of  v  in  the  latter  equation,  and 
multiplying  together  the  values  of  sn  («  +  v)  and  sn  {u-v),  we 
obtain 

f.      \     i        \        sn2M-sn2#  . 

sn(e*  +  0)  sn(«  -  0)  =  = — — = r-«  (2°) 

7  '      1  -  Jr  sdtu  srrv 

From  (18)  we  get 
2  sin  a  cos  (3  A  (a)  -  2  sin  ]3  cos  aA(a)  =  (m  +  n)  (sin2  a  -  sin2/3) 

«  (sin2 a- sin2 j3)  2  A  (7)  /  sin  y,  from  (19)  ; 
hence  we  find 

,  sin  a  cos/3  A  (a)  -  sin  j3  cos  a  A(j3) 

Af^)        ~       " i ' ' ?> ) 

sin  a  cos  )3  A  (j3)  -  sin  )3  cos  a  A  (a) 

and  if  we  multiply  both  the  terms  of  the  latter  fraction  by 

sin  a  cos  /3  A  (|3)  +  sin  j3  cos  a  A(a), 

and  then  divide  by  sin2  a  -  sin2/3,  we  get 

,  v      A  (a)  A(/3)  -  F  sin  a  sin  |3  cos  a  cos  )3 
l"'  l-£2sin2asin2j3  "' 


which  may  be  written 

nuc 

1  -  A2sn2wsn20 


dn  («  +  v) =-  Mm> ,. •  (29) 
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Substituting  this  value  of  dn  (u  +  v)  in  the  equation 

en  (u  +  v)  =  cnuciiv  -  sn^sn^dn  (u  +  v), 
we  have 

,        N      cnwcm?-sm£sn#dnwdn#  /rtAX 

cn(M+p)  =  — i  -  ymw,    ■        <30> 

From  (27)  and  (30),  restoring  the  a,  (3,  7  notation,  we  get 

,  tan  a  A  (]3)  +  tan  j3  A  (a) 

7  ~  1-tana  tan/3  A  (a)A  (|3)' 

which  may  be  written 

7  -  tan-1  {tan  a  A  (/3) }  +  tan"1  {tan  j3  A  (a) } . 

The  latter  result,  it  may  be  observed,  can  be  readily  obtained 
from  fig.  1.  Let  CD  be  the  arc  of  a  great  circle  drawn 
through  C  perpendicular  to  AB ; 

then  tan  AD  =  tan  ]3  cos  A  =  tan  |3  A  (a), 

and  tan  BD  =  tan  a  A  (]3) ; 

hence, 

7  =  AD  +  BD  =  tan"1  {tan  ]3  A  (a)  j  +  tan"1  {tan  a  A  (|3)  | . 

Examples, 
1 .  Show  that 

WF-y2VT=  (*-y)V{«:ay* +  **?(*  +  ?)  +  a(#  +  </)2}, 

where  a  is  an  arbitrary  constant,  is  a  general  integral  of  the  differential 
equation 

dx         dy 

Vx     Vr 

This  may  he  obtained  from  (22)  by  putting  x"1,  yl  for  x,  y,  and  reversing  the 
order  of  the  coefficients  a,  b,  &c. 

T 
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2.  Given 

dx        dy 

y/x     Vr 

show  that 

f  xdx      f  ydy       c               dp 

J  vz  J  vt  ~  J  v(« + *p + ep~y 

where 

o  is  a  constant,  and  p  =  x  +  y. 

3.  In  the 

same  case,  show  that 

f  x2dx   t   y2dy       f            pdp 

J    VX          VT  ~~  J  >/{a+dp  +  ep*)' 

4.  Also  show  that 

^      dx         ^      dy          [•              (fCT 

where 


J    cta        J   yvi       J    '  \» -r  bin  +  am*) 
x  +  y  =  Wary. 

5.  Given 

x1  (ay2  +  2£y  +  c)  +  2x(a'y2  +  2b'y  +  c')  +  a"x2  +  2b"y  +  c"  =  0  ; 

show  that 

where 


dx         dy 

Vx     Vr 


Z  =  (a*2  +  2a' x  +  a")  (ex2  +  2c'x  +  c")  -  (bx2  +  2b'x  +  b")2, 
Y=  (ay2  +  2by  +  c)(a"y2  +  2b" y  +  c")  -  (a'y2  +  2b'y  +  c')2. 

6.  Given  the  base  c,  and  the  vertical  angle  C,  of  a  spherical  triangle,  show 
that  the  sides  a,  b  are  connected  by  the  relation 

da  db 


where 

7.  Show  that 


V(l-*2sinaaj  +  V (I  - k2 sin2 b) 
k  =  sin  C J  sine. 


=  0, 


snw  enw  dnu  —  snv  env  dnv ) 2 


sn2«  —  sn2v 

1 


sn2  (u  +  v) 
This  may  be  obtained  from  (22),  by  taking 

X  =  x(l-x)(l  -k2x). 


+  F(sn2w-f  sn2v)-  (1  +  k2). 
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8.  Show  that 

,_  .      2snwcnwdnw 
en  (2«)  = . 

1  —  #2sn4w 

9.  Show  that 

.    .     .     1  —  2k2sn2u  +  &2sn4w 
dn  (2u)  = — . 

10.  Show  that 

.„  ,      1  —  2sn2u  +  &2sn4w 

cn(2*<)  = ; — — , . 

v     ;  1  -  &2sn4w 

11.  If    J  (7)  =  2  F(a),  then  tan  £7  =  tan  o  A  (a). 

12.  If    F(a)  +  .F(j8)  =  K;  then  cot  a  cotjS  =  k'}  and  A(a)A(j8)  =  A'. 

cnw 

13.  Show  that  sn  (K-  u)  =  — , 

,  _  .         k'STLU 

and  cn(K-u)  =— — . 

14.  Show  that 

,  2snwcn«dna 

s,n(u  +  a)  +  sn(w  -  a)  = — — = 7-. 

v  '  1  —  #~sn2asn2w 

„  w      1  —  cnw 

15.  Show  that  sn2  -  = - — . 

2  1  +  dim 

16.  Show  that 

l+cn(w  +  #)       snvdnu  —  snudnv  _         cnw  +  cnv 
sn(?4  +  v)  cnw  +  cnv  snwdnv  +  snvdnw" 

17.  Show  that 

1  -  en  (u  +  v)      snwdnv  +  snvdnw 

sn  (11  +  v)  cnw  +  cnv 

18.  Show  that 

dn(w  +  v)  +  cn(u  -f  v)      cnwdnv  4-  cnv  dnw   —  k'2  (smi  —  snv) 
&n(u  +  v)  snw  +  snv     cnudnv— cnvdnu 

19.  Show  that 

en  (u  +  v) — dn  (u  +  v)      en  w  dnv  —  env  dnu 
sn  (u  +  v)  snw  —  snw 

20.  Show  that 

dnwdnvdn(w  +  v)  =  k'2  +  k2cmtcnvcTi(u  +  v), 
dtwdnv  =  dn(u  +  v)  +  k2musnvcn(u  +  v), 
cnwcnvdn(«  +  v)  =  dnwdnvcn(w  +  v)  +  k'2snuanv. 
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92.  The  elliptic  integral  of  the  first  kind  may  be  considered 
as  a  function  more  general  than  the  circular  and  logarithmic 
integrals,  and  combining  the  properties  of  both ;  for,  cor- 
responding to  the  extreme  values  zero  and  unity  of  the 
modulus  /c,  it  coincides  with  each  of  these  functions  respec- 
tively. Now  we  know  that  the  inverse  circular  functions 
have  real  periods,  and  the  inverse  logarithmic  function, 
namely  etl,  imaginary  ones.  We  should  be  thus  led  to 
expect  that  the  inverse  elliptic  functions  have  two  sets  of 
periods — one  real,  and  the  other  imaginary ;  and  this  is 
found  to  be  the  case,  as  we  now  proceed  to  show.  Writing 
K  and  -  K  successively  for  v  in  (27) ,  and  adding,  we  get 

sn  (u  +  K)  +  sn  (u  -  K)  =  0, 

as  cn7T=  cosf  ^  j  =  0; 

hence,  putting  u  +  K  for  u, 

sn  (u  +  2K)  =  -  sn?/ ; 
and,  therefore, 

sn  (u  +  4/T )  =  -  sn  (n  +  2K)  =  sn/v, 
and  sn  (u  +  2mK)  =  (-  l)m  snw,  (31) 

where  m  is  any  positive  or  negative  integer. 
In  the  same  way,  from  (30)  we  get 

en  (ii  +  K)  +  en  (u  -  K)  =  0, 
and  en  (u  +  2mK)  =  (-  l)m  ami.  (32) 

Again,  from  (29)  we  have 

dn  (w  +  K)  -  dn  (u  -  K)  =  0 ; 
whence  dn  (u  +  2mK)  -  (hiu.  (33) 
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We  thus  perceive  the  existence  of  the  real  periods  of  the 
functions  sm*,  cn^,  dmi.  To  find  the  imaginary  periods,  put 
sin  $  =  i  tan  0  in  the  equation 

d(j> 

and  we  get     u  =  w,     where 

dQ 


v  = 


=  F*  (9). 


v/(l-^sin20) 
Now  let  0  =  Jt,  then  v  =  K\  and 

sn  [iK')  =  i  tan  J7r  =  go  . 

But  putting  iK'  and  -  iK'  successively  for  v  in  (27),  and 

subtracting,  we  get 

.TwN  ,        .-— ,       2sn  fiZT')  cnw  dm« 

sn^  +  dT)-sn(w-*iT)  =  - \      '._ — r» 

1  -  «*  sir  (*1T  Jsirw 

which  vanishes  when  we  put  sn  [iK')  =  oo  .     We  thus  find 

sn  [u  +  2iK')  =  snw, 

and  sa(u  +  2niK')  =  snw.  (34) 

In  the  same  way,  from  (30)  we  get 

en  (u  +  iK')  +  en  (u  -  iK)  =  0  ; 

whence  on(«  +  2mlT')  *  (- '1)*  ehu.  (35) 

Again,  from  (29),  there  is 

dn  (u  +  iK')  +  dn  (u  -  iK')  =  0  ; 
whence  dn  (u  +  2niK')  =  (-  l)n  dm*.  (36) 

93.  From  these  results  we  can  show  that  the  division  of  a 
given  function  F(<j>)  into  p  equal  parts  requires,  in  general, 
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the  solution  of  an  algebraic  equation  of  the  degree  p%.  For 
instance,  suppose  we  want  to  find  the  value  of  x  =  sn  (u/p)s 
being  given  the  value  of  sin  0  =  smi ;  then,  because  we  may 
change  u  into  u  +  4mK  +  2niKr  without  altering  the  value 
of  snw,  the  equation  which  determines  x  must  equally  deter- 
mine all  values  included  in  the  equation 

[u  +  4mK  +  2niKf 

x  =  sn  { 

(  P 

from  which  we  obviously  get  different  values  of  x  for  all  the 
values  of  m  and  n  from  zero  to  p  -  1.  Hence  there  are 
altogether  p1  values  of  x,  of  which  only  p  are  real. 

In  the  case  of  division  of  the  complete  integral,  the  degree 
of  the  algebraic  equation  is  diminished ;  for  instance,  if  we 

wish  to  find  the  value  of  sn  ( —  ],  we  have  K-  u  =  2u,  whence 

sn  (iT-  u)  =  sn2«  ; 

therefore,  from  Examples  8  and  13,  Art.  91, 

2snw  cmt  dnu      cnu 
1  -  k~  sir4  u        dnw' 

whence,  omitting  the  factor  cm«,  we  get 

k2xi-2tfx*  +  2x-l  =  0, 

putting  snw  =  x.  This  equation,  it  is  easy  to  see,  determines 
the  values  of  the  four  quantities 

(K\  /_.    2  —X  (K±2iK\ 

sn    —  ,     -sn [K  +  -%K    ,     sn 


,3/  V        3         /  V       3 

94.  A  most  important  part  of  the  theory  of  elliptic  inte- 
grals is  that  which  treats  of  the  transformation  of  the  integral 
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of  the  first  kind  into  another  with  a  different  modulus.  The 
general  theorem  by  which  this  transformation  is  effected  in 
the  most  complete  manner  was  first  obtained  by  Jacobi.  Two 
particular  cases  had,  however,  been  arrived  at  before,  and  are 
generally  known  as  Lagrange's  and  Legendre's  transforma- 
tions, although  the  former  seems  to  have  been  first  given  by 
Landen. 

The  transformation  of  Landen,  which  is  the  only  one  we 
propose  to  notice  here,  has  been,  in  fact,  already  given  in  the 
different  modes  adopted  for  the  reduction  of  the  integral  (8) 
to  its  fundamental  form.     To  show  this,  let  us  consider  the 

integral 

dx 


u  = 


v'Ki-oa-^v)}' 


Taking  then    (a  -  x)  (x  -  |3)  =  1  -  xr    in  the  method  of 
Art.  84,  we  have  a  =  1,  /3  =  -  1,  and  therefore  assume 

1-s2 

1  +  s2 
We  get  then 

2dz 


u  = 


=  -2 


^/[{i+z2y-k2(i-zj} 

dz 


v/  {(1  +  k+  (1-^K)}  {(1  -k  +  (1  +k)z2)}' 
which,  by  case  (F)  of  Art.  81,  becomes 

2      f  d(f> 


i: 


1  +  k  J-/(l  -  Aasin20)' 
where  s  =     I- -J  tan  0,     X 


-k\.  .  2         4k 


(1  +  kf 
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But  if  we  put  sin  0  for  x,  u  is  reduced  at  once  to  the  form 
Fjc  (0),  so  that  we  have  thus  connected  two  integrals  of  the 
first  kind  with  different  moduli.  It  may  he  observed,  how- 
ever, that  0  and  <j>  do  not  vanish  together.  In  order  that 
the  two  integrals  should  both  vanish  with  their  amplitudes, 
we  must  take 

x  =  sn  (K  -  u)  =  cos  0/  A  (0),  where  0  =  amu. 


From 

1    _   gS 

X  ~  1  +  s2' 

we  have,  then, 

cos  0      k  +  cos  2  <j> 

A(0)  ~  l+/i-cos20  ' 

whence          1  - 

cos20      Psin20           k'2  sin2  2tf> 

A2(0)       A2(0)        (l  +  /vCos2tf>)2' 

or 

sin  0           sin  2  0 
A(0)  "  1  +  kcos2(j>' 

We  thus  have 

(37) 


tan  0  =  sin  2 0/  (k  +  cos  2  $),  or  sin  (2 $-9)  =  k  sin  9 ;    (38) 

and  then,  when  this  relation  exists  between  <p  and  0,  from 
what  we  have  shown,  we  have  also  the  transcendental  equa- 
tion 

where  X2  =  47c/ (1  +  k)\ 

95.  We  may  give  a  simple  geometrical  illustration  of 
the  preceding  result.  Let  ABC  be  a  triangle,  of  which 
the  base  AB  is  fixed  in  position,  and  the  side  AC  is  given 
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in  length  ;  then,  with  the  usual  notation  of  plane  triangles, 
we  have 

b  sin  C  =  c  sin  B, 


A  B 

Fig.  2. 

and  therefore,  by  differentiation, 

b  cos  CdC  =  c  cos  BdB ; 
but,  since  A  +  B  +  C  =  ir, 

there  is  dA  +  dB  +  dC  -  0 ; 

hence  6  cos  C  (dA  +  dB)  +  c  cos  BdB  =  0, 

or  b  cos  (7aL4.  +  adB  =  0, 

since  6  cos  C  +  ccos  B  =  a. 

Putting  now         </(b2  ~  c2sin2J5)  for  b  cos  C, 
and  \/(#2  +  c*  -  2  be  cos  A)  for  a, 

dLB  dA 

WG  g  v/(52-c2sin2J5)  +  ^(b*  +  cz-2bcQoaA)  =     ' 

which  becomes 

dO  2d<j> 


v/  (1  -  k2  sin2  0)      y/  (1  +  /r  +  2k  cos  2^)' 

if  we  put  B  =  0,     C  =  it  -  2$,     c  =  kb. 

Hence,  by  integration,  we  get  (39)  ;  and  c  sin  B  =  b  sin  C 
gives  the  equation  (38)  connecting  9  and  </>. 

96.  Let  there  be  two  elliptic  integrals   of   the   second 
kind,  JEk(B)  and  ii^  (tf>) ,  whose  moduli  and  amplitudes  are 

TJ 
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connected  by  the  same  equations  as  in  the  two  preceding 
Articles;  then,  from  (37),  we  have 

k2  sin2  0  _  1  +  k2  +  2k  cos  20  # 
+   A2(0)    ~     (1  +  k  cos  20)2    ; 

1         y/(l  +  F  +  2&cos20)  m 
A(~0)  ~  l7Xcos20  ' 


therefore 
also 


cos  9       k  +  cos  2$ 


A  (0)      1  +  k  cos  2$ 

We  thus  get 

„      1  +  k  cos  2d>  +  k  (k  +  cos  2(b) 

A  0)  +  &  cos  0  =  — — j J   OLv ^r— -^ 

w  a/(1  +  /l  +  2&  cos  20) 

=  ^/(l  +  F  +  2/^  cos  20) ; 
and  therefore,  from  (39), 

//i       72      r»7         n  \7        (1  + /r2  +  2/v  cos  20)r/0 

y^l  +  #  +  2*  cos  2cb) deb  -  ^ — -^ 

v  v  r/  r      V^l  +  /r  +  2k  cos  2(b) 

(A(0)  +/,-cosftjV0 
"  2A~(0) 

1  (     ,M      ~.        „     Pcos20 
"2 


|A^)+2A-cos0+/^^|r/0 
lJ2A(0)+2*cos0-~^0. 


Hence,  by  integration,  observing  that 

-/(l  +  £2  +  2&  cos  20)  =  (1  +  *)A*(0), 
we  have 

(1  +  *)  EA((b)  =  ^  (0)  +  k  sin  0  -  J  k'2Fk  (0) .      (40) 

It  may  be  noticed  that  by  this  formula  an  integral  of  the 
first  kind  can  be  expressed  in  terms  of  two  integrals  of  the 
second  kind  with  different  moduli. 
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97.  In  the  same  way  as  for  the  integrals  of  the  second 
kind,  we  can  find  a  formula  for  the  comparison  of  those  of 
the  third  kind. 

Given  the  equation 

cos  7  =  cos  a  cos  j3  -  sin  a  sin  /3A(y), 

we  have  already  shown  that 

F(a)  +  F(j3)  =  F(7) 

E  (a)  +  E  (|3)  -  E  (y)  =  k2  sin  a  sin  j3  sin  7. 
Writing  now 

n  (»,  a)  +  n  (n,  j3)  -  n  (»,  7)  =  P, 

we  have 

1  1      da  1  1      dB      dP 

-rr  + 


1  +  wsin2a  A  (a)  ^       1  +  wsin2/3   A(j3)  ^       ^  ' 
1  1  dP 


or 


1  +  n  sin2  a      1  +  n  sin2  j3      <#  ' 
if  we  consider  7  as  constant,  and  take,  as  in  Art.  86, 

Hence, 

dP  w(sin2|3  -  sin2  a) 

dt       1  +  « (sin2  a  +  sin2/3)  +  n*  sin2  a  sin2/3 ' 

but  differentiating  the  second  of  the  two  equations  given 
above,  substituting  for  da  /  dt  and  d(5  /  dt,  and  dividing  by  k2, 

we  get 

d 
sin2j3  -  sin2 a  =  —  (sin  a  sin/3  sin 7). 

Civ 

We  thus  have 

dP      dz  n  sin  7 


2/J\» 


dt       dt     1  +  n2z2  +  ;*(sin2a  +  sin2 /3) 
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where     sin  a  sin  /3  =  z.     Now  from  the  equation 
COSy  =  COS  a  COSj3  -  sA(y), 

we  have 

(cos  y  +  sA (y) } 2  =  1  -  sin2a  -  sin2/3  +  sin2a  sin2/?  ; 
therefore 

sin2a  +  sin2/?  =  1  +  z2  -  {cos  y  +  sA(y) j 2 

=  sin2y(l  +  ^22)  -  2cosyA(y)z. 

TT  clP  n  sin  y 

Hence     -=-  = 


dz      1  +  n2z2  +  n  sin2y  (lV  k2z2)  -  2n  cos  y  A(y)  z  ' 
therefore,  by  integration, 

P  =  -i-  tan-1  j(^  +  ^sm2y)s-^0S7A(y)j 
V  /i  '  sin  y  ^//x  / 

1     ^/cot^A^ 


-^taW°0t™   , 


where  ji  =  (n  +  l)(n  +  k2)  /  n,  and  the  constant  is  determined 
so  that  P  should  vanish  with  z.  Restoring  then  the  value  of 
8,  and  simplifying  by  means  of  the  equation  of  condition,  we 
find 

.~        1     .       J  n  \/ u.  sin  a  sin  j3  sin  y  V 

P  =         tan"1    1 — ■*-  ) , 

/„  \1  +  n  -  n  cos  a  cos  p  cos  y/ 

so  that  we  have  finally 

n  (n,  a)  +  n  (n,  ]3)  -  n  (n,  y) 

-v/ju  sin  a  sin  /3  sin  y  \ 


— -  tan-1  (  n  ^  Sm  q  Sm  ^  Sm  7    )    (41) 
•v/^  \1  +  w  -  w  cos  a  cos  /3  cos  y/ 


when  a,  j3,  y  are  connected  by  the  algebraic  relation  (14),  or 
the  transcendental  equation  (13). 
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98.  If  the  quantity  fi  is  negative,  the  circular  expression 
must  be  replaced  by  a  logarithm.  We  see  thus  that  the  in- 
tegrals of  the  third  kind  belong  to  one  or  other  of  two  species, 
which  are  as  distinct  from  each  other  as  logarithms  and  cir- 
cular functions. 

The  parameters  in  each  of  these  cases  are  called  circular 
and  logarithmic  respectively  ;  and  in  the  first  case  it  is  usual 
to  put  -  1  +  Jc2  sin2A,  and  in  the  second  case,  -  k2  sin2  A  for 
n,  the  corresponding  values  of  /j,  being  then 

Ar*sin8AoosaA/A^(X)     and    -oot*XA**(A). 

99.  We  investigate  here  a  method  of  finding  the  alge- 
braic relation  corresponding  to  the  transcendental  equation 
2m  =  0,  or  some  constant  quantity,  where  u  is  an  integral  of 
the  first  kind,  and  the  summation  is  taken  with  regard  to  an 
even  number  of  the  integrals  ul9  u2,  &c.  This  is,  in  fact,  the 
particular  application  of  Abel's  Theorem  to  the  Elliptic  Inte- 
grals of  the  first  kind. 

Let  X  be  a  given  expression  having  its  usual  meaning  in 
this  Chapter,  and  let 

<p  -  a0  +  axx  +  a2x2  +  .  .  .  +  anxn, 

xp  =  b0  +  bxx  +  b2x2  +  . .  .  +  bn_2xn~2; 

that  is,  let  0  and  xp  be  polynomials  in  x  of  the  degrees  n  and 
n  -  2,  respectively.  Now  let  xx,  x2,  . . .  x2n  be  the  %\  roots  of 
the  equation 

**  ->X  =/(*),  'say, >0S  (42) 

so  that  we  may  then  write 

f(x)  =  (j>2- \p2X  =  \(x- xx) (x-x2)  ...  (x - x2n) . 
Equating  then  the  coefficients  in  this  identity,  and  elimi- 
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nating  A,  we  have  2«  equations  connecting  xx,  x*, « . .  x2n  with. 
<70,  «i,  &c,  and  b0,  bx,  &c. ;  but  of  the  latter  quantities,  which 
are  2n  in  number,  only  the  ratios  are  involved,  so  that  they 
may  be  all  eliminated  from  the  equations  just  mentioned. 
We  see  thus  that  there  is  a  single  relation  connecting  the  2» 
quantities  xh  x2,  ...  x2n ;  and  this,  we  proceed  to  show,  is  the 
algebraic  equivalent  of  a  certain  transcendental  equation  of 
the  form  mentioned  above.  Let  us  assume  all  the  quantities 
a0,  #i,  &c,  b0,  blf  &c,  and,  therefore,  also  xh  x2i  &c,  to  be 
functions  of  a  variable  t ;  then  the  equation  (42)  connects 
any  one  of  the  quantities,  xn  say,  with  t,  and  by  differentia- 
tion gives 

df(xr)  dxr      -  .  <ty      91  Y  W      n 


dxr      dt        r  dt  dt 


But  from    f(xr)  =  0,     <j>  =  f  ^V/Xr,     where  e  -  ±  1, 

and     df(xr)  /  dxr  =  A  (xr  -  xx)  (xr  -  x2)  (xr  -  x2n)  =f/(xr)f  say, 
so  that  we  have 


or 


1      dxr       2s    ( ,  dd>         d\L^, 


yX  dt     f(xr)  \T  dt      Y  dt 


Giving  r  then  all  the  values  from  1  to  2n  inclusive,  and 
summing,  we  get 

^2n     £r      dxr      Q    2n      dt         dt  _  A 
1  <Sxr  df  +       l       /(ay) 
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Now       \L  -r  -  0  -77     is  °f  the  form 

c0  +  Ci%  +  c2x2  + . . .  +  c2„_2#2w~2  =  xW)  say> 

and  we  know  that 

Hence  Sf  -£=  £r  -  0  ; 

yxr  dt 

therefore  integrating,  and  putting 

dxr 


\/  JLr 


=  ut 


we  obtain 

siUi  +  e2u2  +  .  . .  +  Hnu*n  =  a  constant,  (43) 


where  ci,  e3,  &c.,  have  either  of  the  values  ±  1,  according  to 
the  terms  to  which  they  are  annexed. 

The  corresponding  algebraic  relation  can  be  readily  ob- 
tained in  the  form  of  a  determinant ;  for,  substituting  a?i,  .r>, 

. . .  x-in  successively  in  <j>  -  tip  */X  =  0,  we  get  %\  equations 
which  are  linear  and  homogeneous  in  a0,  aly  &c,  b0,  bx,  &c,  so 
that  these  quantities  can  be  eliminated  at  once,  the  result 
being  thus  expressed  in  a  determinant  form  involving  the 

radicals  \/Xx,  &c. 

100.  As  an  example,  let  us  take  n  =  2  ;  then  giving  X  the 
form  x  (1  -  x)  (1  -  k2x),  we  have 

f{x)  =  (a0  +  axx  +  a2x2)2  -  b<?  x  (1  -  x)  (1  -  h2  x) 
=  \(x-  xx)  (x  -  x2)  (x  -  x3)  (x  -  Xi) . 
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The  relation  connecting  the  inverse  functions  may  be 
most  simply  obtained  in  this  case  as  follows : — Comparing 
the  coefficients  of  #4  and  the  absolute  terms,  after  extracting 
square  roots,  we  get 

a2  =  y/  A,     a0  =  Si  S2S3&1  y/\ 

where  we  have  put  sr  for  smir  =  */xr.     Again,  putting  1  and 
l/'F  successively  for  a?,  we  obtain,  in  the  same  way, 


#0 


+  ax  +  a2  =  cx  c2  c3  Ci  */A,     aQ  ¥  +  ax  k2  +  a%  =  dx  d>  d*  d4  \Z\> 


where  we  have  put  cr  and  dr  for  cnur  and  dnwr,  respectively. 
Hence,  eliminating  a0>  aly  a2,  from  these  four  equations,  we 
have 

k2  k'2  Si  s2  s3  Si  -k2Ci  c2  c3  Ci  +  dx  d2  dz  r/4  -  k'2  =  0,         (44) 

which  relation,  we  have  thus  proved,  holds  when 

iii  +  u2+  u-i  +  Ui  =  0, 

the  constant  being  zero,  because  (44)  is  satisfied  by  taking 

Ui  +  u2  =  0,     a*  +  Ui  ■  0. 

The   formula   (44)   seems  to  have  been  first  given  by 
Legendre  (Traite  des  Fonctions  Elliptiques,  t.  iii.,  p.  193). 

Examples. 
1.  Show  that 

This  series  is  obtained  by  expanding  V(l  -  &2sin30)  by  the  binomial  theorem, 
integrating  each  term  by  Art.  58,  and  then  putting  0  =  \tt. 
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2.  Show  that 

„     W        /1\2£2       /1.3\2&*       / 1  .  3  .  5 \  2  A6      0     ) 

r  rfa;  _  2         r  ^0 

]    V  { (a  -  x)  (x  -  0)  (x  +  7)  }  ~  "  V  (a  +  7)    J    V(l  -  Fsin20)' 


where  #  =  a  cos2  0  +  £  sin2  0,     (0  -  j8)  /  (a  +  7)  =  &2. 

dx  1  r  dd 


r      dx  If 

4*    J   V{xQ)  =  W+^j    J   V(l- 


where  Q  =  (*  -  a)2  +  /32, 

2  =  V(a2  +  j82)  tan2 }0,         tan  7  =  j8/a. 

-    „,         ,  •.>>*%      ~-»  /£2sn3wcnwdnw 

5.  Show  that        Earn  (2m)  =  2  Eamu — — . 

v     '  l-^sn4^ 

,,  •>    '*«-       *       «      Fsnwcnw 

6.  Show  that        .Eamw  +  i?aw  (iT  -  «)  =  i?  + . 

dnw 

7.  Show  that       dn  f — J  =  en  ( —  J  ,    sn  f  —  J  =  \fk\ 

8.  Show  that         Earn  ( — J  =  \E  +  |(1  -  A;'). 

9.  J5am  (w  +  a)  +  Earn  (u  —  a)  =  2Eamu 


2/c2sn2w  sna  cnadna 


1  —  #2sn2#sn2w 

10.  Show  that  ksnusn(u  +  iK')  —  1, 

sn  (u  +  K  +  iK')  =  dnw  /  (kemt). 

11.  Given  sin  0  =  i  tan  4>,  show  that 

J*  (0)  =  •  {tan  ^>Afc'  (</>)  +  Fr  (tf>)  -  -#*'  (tf>) }  - 

12.  Show  that      Earn  {iK')  =  oc  ,    "Earn  (2*X'j  =  2»  (#'  -  E'). 

■^  cn«  dnw       .  ,-rt       ,,,. 

13.  Earn  (u  +  iK')  =  Eamu  + +  %{K'-E'). 

N  '  sn« 

We  have  Earn  (u  +  iK')  =  J  { 1  -  &2sn2  (w  +  iJT) }  du 


=  f  (1 \du,     from  Ex.  10, 

J   \        sn2  u) 


Eamu  +  (cnu  dnu)  /  snw  -f  C  from  Art.  82. 
X 
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To  determine  C  we  have — 

„      ,        ~.-r~v       -r,  ~«     .        cnwdnw      cn(u+iK')dn(ti  +  iK') 

Eamiu  +  UK')  =  Eamu  +  2C,  since  +  — S ,   '    .VT,„ •  =  0  ; 

snw  sn  [u  +  tJi  ) 

whence  2C  =  ^«m  (2tJET)  =  2*  (E'  -  E'), 

from  the  preceding  example. 

14.  Show  that  Earn  (K  +  iK')  =  E+i(K'  -  IT). 


15.  Show  that  sn 


liK'\         i 


/K+iK'\       V(l  +  £)-tV(l-#) 
SnV"~2-j=   — 


V(2&) 

16.  Show  that         .Earn  !^-\  - 1«(1  +  IT  +  X '  -  ^'). 

17.  Given  tan  (0  -  ft)  =  A-'  tan  ft, 

A  =  (1 -*')/(! +  n 
show  that  ( 1  +  #)  Ek  (ft)  =  E\  (d) . 

18.  To  show  that 

Him  ft)  +  n (*»/»,  ft)  -  JF-(^)  =  1  tan-ij^^j 

V  ^4 

(V^Itanft) 


Let  P=±tan-1f^^l. 


then 


d  (  tan  ft  \ 
dP_  d$  \a(<d)  \ 
d(f>  n  tan2  ft 

A2  (ft)  cos2  ft  {sec2ft  I  A(<j))+  k2  sin2  ft  /  A3  (ft) } 
cos2  ft  (1  -  A2  sin2  ft)  +  (1  +  »)  (1  +  k*  /  w)  sin2  ft 

1  -  *»  sin4  ft      1 


1  +  («  + £2/ra)sin2ft +  £2sin4ft    A  (ft) 
_  (       1  1 il_L 

"(l+wsin2ft      l+£2sin2ft/w         ;A(ft)' 
Hence,  by  integration,  the  relation  given  above  follows  at  once. 
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J    1+ A2  sin*  A    A(<p)      2     WT2V(l+£2)  (         A  (a)         j 

f  1  <*A  1  ,((1  + A)  tan  A) 

20.         j z_  =  i.f(0)  + tan-M  - -J. 

J    1  +  A  sin2  A  A  (A)      2     w      2(l+&)  \       A  (a)        j 

21.  Let    sn2Mi,   sn2«2,    sn2W3,    be  the  values  of  the  roots  of  the  cubic 
equation 

(a  +  fix)2  -x(l  -x)(l-  k2x)  =  0 ; 
then  show  that 

««i  ±  «2  ±  W3  =  2w2T  +  (2»  +  1)  i-5T'. 

22.  Hence  show  that,  in  the  same  case,  the  roots  of 

x(a  +  j8#)2-  (1  -s)(l  -k2x)  =  0 

1 

are  connected  by  the  relation 

Mi  +  9a  +  M3  =  2?»J£'  +  IniK' . 


(     164     ) 


CHAPTEE  VI. 

DEFINITE      INTEGRALS. 

101.  We  commence  by  considering  the  process  of  integration 
regarded  as  a  summation,  in  connexion  with  which  point  of 
view,  as  has  been  already  remarked,  the  name  integral  has 
arisen.  If  we  suppose  any  quantity,  y  say,  to  vary  con- 
tinuously by  indefinitely  small  increments,  commencing  with 
a  value  y2  and  increasing  to  a  value  ?/i,  the  total  change  of 
value  of  y  between  these  limits  is  obviously  yx  -  y% ;  but  this 
is  equal  to  the  sum  of  all  the  small  partial  increments.  This 
result  is  represented  by  the  notation 

"y 

ldy  =  yx-  y2, 
y2 

where  yl9  y2  are  called  the  superior  and  inferior  limits  of  inte- 
gration, respectively. 

Putting  now  y  =/(#),  then  dy  =f'(x)  dx ;  and  if  a,  b  are  the 
values  of  x  corresponding  to  the  values  pl9  y2  of  y,  we  have 


j; 


/W  *>-/(•) -/(*)• 


That  is,  the  definite  integral  o£f(x)dx,  in  which  x  is  taken 
between  the  limits  a  and  b,  is  equal  to  the  difference  of  the 
values  of  the  general  or  indefinite  integral  corresponding  to 
x  =  a,  and  x  =  b ;  so  that  we  can  always  find  the  value  of  the 
definite  integral,    when   that   of   the   indefinite   integral   is 
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known.  The  importance,  however,  of  the  theory  of  definite 
integrals  arises  from  the  fact  that  a  very  large  number  of 
these  integrals,  taken  between  certain  limits,  can  have  their 
values  assigned,  while  the  value  of  the  indefinite  integral  in 
each  case  remains  unknown. 

102.  We  consider  here  more  particularly  the  process  of 
integration  from  the  point  of  view  of  the  preceding  Article. 
Let  f(x)  denote  a  function  of  x,  which  remains  finite  and 
continuous  for  all  values  of  x  between  the  limits  xn  and  x0, 
and  let  xn  -  x0  be  divided  into  n  intervals, 

X\        Xq)       X<i        X\y    .  .  .  Xn  ~~  Xfj^i* 

Now,  by  the  Differential  Calculus,  we  have 

X\        Xq 

in  the  limit,  when  Xi  =  x09  so  that  we  may  put' 

/(#i)  -/(«b)  =  (#1  -  #o)  {/(#o)  +  c0)> 

where  e0  becomes  indefinitely  small  along  with  xx  -  xQ.  We 
may  thus  write  down  the  equations  : 

f(xi)  -/W  ■  (x\  -  #o)  {/(#<>)  +  eo), 
/W  -/W  =  fa-  *l)  (/(ft)  +  £l)> 

jt\®r+\)  ~  J\pr)  ~  (#V+l  ~~  %r)  \J    \%r)  +  fr)> 
/fa)  ~/fa-l)  =  (Xn-Xn^)  (/(#»_,)  +  *«-l), 

where  g0,  ii . . .  ?n,i  all  vanish  along  with  the  intervals  to 
which  they  are  annexed. 
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Hence,  by  addition,  we  obtain 

/(#»)  -/(*o)  =  Sr1  (xr+l  -  Xf)  f  (xr)  +  Sr1  (*♦!  -  *r)  *• 

Now  if  €  is  the  greatest  of  the  quantities  en  the  latter  sum 
is  evidently  less  than  (xn  -  x0)  t ,  and,  therefore,  vanishes  ulti- 
mately when  the  number  of  the  intervals  is  increased  inde- 
finitely.    We  thus  have 

/(*»)  -/(-To)  =  the  limit  of  S0n_1  (zy+i  -av)/'(av),      (1) 
or,  as  it  is  written, 

f(x)  dx. 


103.  If  the  intervals  are  equidistant,  we  have 
/(*■)  -/W  =  tne  limit  of  A2f/(*  +  rA), 

when  /i  is  indefinitely  diminished  and  »  increased,  wA  being 
taken  equal  to  a?„  -  #0.  This  result  may  be  also  stated  as 
follows  : — If  nh  -  a  -  b,  then 

i 

f(x)  dx  =  the  limit  of  the  infinite  series 

*{/(»)  +/(*  +  *)  +/(*  +  2/0  +  •  •  •  +/(*  +  «*)),     (2) 
when  n  is  indefinitely  increased. 


7. 


B. 


9. 


Jo 


1 .  xm  dx  = 


DEFINITE  INTEGRALS.  167 

Examples. 
1 


m+  1 


2.  f        *I    f 

Jo     a*+x2      2    Jo 


3.  I2     sin20<?0  =  -. 

Jo  4 


a2  +  x2      ±a 


A.  [a  "* 

*•  tt-, — rrr  =  t. 

Jb 


dx 

^{(a-~x)lx-b)} 


f°  M{{a-x){x-b)}dx  =  1{a-bf 

lb  8 

f71"  dd  _  TT 

J  o  a2  +  #>  _  2a&  cos  0  ~  a2  -  £2* 

IT 
("jf  d9  TT 

Jo  a 


i2  cos2  6  +  02  sin2  0      2  aj3 
f?    - 

Jo      (a 


<?0 tt(«2  +  £2) 

(a2cos20  +  £2sin'-0)2  4T3^3— * 


J0     V(«2  -  #2)  =  2" 


Jo     1  +  2#  cos  a  +  a2       2  J  o    1 

r 


dx 


11.  I       e~a*sin  mxdx  = 

12.  I       e~aa;cos  mxdx  — 


+  2#  cos  a  +  x2      2  sin  a' 

m2  +  a2' 
a 


a2  +  m2 

13.  I       cos  mx  cos  nx  dx  =  0, 

J  o 

[n     . 

1       sin  mx  sin  w#  <?#  =  0, 

J  o 

for  all  integer  values  of  m  and  n,  except  when  m  =  n,  and  then  each  =  ^ir. 
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104.  "We  notice  here  a  few  properties  of  definite  inte- 
grals.    We  have 


and 


f'(x)dx=f(a)-f(b), 


f\x)dx=f{b)-f{a)  =  -       f(x)dx; 


that  is,  the  interchange  of  the  limits  changes  the  sign  of 
a  definite  integral. 

If  we  substitute  a  -  y  for  x  in  the  definite  integral 

f(a-y)dy  =       f(a-y)dy. 


f(x)dx,  it  becomes  - 
This  result  may  evidently  be  written 

-a 

f{x)dx  =       f(a-x)dx.  (3) 

J  o 

As  an  example,  let   f(x)  =  0(sin#),    and   a  =  7r/2  ; 


then  we  have 


J  ° 


<p  (smx)dx  = 


0  (cos  x)  dx. 


(4) 


More  generally  we  obtain 

•a  ra 

f(x)dx  =         f(a  +  b-  x)dx.  (5) 

.  b  J  b 

Again,  it  is  evident  that,  instead  of  taking  an  integral 
between  the  limits  a  and  b  of  the  variable,  we  may  take 
it  between  the  limits  a  and  c,  and  between  c  and  /;,  and  add 
the  results  together,  and  we  shall  obtain  the  same  value  for 
the  definite  integral. 

Hence  we  can  show  that 


if 


f(x)dx  =  2        f(x)dx, 
f(x)  is  such  that  /(a  -  x)  =f(x)  ; 


(6) 
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for  we  have 


f{x)dx 


¥ 


f(x)dx  +        f(x)dx; 


0  J  \a  Jo 

but  the  first   of  the  integrals  on  the  right-hand   side  be- 
comes 


\a 


f(a  -  x)  dx,    or         f(a  -  x)  dx 


¥ 


by   putting   a  -  x  for  x ;    hence,   by   the   property   of   the 
function /(a?),  (6)  follows. 


We  have 
therefore 


Examples. 

1.  If  f(a  -  x)  =  -f{x)y  and  f(x)  remains  finite  between  x  =  0  and  x  =  a 
show  that 

f"  f(x)dx  =  0. 

2.  To  evaluate  «=   I      log  (sin  9)dd. 

J  o 

u  =  I       log  (sin  0)  d6  =  1      log  (cos  9)d9  ; 
Jo  Jo 

2w  =    t27r  log  (i  sin  20)  dd  =  |tt  log  (J)  +   f  *  log  (sin  20)  d9 ; 
Jo  Jo 

but  putting  29  =  </>,  the  latter  integral  becomes 

\         log  (sin  f)dfa 
J  o 

which,  by  (6),  equals  log  (sin  <p)  d<p,  or  u ; 

Jo 

f  &"■  •*■         / 1  \ 

therefore  w  =  log  (sin  0)  d0  =  -  log  I  -  J . 

ff      0sin0^0      _  ff    (7r-0)sin0^0 
Jo     I  +  c2  cos2  0  ~  J  o      1  +  cl  cos^  0     ' 

,,       .  fff       0  sin  0^0        ir  fw        sin9d9  -k  t       . 

therefore  =  -         —  =  -  tan-1*?. 

Jo    I  +e2  cos20      2  J o     1  +  c2  cos2 0      c 
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J  6  sin  6  log  (sin  6)  dd  =  -  tt  (1  -  log  2). 


Jo    1 


+  c2  -  2c  cos  0      2  (1  -  c2) 
6.     (1  —  e~2a/*)  1      e~a*  f  (sin  a:,  cos  x)  dx  =  I       er«*/(sin:r,  cosx)dx. 

J4T  p  4»r  r  2ir 

e~axudx  =         e~axudx  +         e~azudx 
o  J  27T  Jo 

J27T  f  27T 

e-a(x+zn)  udx  +        e-a*udx> 
o  Jo 

/  (sin  #,  cos  a:)  =  m  ; 

f4«r  T27T 

e-°*udx  =  (1  +  <r2a7r)         e-«*ttdx. 


where 
that  is, 


Proceeding  in  the  same  way,  we  get 

j"  6tT  r  27T 

I       e~axudx  =  (1  +  0-2<"r  +  e-ia*)        e-°*udx, 
Jo  Jo 

and,  ultimately, 

I       e-axudx  ={  1  +  «_2<"r  +  £-4(,n-  + .  .  +  r2(n-x)a"-}  I      e~axudx. 

Hence,  making  n  —  co ,  and  summing  the  infinite  series  between  the  brackets, 
we  obtain  the  required  result. 

105.  We  now  consider  the  important  definite  integral 


4« 


'*» 


(sin  0)ncl9,   or        (cos  0) nd0, 


for  these  integrals  are  evidently  equal  by  (4) . 
From  (35),  Art.  58,  we  have 


f  (sin0)nd0  = 


cos  0  (sin  0)n~l      (n-1) 


H 


n 


(smd)n~2dd; 


therefore  putting  9  =  w/2  and  0  successively,  and  subtracting, 
we  get 


i* 


(sin  0)»<*0  =  V-^     !  (sin  0)1 
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Similarly  we  have 

(sin  6)n-2d0  =  I  ^-|  J     (sin  6)n-*dd, 

and  so  on,  until,  if  n  be  even,  we  finally  come  to 

Ch*  1      7T 

sin20£/0  =  ^ .  ^, 


171 


so  that  we  thus  obtain 


(sin  6J)"tf0  - 


1.3.5   ...   W-l     7T 


2.4.6...     n     '2' 
If  w  be  odd,  we  come  ultimately  to 


(7) 


so  that  we  then  have 


(sin  0)nd9  = 


sin  Odd  =  1, 

2.4.6  ...  n-1 
1.3.5  ...    n     " 


(8) 


It  may  be  observed  that  these  values  of  the  definite  in- 
tegral might  have  been  written  down  at  once  from  (36)  and 
(37),  Art.  58. 

Several  other  elementary  definite  integrals  are  imme- 
diately reducible  to  the  preceding  cases.     For  instance, 


JO    tltV 


=  aT 


** 


(smdndd), 


where  x  —  a  sin  0. 


</(a2-x*) 


1^  1.3.5  ...  2n-3  7T 
-1  2.4.6  ...  2n-2  2' 


,2m 


(9) 


by  putting  x  =  a  tan  9. 
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106.  To  find  the  value  of 


'4* 


(sin  0)n  (cos  0)m dO,     or  (sin  0)m  (cos  0)M dO, 


J  o 


where  m  and  w  are  positive  integers.     From  (45),  Art.  62,  we 
have 


i» 


(sin  0)M  (cos  0)md9 


..  o 


»- 1 


** 


so  that  if  n  be  odd,  we  find 
** .  -    -  2  .  4  .  6  .  . .  *  -  1 


(sin0)N-2(cos0)m^0; 


(sin0)n(cos0)mrt'0  = 


(w*  +  3  J  [m  +  5) . . .  (m  +  n)  % 
2 . 4 .  6  . . ".  n  - 1 


sin0(cos0)wr/0 
(10) 


(w  +  1)  (m  +  3) .  .  .  (m  +  n)' 
If  both  m  and  n  be  even,  we  have 

i71"  13    5         « - 1        [h* 

(sin  0)M  (cos  6>)-  dO  = ,       " /     '*      ,  (cos  0)»  dd 

1.3.5...;/-1.1.3.5...w-l7r     ,-    . 
2.4.6  ...  (m+n)  2    (     ' 

The  definite  integral 

^(l  -  x)n~ldx, 

where  m  and  n  are  positive,  is  reducible  to  the  preceding  ;  for, 
putting  x  =  sin2  0,  it  becomes 


2[7r(sin0)2wl-1(cos0)2?i-1^, 
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which,  from  (10),  is  equal  to 

2.4.6...2»-2 


(2m)  (2m  +  2)  . . .  (2m  +  2n  -  2) 

1.2.8  ...n-l 


(12) 


m  (m  +  2)  ...  (m  +  n  -  1)' 

after  dividing  the  numerator  and  denominator  by  2n. 

This  result  evidently  holds  also  when  m  is  not  an  integer. 
When  m  is  an  integer,  the  expression  (12)  is  symmetrical  in 
m  and  na  for  it  may  be  then  written 

1.2.3  ...  K-l. 1.2.3  ...  m-1  3. 

1.2:3...  (m++- 1)  '  [    } 

as  the  value  of  the  integral  is  easily  seen  to  be  in  all  cases  by 
substituting  1  -  x  for  x. 


z2)*+l  dx  =  «2m+2 


Examples. 

1  .3.5  .  .  .  (2n  +  1)* 


2  .  4  .  6  . .  .  (2n  +  2)  2 
2  .  4  .  6  .  .  .  2n 


[    (2ax- 
•'o 

ra 

[  V™~  *>**  =  "?'"'l.3.6...(2,+  ir 

fi  2  .  4  .  6  ...  2m 

X"  (1  -  x2)m  dx  =  ; — ; rv  • 

Jo  (n  + 1)  (w  +  3)  . . .  (w  +  2»i  +  1) 

C  dx  -         *         1  •  3  .  5  . . .  2»  -  3 

].„  {x--2xcosa+l)n  ~  (sin a)2""1  2.4.  6  ...  2m-  2' 

5.  Show  that 

=  — —       xm~l  (1  -  x)n'xdx. 

J0     (a  +  bx)m*n      a*bm  J0 

This  result  is  obtained  by  putting  bxj(a  +  bx)  for  x  in  the  integral  on  the 

right-hand  side. 

,Q0     x2™-ldx        2.4.6...  2m-  2 


4. 


Jo    (1  +  ^)"H      1  .  3  .  5  ...  2m  -  1 

C 


'47r     .     .  57T 

sin«0rf0  =  — . 
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107.  To  find  the  value  of 


xn  e"*  dx,  where  n  is  a  posi- 


tive integer.     Taking  a  =  -  1  in  (73),  Art.  74,  we  have 


xn  c.  T  dx  =  -  xn  e~x  +  n 


xn~le~rdx. 


Hence,  since  xn  e  *  vanishes  both  for  x  =  oo  and  x  =  0,  we 
get 

xn~l  e~xdx  =  n  (n  -  1)     \xn-2e~xdx  =  &c,      (14) 

o  Jo 

so  that  we  obtain  ultimately 

xne~xdx  =  l.  2.3  ...  n.  (15) 

The   definite   integral     i   xn^e'xdx   has  been  called  the 

second  Eulerian  Integral,  and   is  usually   denoted  by  the 
symbol  r,  that  is,  we  write 


foo 
xn-1e~xdx=  r(w), 
0 


(16) 


where  n  is  any  positive  quantity.      Hence,  from    (14)  we 

have 

r(»  +  l)  =nr(n),  (17) 

and  from  (15),  if  n  is  an  integer, 

r(«)=1.2.3...«-l.  (18) 

If  we  put  ax  for  x  in  (16)  we  have,  more  generally, 

r(»  +  i) 


1^" 


e~ax  dx 


,n+i 


(19) 
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Again,  the  integral 


xm  (log 

Jo  \ 


-)  dx, 

x 


depends  upon  the  function  r,  for  putting  x  =  e~y  we  get 
jy(logij\fe  -J%*ri»i>-*  =  gJj^S.    (20) 

In  this  integral  we  have  written  log  (1/a?)  instead  of 
-  log  x,  as  the  former  of  these  quantities  is  always  positive 
between  the  limits. 

Taking  m  =  0,  and  writing  n  -  1  for  n,  we  have,  from 
(20), 

log  -J    dx  =  r(»), 

the  form  in  which  the  function  r  was  originally  studied  by 
Euler. 

108.  We  have  already  explained  in  Art.  22  how  we  can 
derive  several  integrals  from  a  given  one  by  means  of  the 
process  of  differentiation  or  integration  under  the  sign  of 
integration. 

This  method  is  especially  serviceable  in  the  evaluation 
of  definite  integrals ;  and  the  formulae  of  Art.  22  will  still 
apply  in  this  case,  provided  of  course  that  the  limits  of  inte- 
gration are  independent  of  the  quantity  with  respect  to 
which  we  differentiate  or  integrate. 

As  an  example  of  differentiation,  let  us  consider  the 
integral 

1 


-axdx  =  -: 
a 
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differentiating  then  n  times  with  regard  to  a,  we  get 


1.2.3...» 

xne~axdx  =  - 

0 


a 


n+i 


as  we  have  already  shown. 
Again,  from  the  equation 

dx  77     1 

J0  x2  +  c~  2  cj' 
we  get,  by  differentiating  n  -  1  times  with  regard  to  c, 

dx  7T  1  .  3  .  5  . . .  2n  -  3    1 

0  (#2  +  c)"  "  2  2  .  4  .  6  . . .  2w  -  2  c^' 

which  agrees  with  (9). 

109.  By  differentiation  we  can  frequently  make  a  definite 
integral  depend  upon  a  form  in  which  the  general  integral 
can  be  obtained  at  once,  so  that  then  by  integration  we  can 
determine  the  value  of  the  proposed  integral. 


Thus,  let 
then 
therefore 


V 


sin  mx  dx 


x 


du 
dm 


e~ax  cos  mxdx- 


a2  +  m2 ' 


u  -  a 


dm         .       , (m , 
=  tan"1    —  , 


(21) 


a"  +  mr  \a 

m 

no  constant  being  added  as  u  vanishes  with  m.     Or  thus  : 

m 


du 
da 


4 


e~ax  sin  mxdx  =  - 


a2  +  m2 ' 


therefore      w  =  -  m 


=  tan-1  ( —  ),  as  before. 


a  +  nv 


then 
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du      C1xmlogxdx 


xmdx  = 


1 

_      • 

m  +  1 ' 


6?^        J0  log  # 

therefore  w  =  log  (m  +  1), 

no  constant  being  added,  as  u  vanishes  with  m. 

Examples. 

1.  To  find  m  =  f    log  (1  +  n  cos  9)d9. 

Jo 

„-      ,  dU  f  V        COS  9  dd  7T  7T 

dn      Jo  l+wcos0      n      nV  (I  —  rii)'' 
therefore  w  =  it  log  J 1 , 

the  constant  being  determined  so  that  u  may  vanish  with  n, 

r°°  log(l+«»s«)«fe 
2'     J0     1+3*  =^0S(l  +  a). 

r1  ,  /  2mx  \  dx      ir . 

|.i    (#wi-i  _  xn-1)dx_         ,'m\ 
Jo  logo;  ~         \n)' 

E      f1     log(l  +  w#)6fo;  . 

6.     I      — — ■ —  =  7T  sin-1 «. 

J  -i  1  -  #~ 

log  (1  +  2m#  +  x2)  —  =  —  -  |  (cos-1  m)2,  (m  <  1), 
o  a;       6 

+  ^log{m  +  V(w2-l)}j  ,  («•>!). 


4. 


IT' 

6 
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1  +  n  cos  6\     dd 


cos  6 


—  it  sin_1«. 


ch*.      /I  +  n  cos  6\ 
Jo     °S\1  -ncose) 

f".,  ,  cos  mx  -         1.       /        o2\ 

tan-i  \\        \     —  =-loga. 
Jo  (  1  +  ax1  )   x       2 


110.  We  now  consider  the  important  definite  integral 


o 


Putting  ax  for  x,  we  have 


J  = 


and 


Ie-a*da  = 


e^^adx, 


(e-a^nx^ada)dx. 


Integrating  now  with  regard  to  a  between  oo  and  0,  we 

have 

•1      1 


ea*da  = 


2  l  +  #2 


dx, 


since 


e-a*l1+x^ada  =  l 


2  l+x*' 


therefore 


and 


P  -  - 

~4' 


e~x*dx  =  \  */tt. 


(22) 


By  means  of  this  result  several  other  integrals  can  be 
obtained.     Thus,  putting  x^/a  for  x}  we  have 

°  -ax*  j       1  v"" 
eaxdx  =  -~, 
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which,  being  differentiated  n  times  with  regard  to  %,  gives 


,  T      aA  1  • 3  .  5  . . .  (2m  -  1) 

X  6      ax~  an+x*  2n+l 


But  putting  (2n  +  l)/2  for  n  in  (16),  we  have 


I>  +  i)  = 


xn~le-xdx  =  2 


a^e^'dx, 


by  the  substitution  of  #2  for  a? ;  therefore 

M/       _.        ,-  1.3.5  ...  2»-l 


and 


r(i)  =  2 


2» 

6"*  d#  =  \/ir. 


111.  Let  us  consider  the  definite  integral 


w  = 


We  have 


du 
da 


2a 


r*      x*)dx. 

_(X2+^)dx 


*r 


but  putting  a/%  for  #  in  u,  we  get 


w  =  a 


Jal+X*)dx 

x>  ' 


therefore 

from  which  we  get 


du 


=  -2u, 


da 

u  =  Ce~2a. 


(23) 
(24) 
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To  determine  C,  let  a  =  0  ;  then 


C  = 


e~x\lx  =  v/tt/2. 


Hence  we  have 


la 


(25) 


112.  Again,  to  find 


We  have 


«  =       e~x*  cos  2mxdx. 

•00 

e"xasin2M.£2Yfo; 


—  .-2 

dm 


but,  integrating  by  parts,  we  get 


J  e-*2  sin  2m#  #r/.£  =  -  ■§  e"*2  sin  2w#  +  m  j  e~x*  cos  2?;w  tfc  ; 


hence 


therefore 


e~x*  sin  2mx  xdx  =  *mi ; 

du 


dm 


=  -  2mu, 


from  which  we  obtain         n  =  Ce~m\ 
Putting,  then,  m  =  0,  we  have 

and 


e~x*  cos  2w#  rfa?  =  -=-  0"m*. 


(26) 


If  we  put  ##  for  a?,  and  m  / «  for  m,  we  have,  more  generally, 

(27) 


e-a-  x*  cos  2mx  dx  =   %z —  e~ a*  . 


2a 
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113.  We  now  consider  the  definite  integral 
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u  = 


smx 

x 


dx. 


The  value  of  u  is,  from  (2),  the  limiting  value  of  the  infinite 
series 

sin  h  +  j  sin  2h  +  i  sin  3h  +  &c, 

when  h  is  indefinitely  diminished.  Now  the  sum  of  this 
series  between  2ir  and  small  values  of  h  is  (tt  -  h)  /2 ;  so  that 
letting  h  =  0,  we  have  u  =  ir/2.  Also,  putting  ex  for  x, 
we  get 

'°°    sin  r.v  ir 

(28) 


sin  ex  _      ir 

dx  =  -. 

x  2 


This  integral  might  have  been  obtained  at  once  from  (21)  by 
putting  a  =  0 ;  but  it  is  to  be  observed  that  (21)  is  deter- 
mined by  means  of  a  definite  integral,  in  which  a  is  expressly 
supposed  to  have  a  finite  value,  so  that  the  method  of  evalua- 
tion just  given  seems  more  rigorous. 

114.  This  integral  will  assist  us  to  determine  some  others. 

Thus,  writing 

f00  x  sin  ex  dx 


u  = 


we  have 


/•CO 

2     J. 


+   X" 

x  sin  cxdx 
1  +  x2 


sin  ex 


dx 


x 
sin  cxdx 


X  (1  +  x1) 


2\  » 


(29) 


hence,  differentiating  both  sides  twice  with  regard  to  c,  we 
have 


d# 


x  sin  cxdx 
1  +  *2 


w. 
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Multiplying  both  sides  by  du/dc,  we  have 

d*u  du      ndu 

dc2  dc        dc  * 

1   d  fdu2\      1  din2) 
or 


therefore 


I  dc\dc2)'         dc 
fdux' 


^]-u+a' 


and 


du 


=  dc. 


V  (uz  +  a) 

Hence,  by  integration, 

log  [u  +  v/(w2  +  a)}  =  c  +  /3, 

or  u  +  ^(u2  +  a)  =  e(c  +  V; 

also  s/{1?  +  o)  -  w  =  ae~(c  +  ^, 

from  which  we  get 

or,  as  it  may  be  written, 

u  m  Ce~c  +  C'e% 

where  C,  Cr  are  constants.  Now  u  evidently  does  not  in- 
crease indefinitely  with  c ;  therefore  C  =  0.  Also,  let  c  be 
very  small  in  (29),  and  we  have 


7T 

"".5" 


cdx 

1  +  x2 


?«0, 

2         ' 


when  c  vanishes.     We  thus  get  C  =  7r/2,  and 

#  sin  carcte      7r 


u  = 


1  +a;2 


=  =-  e 


(30) 
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where  c  is  supposed  to  be  essentially  positive.     "We   have, 
also, 

sin  cxdx    _  ir       _7r  /i 
„  x(l+^)  =  2~U  =  2{L~e)'' 

therefore,  differentiating  with  regard  to  c,  we  get 

cos  cxdx       TT  y^<% 

1  +  x2        2  x     ' 

115.  A  considerable  number  of  definite  integrals  can  be 
obtained  by  expanding  the  expression  to  be  integrated  in  a 
convergent  series,  integrating  each  term  separately,  and  then 
summing  the  resulting  series. 

For  example,  to  evaluate  the  integral 

Jo  1  -* 

we  expand  1/(1  -  x)  in  the  form 

1  +  X  +  X2  +  &c. 

Observing,  then,  that 

1 


JVlogg 


-    efe?  =  —     — - , 
.a?/  (m  +  l)2 

we  find 

i       1       1      it 
U==        22  +  ¥+       ' 

which,  by  a  known  result  in  Trigonometry,  is  equal  to  ir2/G. 
Again,  considering  the  expansion  of 

log  (1  +  m*  +  2m  cos  0), 
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we  have  log  (1  +  m2  +  2m  cos  9)  =  log  (1  +  meie)  +  log  (1  +  me"*9) 

m  m (eie  +  e~i6)  -  \m2  (e2i0  +  e~2ie)  +  &c. 

=  2  (m  cos  0  -  i  m2  cos  261  +  \m*  cos  30  +  &c),      (32) 

if  m  is  less  than  unity.     Hence  we  have 

log  (1  +  m2  +  2m  cos  0)  dO  =  0,  (33) 

when  m  is  <  1 ;  but  if  m  is  >  1,  we  have 

log  (1  +  m2  +  2m  cos  0)  =  2  log  m  +  log  (1  +  m~2  +  2m~l  cos  0) 
=  2  log  m  +  2  (m_1  cos  0  -  \m~2  cos  20  +  {»r3  cos  30  +  &c.)  ; 


therefore 


log  (1  +  m2  +  2m  cos  0)  d9  =  2ir  log  0».  (34) 


I 


Hence,  also,  we  have 

"log  (a+  b  cos  0)^0  =  Trlog  |*  +  ^  ~  ^  j.    (35) 

Again,  multiplying  both  sides  of  (32)  by  cos  r0,  we  find 
cos  r9  log  (1  +  m2  +  2m  cos  9)d9  =  —  (-  m)r,  or  —  (-  w)"7*, 


according  as  m  is  less  than  or  greater  than  unity ;  for,  by 
Ex.  13,  Art.  103,  every  term  vanishes  at  the  limits  except  that 
involving  cosV0. 

This  latter  result  is  evidently  a  particular  case  of  the 
general  theorem,  that  if  it  be  possible  to  expand  /(0)  in  an 
infinite  converging  series  of  the  form 

a0  +  ax  cos  9  +  a2  cos  29  +  &c, 


then 


£oo«rfl/(«)rffl-Tp, 


(36) 
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for  all  values  of  r  greater  than  zero,  provided  f(B)  retains  the 
same  form  between  the  limits. 

116.  Several  definite  integrals  of  the  form 

,v>f(x)  dx 

.  o  "i  +  x* 

can  be  deduced  from  (31),  in  cases  in  which  it  is  possible  to 
expand  f(x)  in  a  series  of  cosines  of  the  form  cos  rex,  pro- 
vided of  course  that/(#)  is  continuous,  and  retains  the  same 
form  for  all  values  of  x  between  the  limits. 
For  example,  if  m  is  <  1 ,  we  have 

log  (1  +  m2  +  2m  cos  ex) 

=  2  {m  cos  ex  -  \m2  cos  2cx  +  ^m*  cos  Sex  +  &c.)  ; 
therefore 

log  (1  +  m2  +  2m  cosc#)  - — — -  =  ir(me~c-  ^m2e~2c  +^m*e~*e  +  &c.) 

-Trlog  (l  +  me-c).         (37) 
Also,  if  m  is  >  1,  we  find 

f*  dx 

log  (1  +  m2  +  2m  cos  ex) -  -  ir  log  (m  +  e~c) .     (38) 

Jo  1  +X 

Hence,  if  we  make  m  -  1  in  either  of  these  results,  we 
get 

log  (cos2  i  ex)  r-^3  =  7T  log  ( — ^- ),  (39) 


1  +  ^2  &  V    2 

in  which  it  is  evident  that  we  ought  not  to  write 

2  log  cos  {ex  J  2)  for  log  cos2  (ex/ 2) ; 

for  the  former  quantity  assumes  imaginary  values  an  infinite 
number  of  times  between  the  limits. 

2  a 
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Examples. 

1.  Show  that 

f  °°  sinax  cos  for  .        it  ir 

J0     —  T-  "'JtV    °r   °' 

according  as  a  is  >,  =,  or  <  b. 


'■  r 

Jo 


dx      ita 
sm*ax  —  =  -—. 
x2        2 


Jo         1 


dx 

.2 


7T- 


+  x  12 


f»  OsmOdd  it.  1      ,    ,     ,.         it,         »»,,,. 

4.  ■ ; — -ss-log- (m2<l),  or  -  log (ml  >  1). 

Jo    l  +  m2+2mcos0      m     °l-mv  "       m     °m-lv  ' 

This  result  can  be  obtained  by  integrating  (33)  and  (34)  by  parts. 

(**       sin0sinr0^0         it  *      , 

6.  I      : = — =  -  mr"',  or  -m-(r+1),  according  as  m'  is  <  or  >  1. 

Jo    I  +  *»*  -  2m  cos  0      2  2  ' 

fT  cos  r0</0  _    7rmr         2 

6'     Jo    1  +  m2  -  2m  cos  0  ~  1  -  m2  ^  <    '* 

7.  I      (cos0)M  cos  rddd  =  0,  if  r  is>«,  and  also  if  n-risodd;  but  if  n-  r 
Jo 

is  even  =  2i,  say, 

f  *  (cos  0)n 


ir    n(n  —  1)  ...(«  —  i  +  1) 
cos  r9d9  =  — 


2"  1.2.3...* 


f  °°  a;  sin  ca;  <fo  r      1       ,   _     . . 

8. = (m2<l). 

Jo  (1  +  x2)  (1  +  m2  +  2m  cos  ex)      2  m  +  ee 

'     Jo  (l  +  a;2)(l +  m2  + 2mcosca;)      2(1  -m2)  (l+m<r<)  v  '* 

00  #  tan  ca;  <fo  ir 


r  w  a;  ta 

10-  J.  — 

Jo     « 


+  a;2      "  1  +  e2c* 


a;<fo  ir 

sin  ca;  (1  -f  x2)      ec  -  r*' 
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117.  From  given  definite  integrals  we  can  frequently 
deduce  several  others  by  the  use  of  imaginaries.  For  in- 
stance, putting  a  +  t/3  for  a  in 


I 


xn-\  e-axdx   = 


r» 


and  equating  the  real  and  imaginary  parts  on  both  sides  of 
the  resulting  equation,  we  get 


xn-\  e-axCOs  fix  ax  = cos  n\j. 

Jo  M  yn 

xn-\  e-ax  B[n  fix  fa  m  — w  gin  nQ 
Jo  ^  7* 


(40) 


where  on  the  right-hand  side  we  have  put  y  cos  9,  y  sin  0 
for  a,  j3,  respectively. 

If  we  suppose   a  to  vanish  in  these  results,  we  have 
0  =  ir  1 2,  and  we  get 


xn-lcos[3xdx  =  -— -7  cos-^-, 

°    n-l     •      tt     ^  rW     •       W7r 

a?"    sm  p###  =      '     sin  -7T. 
^  /3n  2 


(41) 


The  method  by  which  these  integrals  have  been  arrived  at 
does  not  seem  rigorous  ;  but  they  can  be  obtained  otherwise, 
as  we  shall  show  further  on.  It  is  to  be  observed  that, 
in  (41),  n  must  be  supposed  to  lie  between  the  limits  unity 
and  zero. 

Again,  from  (27),  by  changing  m  into  (tm)  /2,  we  have 


-al  x2 


(emx  + 


mx)dx 


/—      m' 


(42) 
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Examples. 


where 
2. 


where 
3. 


f "      ,       .  ...        1  v£        9 

e-a*1  cos  fix2  dx  =  -  —  cos  -, 
Jo  2^2 

I    ea*2sinfix2dx  =  -  — -  sin  -, 
Jo  2  y  2 

a  =  7  cos  0,    £  =  7  sin  d. 

I      e-u  coi  a  00s  (M  gin  a)  fa  _  ^-2fl  cog  a  cos  ^ 

Jo  2 

f  *  Vw 

e-u  cos  a  gin  („  sla  a)  fa  _    ^-2a  cos  a  gln  g^ 

Jo  ■" 

«  3=  (a;2  +  a-\x~)  cos  o,     j8  =  2a  sin  a  +  a/2. 

f  *  .  1   V^         (tt        c2  \ 

I    cos  mx2  cos  (^  -  0)  dx  = cos 6  1 

Jo  2V^        U       4m         / 


«  ^«  cose*  cos  u  sin  c#) dx      it 

J i =  _  eaC 

D  1  +  xz  2 


118.  We  now  proceed  to  consider  the  definite  integral 


x~mdx 
1  +  x2n* 


where  m  and  n  are  positive  integers,  and  n  >  m.     We  have 


00  x*mdx 


1  +  x 


in 


1  +  #2n 


dk, 


by  putting  1  /#  for  x ;  also, 

'  .r2m^       1  f 


ftl+^      2 


1  +  a?' 


2»»> 
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so  that  we  get 


00  x2mdx       1  fM    (x2n 
0  1  +x*n~  4)-„     1 


+  x2n    ' 


where  m'  =  n  -  m  -  1. 

Now,  resolving  x2m/(l  +  x2n) 

into  partial  fractions,  by  Art.  27,  the  general  term  is 


2»»  2m+l 


where  a  is  a  root  of  1  +  x2n  =  0 ;  that  is,  by  the  theory  of 
equations,  a  is  of  the  form 

e\  where  0  =  (2r  +  l)7r/2w. 

Hence,   taking  together  the  two    roots    corresponding    to 
a  and  a-1,  we  have 

a2m+l  a-(2m+l)  I     ^  |  q2W+i  +  a-(2„n-i)  |  _  ^2m  +  q-2mj  | 

2»  (a?  -  a)       2w  (#  -  a-1)  2n  \  x%  -  xa  +  a"1  +  1  ) 

1    #cos(2m  +  1)  0-cos  2m0 
n  x2  -  2x  cos  0  +  1 

and  in  the  same  way,  in  the  resolution  of  x2m'  /  (1  +  x2n),  we 

get  the  term 

1  x  cos  (2m'  +  1)  0  -  cos  2m'  0 

n  x2  -  2x  cos  0  +  1 

Now, 

cos  (2m'  +1)0  =  cos  (2n-2m-l)0  =  -  cos  (2m  +  1)  0, 
and 

cos  2m' 0  -  cos  (2»  -  2m  -  2)  0  =  -  cos  (2m  +  2)  0. 
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Hence,  adding  the  two  expressions  together,  we  have 

2  sing  sin  (2m  +  1)0 
n(x*  -  2x  cos  9  +  1)' 

which,  being  multiplied  by  dx,  and  integrated  between  the 
limits,  positive  and  negative  infinity,  becomes 

2  sin  9  sin  (2m  +  1)  9      n        2r  . ' 

* r-    -: — 7;  =  —  sin  (2m  +  1)  0. 

w  sin  V       n 

Hence 

- — ; — ^ —  =  —    sin  <b  +  sin  00  +  sin  50 

1  +  x2n  H 

+  .  . .  +  sin  (2n  -  1)0), 
where  0  =  (2m  +  l)ir  /2n. 

To  find  the  sum  of  this  series,  let 

8  =  sin  0  +  sin  3$  +  . . .  +  sin  (2n  -  1)  0  ; 
then  28  sin  0  =  1-  cos  20  +  cos  20  -  cos  40  +  . . . 

+  cos  (2n  -  2)  0  -  cos  2//0 
=  1  -  cos  2n(j>  =  2  sin2«0  =  2  sin2  (2w  +  1)  ^  =  2. 

1  1 


Thus,  8  = 


sin  0        .     (2m  +  l)ir 
r      sin 


and 


2n 

X*m  dx  If"  (x2m  +  X*  i™-1))  dx  7T 


0    l  +  x*n      4  Jo  l+«2n  n     .    (2f»  +  lW 

*^  2w  sm  - — - — — 

2n 

(43) 
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Putting  x*n  =  2,  and  a  for  (2m  +  l)/2n  in  the  preceding 
result,  we  get 

-»-**         -  (44) 


f    — 

J.  T 


+ 


7T 

sin  air' 


Since  (43)  holds  for  all  integer  values  of  m  and  n,  n  being 
>  m,  it  follows  by  the  law  of  continuity  that  (44)  holds  for 
all  values  of  a  between  zero  and  unity. 

If  we  put  now  x2  for  z,  and  n  for  2a  -  1  in  (44),  we  have 


I 


xndx 


IT 


mr 
2  cos  — 


(45) 


where  n  lies  between  the  limits  ±  1. 
Again,  we  have 


f00  xtmdx       r  x2mdx 


1  +  x'z 


I  1+x 


in 


+ 


1  x2mdx 


Ql  +  x 


2n  » 


but  putting  1/x  for  x  in  the  first  integral  on  the  right-hand 
side,  it  becomes 

f1  x^n-n^dx 

Jo~T 

so  that  we  get  thus 


+  x 


2n      » 


1  (^2m  +  ir2(n-m-1))^ 


r00  /v.2m 


+  # 


,2» 


x2mdx 


IT 


o  1  +  #2n      rt     .    (2m  +  1)  7r 
2w  sin v 


.     (46) 


2n 


.19.  To  find  the  value  of 

'»  (xm~l  -xn-m"l)dx 

where  n  is  >  m. 


f1    (iP"1"1  -  x' 

Jo"  ~rr 


#" 
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In  this  case  the  required  result  can  be  most  readily  ob- 
tained by  the  method  of  expansion  in  an  infinite  series. 
Substituting 

l  +  xn  +  x2n  +  &c.     for     1/(1 -O, 
the  proposed  integral  becomes 

(xm'x  -  xn'm-1)  (1  +  xn  +  x%n  +  &c.) 

) 

111        1 

+ -x +  &C. 

m      n  -  m      n  +  m      2n  -  m 
1          2m  2m 


m     n2 —  m2     4n2  -  m2 


-  &c 


To  sum  this  series,  let  us  consider  the  known  expression 
for  sin  irz  in  an  infinite  product,  namely, 

sin  7ts  -  **  (1 1  z2)  (1  -  z2/22)  (1  -  z2/Z2)  &c. ; 

taking  then  the  differential  coefficient  of  the  logarithm  of 
each  side,  we  get 

1        2s  2s 

7T  COt  7TS  = ~ -    *} -  &C, 

z      1-z2     4  -  z2 

which,  by  the  substitution  of  m/n  for  z,  gives 

7r      ,  mir      1  2m  2m  p 

-  cot  —  = -  — - &c; 

n  n       m      n  -  m£      <±ir  -  m 

so  that  by  the  expression  found  above  we  have 
f1  (x™-1  -  xn~m-l)dx      7T      ,  trnr 
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If  in  this  result  we  take  n  =  2,  and  put  1  +  a  for  to,  we 


get 

>l   (xa  -  x  a)  dx      .       no. 

zr  —  =  tan  — ,  (48) 

x  -  x  *     x  2  ' 


r 

Jo 


where  a  lies  between  the  limits  ±  1. 

120.  Several  other  integrals  can  be  obtained  from  those 
given  in  the  preceding  Articles  by  means  of  the  methods 
already  explained.  Thus,  for  example,  differentiating  both 
sides  of  (44)  with  regard  to  a,  we  have 


/1\ 
,»  x°--x  log   -  )  dx        2 

1W_=^^L«.  (49) 

L  l  +x  sm27ra  ' 


sm  7ra 
Also  integrating  (46)  with  regard  to  m, 

r*  (x2m  -  a^"*1))  dx     .         -    (2m  +  T.TT 

J.    (I,.-)  log,  =1°gtan^7—      (5°) 

Again,  putting  x  for  xn9  and  a  for  (2m  +  1  -n)/n  in  (46), 

we  have 

( !   (xa  +  x~a)  dx      n         wo.  ,„^s 
— —  =  -  sec  — -,                  (ol) 

1 0     [x  -  x  l)  x       2  2  ' 

which,  by  the  substitution  of  e~nS  for  x,  and  a  for  7ra,  gives 

(eaz  +  e~az)  dz      la  ,„% 
=  =  sec  -,                    (52) 

where  a  lies  between  the  limits  ±  ir. 
Similarly,  from  (47),  we  get 

± — —  -  -  tan  -.  (53) 

enz  _  ernz  2  2  X 

2  B 
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Examples. 
"l   (1  +  x*)dx     IT 


1 


Jo        1 


+  x&         3 
xnxA  dx 


*.  r  - 

Jo    (1  +  ax)  (I  -  x)m       (l  +  a)msmmir 
Tins  may  be  obtained  from  (44)  by  putting  xj(l  +  o)  (1  -  x)  for  z. 

fhrr  TT 

3.  (tan0)2w-1^  =  — . ,  where  m  >  0  and  <  1. 

J0  2  smmir 

4.  { (tan  0)»  +  (cot  6)n}d0  =  -  sec  — ,  where  n2  <  1. 
Jo  2  2 

.        f       (ear  +   e-ar)  («»  +  Q  COS  - 

6.  cos  jSo:^  =  —————  • 

J  o     #■■  +  r»"  e/3+  <r/3  +  2  cos  o 

*       -fi 

f«>    (e«*-e-«*)  (e~  ~e  *)  sm2 

T7~; — ^   Sln  ^"^  =  "S S — I '     where  a  <  it. 

Jo     ex*  +  e  **  eP  +  eP+2co$a 

These  integrals  are  obtained  by  putting  o  -f  ifi  for  a  in  (52). 


Jo     «**- 


cos  fixdx  = 


«*"■■*  t/3  +  e P  +  2  cos  a' 


sin  /tods  = 


0       C7rx_e;-Trx  2  e/3  +  <r/3+2cOSa 

00  (fa*  -  «-a')  sin  /Sxrfj; 


r*  (f**_tf-^)  sin^r^  .  (ip  -  1  a) 

— ; =  tan    i  ^ r  tan  -  } . 

Jo     en*  —  e-**  x  (ep  +  1  2) 


0         £ 

a 


ob  (pax  _.axi„  1  «3  +  e  *  +  2  sin 


f  »  (ca*_  ^  ax)  cOB0xdz        1 

Jo    t7r*  +  «-*■*         «         ~2   °S 


^  4.  e  2  _  2  sin  2 
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121.  We  have  already  explained  and  exemplified  the 
process  of  differentiation  under  the  sign  of  integration.  It 
is  necessary,  however,  to  consider  the  case  in  which  the  limits 
are  functions  of  the  quantity  with  regard  to  which  we  diffe- 
rentiate. 

Let  the  indefinite  integral  of  f[xt  a)  dx  be  denoted  by 
<p  (x,  a) ;  then  we  have 


"a 


U  = 


therefore 

and 

also 


/(.r,  a)dx  =  (p  (a,  a)  -  <f>  (b,  a)  ; 
du       d(p(a,  a) 


da  da 

du 


=  /(<*>  «)> 


db 


--/(M); 


da\  _  d(p  (a,  a)      d(f>  (b,  a) 
da. 


da 


da 


\a  df(x,  a) 
da 


dx, 


where  the  differentiation  is  partial  with  regard  to  a.     Hence 


du 
da 


du\      du  da      du  db 
da  J      da  da      db  da 


a  df(x,  a)   ,   „,  .da      ...     ,  db        .„.. 

w  b       aa  aa  aa 

which  is  the  required  formula  in  the  case  under  conside- 
ration. 

Hence,  it  may  be  observed,  if  a,  b,  are  values  of  x  which 
make/(#,  a)  vanish,  we  may  differentiate  as  if  a,  b  were  in- 
dependent of  a. 

122.  Among  the  definite  integrals  considered  in  this 
Chapter,  there  are  several  in  which  one  or  both  of  the  limits 

are  iufioite,  and  also  some  for  which  f{x)  in      f(x)dx  becomes 
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infinite  at  or  between  the  limits  a,  b.  In  the  first  case 
there  is  no  difficulty,  for  we  can  make  the  limits  finite  by  the 
substitution  of  a  new  variable.  The  latter  case  we  propose 
to  consider  more  particularly. 

It  is  to  be  observed  that  we  have  invariably  supposed  in 
each  integral  that   all   the   increments  remain   indefinitely 
small  between  the  limits.     If  this  were  not  so,  that  is,  if  one 
of  the  increments  had  a  finite  or  infinite  value,  it  is  evident 
that  the  value  of  the  integral  would  be   infinite ;    in  the 
former  case,  because  there  would  be  an  infinite  number  of 
such  increments;  for,  if  an  increment  had  a  finite  value,  the 
consecutive  increment  also  should  be  finite.     It  might  be  con- 
sidered, however,  in  some  cases  that  a  positive  and  negative 
infinity  would  neutralize  one   another,    and  that  thus   the 
integral  would  have  a  finite  value ;  but  it  is  to  be  observed, 
that  then,  in  fact,  the  value  of  the  integral  would  be  inde- 
terminate, as  the  difference  of  two  infinities  may  have  any 
assignable  value  whatever.     Writing  the  increment  in  the 
form  hf{x) ,  where  /*  is  the  interval,  this  could  have  a  finite  or 
infinite  value  only  when  f(x)  =  go.     Let  a  be  the  value  or 
one  of  the  values  of  x  which  satisfies  this  equation,  then  the 
increment  corresponding  to  the  value  a  +  h  of  x  will  be 
hf(a  +  //),  which  takes  an  indeterminate  form  when  h  is  in- 
definitely diminished.     We  see  thus  that  if  a  lie  between  the 
limits,  or  coincides  with  one  of  them,  the  integral  will  contain 
an  increment  which  takes  an  indeterminate  form ;  and  this 
indeterminate  expression,  as  we  have  seen,  must  vanish  in 
the  limit  if  the  integral  is  to  have  a  finite  value.     To  express 
this  condition  put/(.r)  =  l/<j>(%);  then  since /(a)  =  go,  we  have 
f/>(a)  =  0,  and  the  increment,  h/<f>(a  +  h),  by  the  Differential 
Calculus,  becomes  l/^'(«)   in  the  limit;    and  as  this  must 
vanish,  we  get  0'(a)  =  gc. 
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For  instance,  if  f{x)  is  of  the  form 

A(x-  a)~n  +  B  log  (x  -  a), 

where  n  is  a  positive  quantity,  and  A,  B  are  functions  of  a, 
which  remain  finite  when  x  =  a,  the  increment  corresponding 
to  x  =  a  +  h  is 

Ah*-"  +  Bh  log  h, 

which  vanishes  in  the  limit,  provided  n  <  1. 

123.  In  connection  with  the  question  of  finding  the  ap- 
proximate values  of  definite  integrals,  the  expansion  of  an 
integral  in  an  infinite  series  becomes  of  importance.  We  do 
not  propose  here  to  enter  into  any  details  on  the  subject ;  but 
merely  give  the  fundamental  formula,  namely,  Bernouilli's 
series,  which  may  be  obtained  as  follows : — Integrating  by 
parts,  we  have — 


f(z)dz  =  xf(x)  -      %f(z)d*i 


^Wefe-^^-fj^rw^i 


therefore 


"X       „1 


Proceeding  in  this  manner,  we  find 


/(*)&  =  xf{x)  -  j*-  f'(x)  +  J^/'W  -  &0;   (55) 


the  remainder  after  n  terms  being  expressed  in  the  form  of 

2n/(M)(s)^ 


the  definite  integral 


(- 1)" 


„  1.2.3...»" 
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124.  "We  may  notice  here  an  expansion  for  the  complete 
elliptic  integral  of  the  first  kind. 

Putting  n  =  (1  -  U)  /  (1  +  //),  we  have  1/  =  (1  -  n)  /  (1  +  ft), 
and     k2  =  4>i  /  (1  +  n2)  ;  therefore 

A(0)  =  •(!-#  sin20)  =  v/(l  +  w2  +  2«  cos  20) /(l  +  n) 

=  v/{(l  +  nc-i6)(l  +  ne-2ie))/(l+n). 

dO 


Hence      K  = 


=  (!  +  «) 


o   A(0) 


o   v/((l  +  wtf5l'«)(l +  ««-•■'•)} 


=  (1  +  n) 


*»  (1  1    a  ) 

o    (        2  2  A  ) 


L  -^ne-2^  +  ^|e-^-&c.J^ 


-  (1  +  n) 


a» 


.  o 


1.3V 


2 1  W,+V2~i 


+  2A  cos20  +  2Z?cos40  +  &c.  rf0. 


Hence  we  have 


K  =  I  (1  +  «)  [l  +  gj  »•  +  gi|J „•  +  &o.J .      (56) 


Examples. 


1.  Given  /(a?  +  A)  -/(*)  =  f  f(x  +  h  -  z)dz, 

Jo 


deduce  Taylor's  series  by  means  of  the  method  of  integration  by  parts,  and 
hence  express  the  remainder  after  n  terms  by  a  definite  integral. 

2.  Show  that  the  series  (56)  can  be  readily  obtained  by  Landen's  transfor- 
mation (see  Art.  94). 
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3.  Show  that 

"■        f        /1\2  ,      /l  .  1\ 2    ,      /l  .  1  .  3\2  .      B 

*  '  2TT^  ( l  +  (i)  •*  +  (2— )  "* +  (2-0)  "6 + *°- 

where  n  =  (1  -  &')/(!  +  *')« 

f°°      ,,        1    /-      «"*2  f,        1     o      1  -3     ,      1.3.5  „     ) 

4.  J^  e^dz  =  -  V.  -  -  {l  -  -^  +  _*-< _ *«  +  &c.} 

This  series  is  always  divergent,  but  will  serve  to  give  approximate  values  of 
the  integral  for  large  values  of  x. 

5.  If  x2  <  1,  show  that 

f  *       dx  1  x5      1,3^9      1.3.5a:13      „ 

=  x \- 1-  &c. 

JoV(l+#4)  2  5      2.4   9       2.4.6  13 

125.  The  definite  integrals  considered  in  this  chapter  are 
those  which  most  obviously  suggest  themselves  in  analytical 
processes.  In  geometrical  and  physical  investigations,  how- 
ever, there  occur  a  large  number  of  definite  integrals,  wxhich 
can  be  evaluated  by  methods  directly  suggested  by  conside- 
rations of  these  branches  of  knowledge.  This  is  especially 
the  case  with  integrals  which  occur  in  the  theory  of  attrac- 
tions. 

As  an  example  of  the  use  of  geometrical  methods,  let 
us  consider  the  integral 


r2r 
J  = 


log  {(x-a cos  0)2  +{y-b  sin  0)2 j d9, 


X2        2/2 

where  —  +  '—-  1  =  U  <0. 

a2      62 

Let  x,  y  be  the  rectangular  co-ordinates  of  a  point,  then 
a  cos  0,  b  sin  0,  are  the  co-ordinates  of  a  point  on  the  ellipse 
U=  0,  and  we  may  write 

f- /log  (£•)<«, 
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where  R  is  the  distance  of  a  point  P  on  U  from  a  point  0 
inside  IT,  and  the  integration  is  taken  through  the  entire 
perimeter  of  the  curve.  Now,  differentiating  with  regard  to 
x,  we  have 


dx 


(x  -  a  cos  9)d9 


0    (x-  a  cos  9)'2  +  (y  -  b  sin  9) 


2  » 


and  we  propose  to  show  that  this  integral  is  equal  to  zero. 
Putting 

x  -  a  cos  9  =  R  cos  i/-,     y  -  b  sin  0  =  R  sin  *//, 
we  get 


dx 


'2n  cos  ;//  f/0 
.       22 


f2"  cos  xldO' 


where  0',  i2'  correspond  to  the  point  Q,  in  which  the  line  OP 


Fig.  3. 
meets  the  curve  again.     Hence 

dl     r        ,  (d9     d9'\ 

^=J0cosn^+^7 

But  d9/R  +  d9'/R'  vanishes;  for  projecting  the  ellipse 
orthogonally  into  a  circle,  d9,  d9'  being  the  differentials  of 
the  eccentric  angles  of  points  on  the  ellipse,  become  propor- 
tional to  the  elements  of  the  arcs  at  the  corresponding  points 
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on  the  circle,  and  the  ratio  R/M'  remains  unaltered.  The 
relation  then  follows  by  considerations  of  elementary  geo- 
metry. 

We  have  thus  proved  that  i"  is  independent  of  %,  and 
therefore  of  y.  Putting  then  both  of  these  quantities  equal 
to  zero,  we  find,  making  use  of  (35), 

"  log  {a2  cos20  +  b2  am26)dd  =  4tt  log  (^  X        (57 ) 


Examples. 


1.  log{(x-a  cos0)2-f  (y  -  b sin  0)2}d9  =  4:'K  log  j 


V(A2  +  fl2)+V(A2+62) 
2 


where 


z2    y1 

-  + £  -  i  >  o, 

a-      o2 


and  A2  is  the  greatest  root  of  the  equation 


x'  yc 

+  — — -»  -1=0. 


A2  +  a?      A2  +  J2 


Jo     ( 


de 


2-irab 


(x  —  a  cos  0y  +  (y-  b  sin  0)2      <z-  62  —  bl x*  —  a2 y2' 


where 


x       V 

1  ---  77>0. 

a'       bl 


J  in 
log  {a  cos2*  +  b  sin20  +  2  A  sin  0  cos  0  -f  2^  cos  a  +  2/  sin  0  +  c)  dd 
o 

' a  +  ft  +  2A  +  2  V  {  (\  +  a)  (A-f  b)  -  h2} 


=  2t  log 


o 


) 


where  A.  is  a  properly  selected  root  of  the  cubic  equation 


«   1-  A, 

h, 

9 

*, 

b  +  \, 

f 

9, 

2  c 

C-  A 
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126.  This  chapter  would  be  incomplete  without  some 
brief  account  of  the  properties  of  the  Gramma  function.  This 
function  is  of  great  importance  in  the  theory  of  definite  inte- 
grals, as  by  its  use  we  are  enabled  to  express  a  large  number 
of  them  in  a  known  form.  For  this  reason  tables  of  log  F(p) 
have  been  constructed  by  Legendre  for  values  of  p  between 
1  and  2.  When  these  values  are  given,  those  corresponding 
to  any  other  value  of  p  can  be  found  by  means  of  the  rela- 
tion 

r(p+  l)  =pv{p). 

The  most  usual  definition  of  the  function  T  is  by  means 
of  the  equation  (16),  namely, 

T(n)  =       x>,~xe~xd.ci 

Jo 

from  which  we  derive  (17), 

r(n  +  i)  =  »r(»), 

which  is  true  for  all  values  of  n.  It  may  be  observed,  how- 
ever, that  the  definite  integral  itself  does  not  give  an  abso- 
lutely correct  definition ;  for  the  integral  becomes  infinite 
for  every  negative  value  of  n  ;  but  this  could  not  be  the  case 
for  any  continuous  function  of  a  variable.  To  exemplify 
this,  let  n  -  -  1/2  ;  then  from  (17)  we  get 

r(-  i)  =  -  2r(i)  =  -  2/^; 
but  from  (16) 

r(-i)=f 


P-2 

X* 


,r 


by  putting  x2  for  x.  Now,  by  Art.  122,  the  latter  integral 
has  an  infinite  element  corresponding  to  x  =  0,  and,  there- 
fore, has  an  infinite  value. 
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In  fact  we  can  take  (16)  as  the  definition  of  F(n)  for  all 
positive  values  of  ».  The  negative  values  must  then  be  de- 
rived by  means  of  (17). 

It  may  be  observed  that  r(l)  =  1,  and  therefore  r(0)  ■  oo. 
Hence  V(-p)  =  oo,  where  p  is  any  integer. 

127.  To  show  that 


xn-l{l-x)m-ldx  = 


r(m)  r(n) 


(58) 


We  have,  in  effect,  in  Art.  106,  already  demonstrated 
this  result  for  the  case  in  which  one  of  the  quantities  m9  n  is 
an  integer. 

From  (16)  we  have,  putting  ax  for  a?, 


r(«)  = 


ane~"xxn~ldx. 


Multiplying  both  sides  by  am~l  e~a  da,  we  get 


T{n)am-le-ada  = 


{ am+n'1  e-*ilix)  da}xn~1dx. 


Hence,  integrating  with  regard  to  a  between  oo  and  0,  we 
obtain 

,G0  Tim  +  n) 

tt — r-r  xn~'dx, 
0   {l+x)m+n  ' 


since 


T(n)       am-le~ada  =  T(n)  F(m)  = 

Jo 

am+n-l  e-a(u-x)da  =  r(m  +  n)  /  (1  +  X)m+n. 

But,  putting  «/(l  -s)  for  x,  we  find 


xn  ldx 

0     (l+(2?)wlH 


■l(l-z)m-ldz. 
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We  thus  have 

xn~ldx 


r(n)  r(m)  =  r(m+n) 


o    (1+X) 


m+n 


=  F(m  +  n) 


xn-l(l-x)m-ldx, 


which  gives  the  result  stated  above. 
Let  m  =  1  -  n,  then 


Hence,  from  (44)  we  have 

r(n)  r(l  -  n)  m 


TC 


sin  nir 


(59) 


Putting  »  =  1  /  2,  we  get 

r(J)  =  v^, 

which  agrees  with  (24). 

128.  By  means  of  (58)  we  can  express  many  definite  in- 
tegrals in  terms  of  Gamma  functions. 

Thus,  putting  x  =  sin2  0,  we  have 


xn~l(l  -  x)m~xdx  =  2       (sin  0)2"-1  (cos  0)2hj-Y/0 ; 


r 

J  < 


f-b- 
therefore  (sin  0)  2n~l  (cos  0)  2m~1  dO  = 

If  we  take  m  =  1/2,  we  get 


r(m)  T(n) 
2r(m+n)' 


(60) 


**  (0*^40^  FW 


2     r{n  +  i)' 


(61) 
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We  can  hence  derive  a  property  of  the  Gramma  function ; 
for  putting  m  =  n  in  (60),  we  have 

fi,r  r2(n) 

(sin0cos6/)2w-1^  =  - 

Jo 


2T{2n)  ' 


but 


2* 


(sin0  cos  0)2n-ldf) 


2'in- 


■rr 


(sm20)2n-1dQ 


22n- 


■■> 


putting 

We  thus  find 


20  =  0. 


r(«)  r(»  +  *)  -f§  r(2»), 


(62) 


which  is  a  particular  case  of  a  more  general  theorem  we  shall 
prove  further  on. 

129.  We  give  here  another  proof  of  the  results  (41)  already 
arrived  at  in  Art.  117.  Multiplying  (19)  by  cos  (5a  da,  we 
have 


[ 

J(! 


[ e~ax cos  fia da} xn~ldx  =  — ^  cos  j3fl da. 


Integrating  then,  with  regard  to  a  between  oo  and  0,  and 
observing  that,  from  Ex.  12,  Art.  103, 


e~ax  cos  (5a  da  = 


x 


we  get 


00      ~M 


xn  dx 


o  fi2  +  * 


3  =  r(«) 


|32  +  x2' 
"°°  cos  (3a  da 
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But  from  (45)  we  have,  putting  x/j3  for  x, 


xndx 


— 


fin-x 


&  +  xz      .        nir 
2  cos  — 

4i 


Hence,  putting  x  for  a>  we  have 


J 


pCOS/fcflk  fi"-1  IT 


xn  Tin)  n        nir' 

2  cos  -^ 


Similarly  we  find 

sin  $xdx      /3""1         it 


x> 


r(n) 


2  sin 


~2 


Taking  (59)  into  consideration,  we  see  that  these  results 
agree  with  (41). 

130.  To  show  that 

*§*§:»*&)- ™*:*\  (63) 

where  n  is  any  integer. 

First,  let  n  be  odd;  then  if  we  substitute  1/w,  2/rc,  &o., 
as  far  as  (n  -  l)/2n,  successively  in  (59),  and  multiply  all  the 
results  together,  we  get 


,«/      W* "    V    n 


7T 


2~ 


.       7T      .       2lT  .       (W-1)7T 

sin  -  sin  —  ...  sin  i — _ 
n         n  2n 


Now  we  have 

l-xn 


1-x 


1  -  2x  cos  —  +  #2 )  ( 1  -  2x  cos  —  +  x2 )  ... 
n  \  n 


1  -  Z#  cos  —  +  X 

n 
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Hence,  putting  x  =  l9  and  for  (1  -xn)j{l  -  x),  its  true 
value  n9  we  get 

,      .     2  7T  .        27T  .         («  -  1)  7T 

w  =  4  sin2  - .  4  sm2  —  ...  4  sm2  — _        ; 

therefore,  extracting  the  square  root  of  both  sides, 

.       *zJ   .     7t     .    2tt         .    (n-  1W 
w*  =  22    sm  —  .  sm  —  ...  sm  — - , 

n  n  Zn 

from  which  (63)  follows  immediately. 

When  n  is  even,  we  substitute  l/n9  2/n9  &c,  as  far  as 
(n-2)/2n  in  (59),  and  in  a  similar  manner  we  obtain  the 
same  result,  the  equation  r(l/2)  =  */ie  being  multiplied  in 
with  the  (n-2)  /2  equations  just  mentioned. 

131.  Several  properties  of  the  Gamma  function  can  bo 
obtained  most  easily  by  means  of  another  function  (j>(x), 
which  is  defined  by  the  equation 

#(*)«;!  log  r(l+*)  j  (64) 

Differentiating  the  equation 

r(x  +  2)  =  (x+i)  r(x  +  i)9 

we  get 

f(«  +  l).tf*)  +  _.  (65) 

Hence,     +(*)  .f(«+l)-— ;  =<p(x+  2)--—. - 

X  -r  x  X  +  1         X  +  4i 

.#(a!+rt)_j_i_^_i_+...+_l_J.       (66) 
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Taking,  then,  x  =  0,  we  have,  when  n  is  an  integer, 


where-  C  =  tf>(0). 

To  find  an  expression  for  (7,  we  have 


(67) 


d 


d 


/»0o 


-r(i+,)  =  ^)r(i+,)  =  ^ 


zxe~zdz  = 


s^logs  e~zdz  ; 


whence,  putting  #  =  0,  we  have 


C*=-0(O)  = 


<rc  log  (  -  )  dz. 


(68) 


Now  from  (67)  we  obviously  have 


<p  (n)  =  -  C  + 


(l+z  +  z2  +  ...  +**-1)<k=-  C  + 


■^l-^flfe 


o        I"*      ' 

(69) 

which  thus,  we  see,  defines  <p(n)  for  integer  values  of  n.    But 
this  also  gives  <p(x),  when  x  is  not  an  integer  ;  for  we  have 


<j>(x+  l)-^{x)  = 


l(l-zx")dz  n(l-zx)dz 

0       1-s  J0     1-s 

(l[zr-^1)dz      rl 

o        (1-8) 


07+  1' 


which  agrees  with  the  functional  equation  (65). 


*  The  value  of  Cto  ten  decimal  places  is  0 -5772156640. 
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Hence  we  have,  in  general,  expanding  1/(1  -a), 


<j>(x)  =-  C  + 


(l-zx)(l+z  +  z2  +  &c.)ch 


=  -0  +  -Ar  +  -    -^5  +  ^    -^  +  &C.  (70) 

x  +  1     2  #  +  2     3  #  +  3  K 

Putting  now  for  (j>(x)  its  value  from  (64),  and  integrating 
from  x  =  0,  we  obtain 

log  r(l  +  x)  =  -  Cx  +  x  -  log  (1  +  x)  +  \x  -  log  (1  +  \x) 

+  ±x  -  log  (1  +  \x)  +  &c. ; 

whence,  raising  e  to  the  power  of  both  sides, 

px  p%x  p>\x 

r(l+x)  =  e-c*- :    r m —  &c.    (71) 

(1+x)    (l+a;/2)    (l  +  x/3)  K     ' 

Changing  the  sign  of  x  in  (71),  and  multiplying  the  re- 
sults together,  we  get 

r(i  +  x)  r(l  -  x)  «  ,-J^  r^r^  ,t    *„  &o..  = 


(l-#2)  (l-#2/22)  (1  -£2/32)     -        sin^' 

as  we  have  already  shown. 

132.  From  (70)  we  have,  by  differentiation, 

d<p(x)       d2  1  1  1 

-^  =  -iogr(i  +  x)  =  {-^2  +  J-^+^^  +  &c. 

=  xP(x+  1),  say. 

11  1 

Then        ^(x)  -  -  + —  +  ? —  +  &c, 

x2      (x+  iy      (x  +  2)2 

2d 


n     » 
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1  1  1  1 

and  n  rf,(m)  -  ^  +  (a.+  1/n),  +  (af  +  2/»)»+-+ («  +  (!»-.  l)/n)» 

1  X  1  - 

4-    J.    4- l  <yp 

(*  +  l)2      (*+l/rc  +  l)2      (#+2/w  +  l)2 

1  1  « 

+  (*+2)2  +  (*  +  l/»  +  2),+ 

+  &c. 

=  i//(#)  +  t£(#  +  l/«)  +  ..  .  +i//  (a?  +  (n-l)/n), 

by  summing  each  of  the  columns.  Hence,  substituting  for 
\p(x)  its  value  in  terms  of  r(x),  integrating  twice,  and  raising 
e  to  the  power  of  both  sides,  we  get 

Ae*xr{nx)=r(x)  r  (x  +  -  j  r  (x  +  -j . . .  r(x  +  n 

where  A  and  a  are  constants.  To  determine  A,  let  x  =  0 ; 
then  observing  that 

r(a?)/r(fM?)=nr(*+i)/r(fMJ+i)»», 

when  x  =  0,  we  have 

from  (63).     Also  putting  x  =  l/n,  we  find 

therefore  ea  =  n~n.     Hence  we  have,  finally, 

(2ir)V  »*■*«  r(nx)  =  r(a?)  r  fa  +  -\  T  (z  +  -Y  . .  T  f  s  +  —J 

(72)  ' 
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We  could  give  a  more  satisfactory  demonstration  of  this 
result,  but  its  length  would  be  inconsistent  with  the  limits  of 
the  present  treatise.  It  will  be  observed  that  the  weak 
point  in  the  proof  given  above  lies  in  the  identification  of 
the  definite  integral  in  (69)  with  the  function  <p(x). 

133.  To  find  an  approximate  value  of  r(l  +  x),  when  x 
is  very  large.     Putting  x  =  1  in  (71),  we  have 

^  e  2e*  3ei  4e* 
2l    4     5  *  *  * J 

from  which  we  get 

log(»+  l)=-C+l+^+  8  +  ;-'*(»)i 

when  n  is  infinite ;  therefore  <j>(n)  =  log  (ft  +  1),  approximately, 
when  »  is  very  large.     Hence,  since 

log  (ft  +  1)  =  log  ft  +  log  ( 1  +  -  )  =  log  ft  + —  +  &c, 


n)  n      2n2 

we  may  suppose  (j>(n)  to  be  capable  of  expansion  in  the  form 

log  ft  +  —  +  — ?+  &c, 

for  large  values  of  ft.     But,  from  (65), 

<j>(n  +  l)-(j>(n)  = = +&c. 

r  v  '     T\  J      w  + 1       n      ft2 


-iog(i  +  iV  A  --  +  &o. 

°  \         ft/        ft  +  1         ft 


1      1      A       ^     Ax     M       Ax 

ft      2ft2  ft        rr  n 
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hence,  from  the  coefficient  of  1  /  n2  we  get  Al  =  1  /2,  so  that  we 
may  write 

<j>(n)  =  logn  +  —  +  -i2-+&c, 

or  d>(#)  =  log  #  +  —  +  — =■  +  &c, 

rw         °         2#       a?2 

if  it  be  allowed  to  assume  that  <p(x)  retains  the  same  form 
when  x  is  not  an  integer. 

Hence,  from  (64)  we  have 

— -  log  r(l  +  x)  =  log  x  +  —  +  —^  +  &c.  ; 

tnerefore,  integrating,  we  get 

1  -4 

log  r(l  +  x)  =  a  constant  +  a?  log  #  -  x  +  5  log  x 4  &c. ; 

&  x 

or,  omitting  -A2/x  and  the  following  terms, 

r(l  +  x)  ^Axfe'^o/x)    . 

when  x  is  very  large.     To  determine  A,  substitute  the  ap- 
proximate values  in  (62),  namely, 

r(*)r(*+i)=j^§r(2*), 

or,  as  it  may  be  written, 

r(*+i)  r>+f)  =  p  (2*+ 1)  r(2*+i), 

and  we  get 

A_^     (2*+l)(2*)»«-«»v/(2g) 
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which,  by  putting   for  (x  +  1  /  2)x+1   its   approximate  value 
ar**1^,  gives 

A.  =  vW, 

so  that  we  have,  finally, 

r(l+a?)=3*<raV(2iraO,  (73) 

approximately,  for  large  values  of  x. 

134.  To  express  r(l/4)  and  T(3/4)  in  terms  of  a  com- 
plete elliptic  integral. 

Taking  n  =  1/4,  and  m  =  1/2  in  (58),  and  observing  that 

r(l/2)  =y7i:,  we  get 


r(±) 


o&p 


r(i)    y^j.  «i(i  -  »)»    y^ 

putting  #  =  s4. 

Now,  from  Ex.  4,  Art.  85,  we  have 


dz 


(1  -  s4) 


4\A> 


flfe 


JT 


W(l-S4)     ^ 
where  the  modulus  is  equal  to  1/^/2. 

„  r(|)    2/1V2 

Hence  fx|j  -  -yr; 

but,  from  (59),  taking  n  =1/4, 

r(«  r($)  =  w/2. 

We  thus  get 

r(|)  =  2**JT*, 
r(f)  =  fajfji 


(74) 
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I. 


2. 


5. 

# 


10. 


Examples. 

fa  xdx  - T  (      h\ 

)b   ^{(a-x)(z-b)}~2{a+    ]' 

dd  it  (2  +  sin2  a) 


Jo    (1  +  sin  a 


(1  +  sin  a  cos  0)3      2       cos5  a 

fjT  1 

3.  sin3  a  cos"W0  = 

far 

sin5  Odd 


(cos0)*sii 


40 
32 


231 


Jo 


I  dd  12 


V{sin0cos30}        5 
Jo   (1  +  a;2)5  ~  266' 


(i  +  z*y 

00      a;5<fo  _1_ 

o    (1  +  x2)6  ~  60' 

{q  -  Sp2  +  6pz)  dz  1 


! 

]_«,   (2s3  +  ?-3i?2)2V(z2  +  2i?z+?)       q-Sp2' 

1       cos0  cos  20  cosZQde  =  -. 
Jo  8 

cos3  0  dd  a— sin  a  cos  a 


f2  cos30 

Jo     l-sin2o 


cos2  0        sin3  a  cos  a 


11.  I*  V(tan2o-  tan2 0)^0  =  ~  (sec  a  -  1). 

Jo  2 

J  0 

Jo     •*" 


37T2 

i  Odd  = 6 


+  2a;2  cos  2o  +  1      4  cos  a 


14.  log*:  log  (1  -  x)dx  =  2 


71" 

6 
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15.  f  *  tan  0  log  cot  6dd  =  * 


48 


16.  cot  0  log  sec  6  dO  =  — .       * 

Jtt                                            » sin  o      . 
0  sm  0  cos  (a  cos  0)  dO  = . 
o                                                a 

18.  0  tan  £0  log  sec  0^0  =  — . 
Jo  ° 

19.  C  0tan0logcot|0rf0  =  ^.    * 

20.  0  tan  0  log  sm  0  «0  =  — -.  Ur> 

Jo  24  J 

21.  |  log(l  +  <?«cos0)  cos0c?0=  — . 

J  0 

IT 

j: 


(COS0)"+1    ,  TT 

22.  sm«r    .    '      dd  =  — -r 

sin  0  2'ltl 


23. 


f"         •    .  .  1  .  2  . 3  .  .  .  n 

J0  a{a-+  l){ai+  22)  .  .  .  («2  +  w2) 


when  m  is  even  ;  but 

1 .  2  .  3  . .  .  n 


(a2  +  l)(a2  +  22)  ...  («2  +  w2)' 

r(w  +  i) 


rben  «  is  odd. 

24. 

IT  COS  

f71"                 .                              2 
Jo                                        2» 

ftfi. 

.       «7T 

7T  sm  — 

r*  .                           2 

r(1+^)r(1  +  — ) 

r(w  +  -i) 


This  and  the  preceding  integral  can  he  found  from  (67)  and  (68),  Art.  71. 
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r.1  (#»»-i  4  xn-x)dx      T(m)  T(n) 


26. 


27. 


r. 


(1  +  x)m+n  r(m  +  n) 

2  (sin0)2w»-1(cos0)2"-1^0  T{m)r(n) 


r*  (sn 
Jo  (* 


sin2  0  -t-  b2  cos2  0)w+»      2a2w  biH  r  (■»»  +  n) 

nir 
cos  — . 
2 


7T     .    nir 

~  Sln  T' 


J7T  7T 

cos«0(sin0)»d0  =  — 
o  2" 

29.  f*'  sin  «0(sin  0W0  =  — 

Jo  2» 

30-         L  (log;)  rri-1-28  •*•** 

1       !        !       . 
where  Sn  =  I  +  -+-+&c. 

f1  1  w  w2 

31.  a^»-»«^  =  -  +  t — -rr=  +  ; — -^  +  &c 

Jo  m+1      {m  +  2)2      (t»  +  3)3 

f4-       logBecOrfg       =  jr_        /        4  \ 
Jo    a2sin20  +  62cos20      2a£     &\        a) 

rfr      logtanddd       _   ir  fa\ 

**'  Jo    a2sin20  +  62cos20      lab     °\b)' 

Jtr                                                ea  —  e~a 
ea  cos  0  sin  (0  +  a  sin  0)  <?0  = . 
o                                                         « 

35.  J      0<?acos0sin(0  +  asin0)<f0=-  (1  -era). 

Jo  a 

fjir         0cot0^0         _   tt  /        a\ 

36>  Jo    «2cos20  +  £2sin20~2«2l°n        b)' 

f00 
37.  Given  /  =  !    e~x  cos  (a  log  a;)  dxt 

Jo 

J  00 
<r*  sin  (a  log  #)  cfo, 
o 

show  that  /2  +  I'2  = 


TXa  g"TO 

This  result  is  obtained  by  putting  ia  for  «  in  (59). 
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nn      fa  sinnedO     .      m   .  .      /5\    .    n  /7\    .    „ 

38.     I       — : =  log  3  sin  nit  —  log    -  J  sin  2mr  +  log  I  -     sin  3»ir 

Jo        sm0  \3/  \o/ 

—  log  I  -  J  sin  4«7r  +  &c. 

»*  (     *  1  1  1  e     ) 

=  In  cos  — -  - +  - -  — +  &c. }  . 

2    ( 1  -  n-5      3-  -  n*      52  -  m2      72  -  w2  i 

2ff  (cos  0)"  cos  w0c?0      ff       a"*1 


f 

Jo 


0>sin*#+  b2cosrd      2b(a  +  b)n' 
■*  (sin0)2»^0 


f"  (sm0)-ntf0  fr     . 

40.  - — {- — '- =       (sin  e)*»d$,  if  a  <  1  ; 

Jo    (l  +  a2-2acos0)«      Jo 

but  =  a"8"  P  (sin0)W0,  if  a  >  1. 

J  0 

f*  d>(sin  0)^0      1    fir 

41.  V =T-o        <t>{smd)dO. 

Jo     l+ea«>40       2   J0  rv        ' 

fl    /sirrlz\ 3  ir  /  ir2\ 

42-     J„(  — )&  =  2(31^2-t)- 

43.  -— -  =  it  log  2. 

J0    sin-0 

(cos  0)'1"1 


/i*"  ,         .    ,  sinrc0  ,       7r 

44.      1       (COS0)""1  -; — dd--. 

sm0  2 


45.  If    sec  0  =  1  +  Aid*  +  Aid*  +  &c, 

,0°     z2"<fe  [2w.^2« 


f*     z^e 

Jo    ««+( 


(J-7TZ  22»+2 

46.  If    tan  0  =  0  +  ^303  +  ^505  +  &c, 

•  oo     22n-l^z  |  2ft  -  1  .  A2,i-i 


t 

J0    ^z  -<r;rz  22h+1 

2b 
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xmdx  f1     (x™  +  x-™)  dx  ir  sin  wo 

+  2#cosa+l      sinw7rsino" 


fw  xmdx r  _\ 

J0  x1  +  2%  cos  a  +  1      J0#3 


This  result  may  be  deduced  from 

,0°  xm-ldx 


rw  xn 

Jo  T 


+  x        sin  >mr' 


by  putting  xeia  for  a;.     It  may  also  be  obtained  by  putting  x*1  for  x,  and  apply- 
ing the  method  of  decomposition  into  partial  fractions,  as  in  Art.  118. 

r00  /sinr#\n  .        7T     r'*"1     (  ,       A.    ,     n.n-1.       .»_«    -I 

Jo  (-7")  ^=2~«^r    w(M_2)  +T72~(w-4)    &cr 


49.  Show  that 


1  fjw  e^a 
sin  0 


50. 


Ji""  f  *  efa;         ,         1  f  J* 

logcot0^0  =      — tan-1#  =  -  I 
o  Jo  *  2  Jo 

fi»r  111 

l      (logc^0)»«W  =  [»i_CWi,     where     Cm  =  —  -  —  +—  -  &c. 


w/      J_  n(n+l)l(l  +  l)  1      *(»  +  !)(« +2)*(*+l)(/+ 2) 

+  m+1.2       »(»+l)  1.2.8  m(w  +  l)(m+2) 

+  &c, 

T(m  -  I  -  n)  T{m)     ' 

show  that  o  =  — r— -. 

r{m  —  n)  r{m  —  I) 

r(2n+l)  0      /n.n-l\2       (n.n-l  .n-2\i      D 

r(w  + 1)  cos  —  ,  .  » 

v  '  2  „       /n.n-l\2     (n  .n-l  .n-2\2      . 

53      — — — —  =  1  -  ri*  +  ( )   -  I J    +  &c. 

W +*■)}■  ^  \    1.2    J       \       1.2.3        I   T 

sin  «0      «  sin  (n  +  2)  0      n  .  n  -f  1  sin  (w  +  4)0 

64.     Let  S  =  — ; ■ irs h  — ; — j: 7 — ,    .N2 — 

n*  («  +  2)a  1.2        (w  +  4)* 

+  &c  ; 
then  show  that 


{n  +  2)a 

1.2        (w  +  4)2 

w  .  w  +  1  .  w  +  2  sin  (w  +  6)0 

1.2.3             (»  +  6)2 

7T0 

r(«) 
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r(2n)  ,      1  .        ,.,     1  ln-\  .w-2\3 

1  /«  -  1  .  n  -2  .  »-  3\2      _ 

+  i  ( T727! )  +  &c- 

56.  Show,   by  putting  n=  1/3,  and  m=l/2  in  (58),  and  taking  account 
of  (59),  that 

r(l/3),     r(2/3),     r(l/6),     and    r(5/6), 

can  be  expressed  in  terms  of  the  definite  integral 

dx 


r 

Jo 


lo   V(l-*3) 

57.  Given  f{x)  =  a  +  bx  +  ex2  +  &c, 

<p(x)  =  a'  +  b'x  +  c'x2  +  &c, 
show  that 


\     {/W  <P (e'ie)  +f(e~i9)  <t>(eie) }M  =  2v(aa'  +  bb'  +  cc'  +  &c). 
J  o 

r 

__       f  "  sin  rxdx      n  (         ""7=  r  ) 

J0    z(l4-z4)       2    (  ^2) 

"        [<*  cob  rzdx      -n   ~rp=    .      (r       ir\ 

60-   J.  -TT^-  =  2eV28in(-2-l)- 

"■  lo  ^^IogrrF.  =  2^losr(1  +  ',)4(1-los',)-Slo8(2M)- 
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CHAPTEE  VII. 

AREAS   OF    PLANE    CURVES. 

135.  In  the  investigation  of  the  values  of  portions  of  plane 
area  bounded  by  geometrical  figures,  we  commence  by  the 
use  of  the  formula  in  rectangular  Cartesian  co-ordinates.  If 
we  consider  an  element  PQ  of  a  curve  as  the  diagonal  of  the 


M  N       X 


Fig.  4. 

small  rectangle  formed  by  drawing  parallels  to  the  axes 
through  P,  Q,  the  area  PQMN  is  equal  to  (y  +  At// 2) Ax, 
where  PM  =  y,  OM =  x,  QP'  =  Ay,  MJSf  =  Ax.  Hence,  in 
the  limit,  neglecting  Ay  Ax,  we  have  dS  =  ydx,  and 


8 


ydx, 


(i) 


where  S  is  the  area  between  the  curve,  the  two  ordinates, 

X  -  Xi  m  0,        X  -  X2  =  0, 

and  the  axis  of  x. 
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It  is  to  be  observed  that  in  this  result  the  whole  portion 
of  the  curve  between  the  limits  must  lie  on  the  same  side  of 
the  axis  of  x ;  for  it  is  evident  that  the  element  of  area  for 
negative  values  of  y  is  -  ydx ;  so  that  if  the  curve  crossed  the 
axis  between  the  limits,  the  definite  integral  would  give  the 
difference  of  the  areas  at  opposite  sides. 

We  have  thus  an  immediate  geometrical  representation  of 
any  proposed  definite  integral 


f(x)  dx, 


that  is,  the  integral  is  equal  to  the  portion  of  the  area  be- 
tween the  curve  y  =f(x),  the  axis  of  x,  and  the  ordinates 
x  =  a,  x  =  b. 

In  a  similar  manner  we  find  that  the  strip  of  area  be- 
tween an  element  of  the  curve,  the  axis  of  y,  and  two  con- 
secutive perpendiculars  to  that  axis,  is  xdy.  Hence,  adding 
together  the  strips  for  both  the  axes,  we  have  ydx  +  xdy, 
which  is  equal  to  d(xy),  or  the  differential  of  the  rectangle 
formed  by  the  co-ordinates,  as,  it  is  easy  to  see,  it  ought  to 
be. 

If  the  co-ordinates  of  a  point  on  the  curve  are  expressed 
as  functions  of  a  parameter  0,  the  formula  (1)  becomes 


8  = 


#i        rj/y 


dO 

where   01?  62  are  the  parameters  of  the  extremities  of  the 
portion  of  the  curve. 

If  the  axes  of  co-ordinates  are  oblique,  (1)  must  be  re- 
placed by 


S  =  sin  w 


ydx,  (3) 


where  w  is  the  angle  between  the  axes. 
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136.  If  it  be  required  to  find  the  whole  area  of  the  space 
bounded  by  a  closed  curve,  such  as  that  represented  in  the 
figure,  we  may  proceed  as  follows : — 

Suppose  the  ordinate  PM  to  meet  the  curve  again  in  Q  ; 


then  if  PM  -  yu  Qlf  =  y2,  the  area  PP'Q'Q  is  equal  to 
(y/3  -  i/x)  dx.  Now  let  «,  b,  be  the  abscissae  of  the  two  extreme 
tangents  AA\  BB  of  the  curve  drawn  parallel  to  the  axis  of 
y  ;  then,  if  S  is  the  entire  area, 


&  =      (if*  ~  Pi)  ^,- 


(4) 


This  result,  it  is  easy  to  see,  still  holds  if  the  curve  inter- 
sects the  axis  of  x. 

If  the  curve  is  symmetrical  with  regard  to  the  axis  of  .r, 
we  evidently  get 


£  =  2 


ydx. 


(5) 


137.  As  an  example  of  the  use  of  the  formulae  in  the  pre- 
ceding Articles,  let  us  consider  their  application  to  the  circle 


x%  +  if  =  a2. 
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We  have  then 

y  «-/(**-  0*),  and  8  =!/(<?  -  x2)dx, 

taken  between  proper  limits. 


223 


Fig.  6. 


If  then  8  is  the  area  cut  off  by  a  chord  PQ,  we  have 


8  =  2 


*/  («2  -  %2)dx, 


where  OM  =  a;'.     Hence,  putting  x  =  a  cos  0,  we  get 


£  =  2fl5 


sin2 6 dO  =  ar(a  -  sin  a  cos  a), 


where  a  =  L  POM. 

Putting,  now,  a  =  7r,  we  find  that  the  whole  area  of  the 
circle  is  ira2. 

Proceeding  to  the  Jcase  of  the  ellipse,  whose  equation 
may  be  written 

a3      b2\ 


we  have 


ydx  -  -  */  (a?  -  x2)dx, 
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which  is  equal  to  b/a  multiplied  by  the  corresponding  ele- 
ment in  the  case  of  the  circle  x2  +  y2  =  a2.  Hence  the  area 
of  any  portion  of  the  ellipse  cut  off  by  a  perpendicular  to  the 
transverse  axis  is  equal  to  b/a  times  the  area  cut  off  from 
the  circle  just  mentioned.  In  the  same  way  we  see  that  a 
parallel  to  the  transverse  axis  of  the  ellipse  cuts  off  from  the 
curve  a  portion  of  area  which  is  a  /  b  times  the  area  cut  off 
from  the  circle     x2  +  y2  =  b2. 

We  thus  find  that  the  entire  area  of  the  ellipse  is  irab. 

We  have  already  seen  that  the  area  cut  off  from  the  circle 
v?  +  V1  -  °?  °y  a  chord  PQ  is  a2  (a  -  sin  a  cos  a),  where  a  is 
half  the  angle  subtended  by  PQ  at  the  centre.  Hence  we 
can  deduce  that  the  area  cut  off  from  the  ellipse  by  any  chord 
PQ  is  ab  (a  -  sin  a  cos  a),  where  o  is  half  the  difference  of 
the  eccentric  angles  of  P,  Q. 

138.  The  method  of  deriving  the  area  of  the  ellipse  from 
that  of  the  circle  given  in  the  preceding  Article  suggests  a 
general  principle,  which  is  often  useful  in  the  determination 
of  areas,  viz. :  the  area  of  any  portion  of  the  curve  f{x/  a,  y  /b) 
=  0  is  equal  to  ab  multiplied  by  the  corresponding  area  of  the 
curve /(#,  y)  =  0.  This  follows  from  the  fact,  that  the  former 
curve  is  transformed  into  the  latter  by  the  transformation 

x  -  ax\     y  =  by'. 

From  these  equations  we  get  ydx  =  aby  dx\  which  gives  the 
relation  between  the  areas  stated  above. 

139.  Proceeding  now  to  the  case  of  the  hyperbola,  whose 
equation  referred  to  its  axes  is 


t  -  t  -  1  -  0, 
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we  have 
and 


y  =  -v/(^2-«2)! 


a 


S-     ydx  =  -  K/O*2"*  ^2)^« 


Tig.  7. 
Hence,  from  (24),  Art.  17, 

xy      ab  .      fx     y\ 

where  the  area  is  supposed  to  be  measured  from  the  vertex  A, 
that  is,  S  is  the  area  APN. 

Hence,  since  the  area  OPN  is  equal  to  xy  /  2,  we  have 

areaPO^flog(%|). 

It  may  be  observed  that  we  have  thus  a  simple  geome- 
trical representation  of  a  logarithm  by  means  of  the  area 

2f 
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bounded  by  the  arc  of  an  hyperbola  and  two  central  radii 

vectores. 

If  the  hyperbola  is  referred  to  its  asymptotes,  as  axes  of 

co-ordinates,  its  equation  is  xy  -  k2;  and  from  (3)  we  have 

then 

'dx  .  fxA 

-=*-smu,log(-j) 


S  =  k2  sin  (v 


where  w  is  the  angle  between  the  asymptotes,  and  xXi  x2  are 
the  abscissae  of  the  bounding  lines. 

140.  In  the  case  of  the  parabola,  if  we  refer  the  curve  to 
its  axis  and  the  tangent  at  the  vertex,  we  have  if  -  px,  and 
the  area  APN  is  equal  to 

pi  \x\dx  =  3pi**/3  =  2xt//3. 


Hence  we  see  that  the  area  cut  off  from  the  curve  by  the 
line  PQ,  perpendicular  to  the  axis,  is  two-thirds  of  the  rect- 
angle PPQ'Q. 

Again,  since  the  equation  of  the  parabola  referred  to  a 
tangent  and  the  corresponding  diameter  is  if  =  p'x,  we  can 
prove  in  the  same  way  that  the  area  cut  off  by  any  chord  PQ 
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is  two-thirds  of  the  parallelogram  formed  by  the  chord,  the 
parallel  tangent,  and  the  diameters  drawn  through  P,  Q. 

141.  As  an  example  of  the  application  of  the  formula  (4), 
let  us  consider  the  curve  (y  -  mx2)2  =  a2  -  x2.     In  this  case, 

V\  -  y%  =  2v/(a3  -  z2),     and    a2  -  x2  =  0 


Fig.  9. 

are  the  extreme  tangents  AA\  BB'  perpendicular  to  the  axis 
of  x. 

If  S  then  is  the  whole  area,  we  have 


S  =  2\     y(a2-x2)dx  =  7ra2. 

J  -a 

142.  Again,  as  an  example  of  (2),  let  us  consider  the 
curve  x3  +  yz  -  Saxy  -  0. 


Fig.  10, 
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Putting  y  =  Qx,  we  get 

SaO  Sad2 

x  - 1  .  /as*   y 


1  +  r   *    i  +  0" ' 

,  .      3ft(l-203W0 


-  I  y<*r  - 


and     S  =     ?/ftV  =  9a 


02(1-203W0     ^         9a2  6ft- 


(1  +  03)3  2(1 +  03)2         1+    03* 


Now  for  the  origin  0,  which  is  a  node  of  the  curve,  0  =  0, 
and  also  0  =  go.  Hence,  taking  S  between  these  limits,  we 
get  S  =  3ft2/ 2.  But  this,  it  is  easy  to  see,  is  the  difference 
of  the  areas  OBAN,  OAN,  namely,  the  area  of  the  loop 
GAB. 

Examples. 

1.  If  x,  y  are  the  co-ordinates  of  a  point  on  the  ellipse 

#2      V2 

-  +  §  - 1 = o, 

a-      b* 

t.    «.  *  x       I s '  \    y    ■  f2S\ 

show  that  -  =  cos    -— r  ) ,     -  =  sin  I  — -    , 

a  \2abJ       b  \ab  J ' 

where  £  is  the  sectorial  area  measured  from  the  central  radius  and  the  transverse 
axis. 

2.  In  the  same  case  for  the  hyperbola 

a2      P 
show  that 

-  —   _  /  piab  4.   e2ab\         K  —  Z  ( PUb   _    »  "iab  \ 

a  ~  2  V  /  '     4  ~  2  V  / ' 

3.  If  a  chord  of  a  conic  cut  off  a  constant  area  from  the  curve,  show  that  it 
touches  a  concentric,  similar  and  similarly  situated  conic. 
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4.  Show  that  the  arc  of  the  curve  an~ly  =  xn,  where  n  is  positive,  measured 
from  the  origin  to  a  point  P,  divides  the  rectangle  formed  by  the  axes  and  the 
perpendiculars  from  P  on  the  axes  into  two  parts,  whose  areas  are  in  a  constant 
ratio. 

5.  If  the  equation 

ax°-  +  by2  +  2hxy  +  2gx  +  2fy  +  c  =  0 

represents  an  ellipse,  show  that  its  area  is 

*(«/*+  hg+  «*J  -  2/ff  A  -  abc) 
(ab  -  A2)l 

6.  Show  that  the  whole  area  of  the  curve 

x*y2  =  (a-x){x-b)    is    7r(V«-  ^/b)2ji. 


Fig.  11. 

7.  Show  that  the  whole  area  of  one  of  the  ovals  of  the  curve 

x2y2  =  {a2  -  x2)(x2  -  b2)  is  v{a  -  £)2/8. 

8.  Show  that  the  whole  area  of  the  curve 

y2  =  x°~  {a  -x)  {x-b)  is  ir(a  -  bf{a  +  b)j8. 

9.  Show  that  the  area  between  either  branch  of  the  curve 

(xy  —  k2)2  =  n2x2  (a2  —  x2), 

and  the  axis  of  y  is  wira2/2. 

10.  Show  that  the  whole  area  of  either  of  the  ovals  of  the  curve 

y*  -  2y2  (a2  +  b2  -  2x2)  +  {a2  -  b2)2  =  0 
is  7rZ>2,  where  b  <  a. 
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11.  Show  that  the  area  of  either  of  the  loops  of  the  curve 
yi  -  2c2 y2  +  a2x2  =  0  is  8c3/  Za. 


Fig.  12. 

12.  Show  that  the  area  between  the  curve 

x(x2  +  y2)  =  ay2  +  bx2 

and  its  asymptote  x  —  a  =  0  is  it  {a  —  b)  (Za  +  b)ji,  where  a  >  b. 

13.  Show  that  the  whole  area  between  the  curve  y  [a2  +  Xs)  =  ma3,  and  the 
axis  of  x  is  mira2. 

14.  Show  that  the  whole  area  between  the  curve  y2(a2  -  x2)  =  b*  and  its 
asymptotes  x  ±  a  =  0  is  2irb2. 

15.  Show  that  the  area  of  one  of  the  loops  of  the  curve 


.  /V(«2  +  b2) \       ,„  ,       ( V(«2  +  b2)  +  i(a2  -  b2) 

is  a2  cos-1  (    v     ,      ' )  -  b2  log  \  — —       '    _  v 

by/2 


y*  -  2y2  (a2  -  b2)  +  (a2  +  b2  -  2x2)2  =  0 

N{a2  +  b2)\ 
\     «V2      / 

16.  Show  that  the  whole  area  of  the  curve 

(xy  +  «+  bx2)2  =  x2(c2  —  x2)  is  ire2. 

17.  Show  that  the  whole  area  of  the  curve 

g)'+g)«..u^/,. 

This  result  may  be  most  easily  obtained  by  taking 

#  =  asin30,     y  =  £cos30, 
and  making  use  of  (2), 
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18.  Show  that  the  whole  area  in  the  positive   compartment  between  the 
curve 


a1-*©1-- 


and  the  axes  of  co-ordinates  is    abj  20. 

19.  If  S  is  the  area  between  the  curve  y2  =  a  +  bxn,    the  axes  of  co-ordi- 
nates, and  the  ordinate  at  a  point  xy,  show  that 


2xi/  na 


V 

Jo  V(« 


dx 


»  +  2  '  »  +  2  J  o  V(«  +  fon) 
20.  Show  that  the  area  between  the  catenary 


y 


eft       -i\ 


the  axes  of  co-ordinates  and  an  ordinate  is  cV(y2-  c2). 

21.  Show  that  the  entire  area  of  the  cycloid 

x  =  a  (6  +  sinfl),     y  =  a(l  +  cos9) 

between  the  curve  and  its  base  is  equal  to  Zira2. 

22.  Show  that  the  area  between  an  arc  PQ  of  the  logarithmic  curve  y  -  e01 
and  the  axis  of  x  is  proportional  to  the  projection  of  PQ  on  the  axis  of  y. 

143.  We   now  proceed   to   the   determination   of  areas 
by  means  of  polar  co-ordinates. 

Let  APB  be  a  curve  referred  to  polar  co-ordinates,  and 


Fiff.  13. 


let  OP,  OQ  be  two  consecutive  radii  vectores;  then  the  area 
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OPQ  is  equal  to  the  sum  of  the  areas  OPP',  PFQ,  where  P' 
is  a  point  such  that  OP"  is  equal  to  OP.  Now  the  latter 
area  vanishes  in  the  limit  compared  jwith  OPP',  which 
is  evidently  equal  to  r*d0/2,  where  r,  0  are  the  polar  co- 
ordinates of  P.  Hence,  if  8  is  the  area  between  the  curve 
and  two  radii  vectores,     9  =  a,  9  =  j3,     we  have 


«-s 


(9 


!tf0.  (6) 


This  expression  may  also  be  found  thus: — Double  the 
area  OPQ  is,  by  analytic  geometry,  x(y  +  dy)  -  y(x  +  dx), 
where  x,  y  are  the  co-ordinates  of  P,  and  x+  dx,  y  +  dy  those 
of  Q.    Hence 

2dS  =  xdy  -  ycfc  =  r2d9, 

by  putting  a?  =  r  cos  0,     y  ■  r  sin  0. 

144.  In  finding  the  whole  area  of  a  closed  curve  by  (6), 
we  must  consider  separately  the  two  cases  in  which  0  is  out- 
side or  inside  the  curve.  If,  as  in  Fig.  13,  0  is  outside  the 
curve,  we  produce  the  radii  vectores  OP,  OQ,  to  meet  the 
curve  again  in  R,  S,  respectively.     Then  the  area 

PQRS  =  0E8  -  OPQ  =  J  (r,»  -  r?)d9,  (7) 

where  OP-r»     OR  =  r,; 

and  by  integrating  this  expression  between  the  limits  deter- 
mined by  the  two  extreme  tangents  OA,  OB,  which  can  be 
drawn  through  0  to  the  curve,  we  find  the  whole  area. 
If  the  origin  lie  inside  the  curve,  we  have  evidently 


rcdO  - 

Jo 


rfdO, 
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and 


2S  = 


(r?  +  r2yd. 
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(8) 


The  results  in  these  two  cases  are  most  easily  exemplified 
by  applying  them  to  the  circle 

r2  -  2Br  cos  0  4  S2  -  a2  =  0. 
We  have  then 

fx  f  ra  =  2d  cos  0,     r1  r3  =  c>2  -  cr, 
and  r2  -  rx  =  2v/(«2  -  S3  sin2  0) ; 

so  that,  if  the  origin  is  outside  the  curve,  we  get 

S  =  l\a    (r22-ri2)cW  =  2S  f"    cos  0  v/(«2  -  £2  siii20)fi?0, 

^   J-a  J-a 

where  a  =  S  sin  a. 

Hence,  putting  8  sin  0  -  a  sin  0,  we  find 

$  =  2a2         cos20  r/</>  =  ird1. 

If  the  origin  is  iuside  the  curve,  B  is  <  a,  and 
n2  +  r,2  =  2«2  +  2S2  cos  20. 

1  ri 
Hence      S  =  ^ 


(n2  +  r22)^0  -       (a2  +  S2  cos  20)d0  =  ttcS 


145.  As  a  further  example,  let  us  consider  the  pedal  of  a 
hyperbola  with  regard  to  its  centre,  namely,  the  curve  whose 
equation  is 

rz  =  a2  cos2  9  -  b2  sin2  0. 
2g 
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In  this  case  if  S  is  the  area  of  one  of  the  loops,  we  evidently 
have 

S-IA*    ((teoB*0-b%em*6)dO, 


2    . 


Fiff.  14. 


where  a  is  the  angle  which  either  tangent  at  the  node  0 
makes  with  OA,  that  is,  tan  o  =  a  j b.     Hence 

S^^ab  +  ^a"  -b2)  tan-1^]. 


Examples. 

1.  Show  that  the  whole  area  of  the  curve 

r~  =  a2  cos2  e  +  *2  sin2  d  is  w  (a2  +  b2)  /  2. 

2.  Show  that  the  area  hetween  the  Lemniscate  r2  =  2c2  cos  20  and  the  radii 
vectores  0  =  a,     0  =  fi,  is 

c2  sin  (o  -  £)  cos  (o  +  £). 

3.  Show  that  the  whole  area  hounded  hy  the  curve 

(*»  +  yl  _  *S)    /'!_  +  |_~\    _  (*S  +  yV)  =  0      is       ,  (£2  +  flJ). 

4.  If  b  <  a,  show  that  the  whole  area  of  the  curve 

r  m  a  +  b  cos  0    is    tt  (a2  +  62  /  2)  ; 
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and  if  b  >  a,  show  that  the  area  of  the  inner  loop  is 

(a2  4  b2\  2)o  -  3a2  sin  a  cos  a/ 2, 
and  that  the  area  of  the  space  between  the  loops  is 


(2«*  +  b2)  I?  -  a\+  3«2  si 


sin  a  cos  a, 


where  b  =  a  cos  a. 

5.  Show  that  the  area  cut  off  in  the  positive  compartment  from  the  cubic 
x  (z2  +  y2)  —  a2y  =  0  by  any  radius  vector  y  —  x  tan  0  =  0  is 

\a2  log  sec  0. 

6.  Show  that  the  sectorial  area  of  the  curve 

z4  +  y4  +  2x2y2  cos  2a  =  a4, 
measured  from  the  axis  of  x  is 

where  k  -  sin  o,      tan  4)  =  2^y  /  (x2  -  y2). 

7.  Show  that  the  whole  area  of  the  closed  curve 

„n  1 


O   1    is    7T  2„  «»  #»• 


8.  Show  that  the  area  of  either  of  the  ovals  of  the  curve 

&  /b\ 

(x2+y2)2(a2x2  +  b2y2)-k*x2  =  0    is    ^-^  cos-1  (-J, 

where  a  >  b. 

9.  Show  that  the  whole  area  of  the  curve 

(x2  +  y*-y  =  {ax2  +  by2)2     is     tt  (3«2  +  Zb2  +  2«i)  /  8, 

where  a,  £  have  the  same  sign. 

10.  Show  that  the  area  of  one  of  the  loops  of  the  curve 

?•'-  =  a2  cob  ;?0     is     a2  jn. 
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11.  Let  P  be  a  point  on  a  branch  of  the  cubic  r  cos  30  =  a,  of  which  A  is 
the  summit ;  then,  if  0  is  the  origin,  and  Q  is  the  point  of  contact  of  one  of  the 
tangents  drawn  from  P  to  the  circle  r2  -  a1  =  0,  show  that  the  sectorial  area 
POA  is  equal  to  a  third  of  the  area  of  the  triangle  POQ. 

More  generally  for  the  curve  r  cos  nd  =  «,  show  that  the  sectorial  area  is 
equal  to  the  nth  part  of  the  area  of  the  triangle. 

12.  Show  that  the  whole  area  of  the  curve 

(*»  +  /)Km  &    is     5™-/ 32. 

13.  Show  that  the  area  included  between  the  curve  and  two  radii  vectores  of 
the  logarithmic  spiral 

r  =  aec9    is     (r2— r'2)/4c. 

14.  In  the  hyperbolic  spiral  rd  =  a,  show  that  the  area  bounded  by  the  curve 
and  two  radii  vectores  is  proportional  to  the  difference  of  the  lengths  of  these 
lines. 

146.  We  mention  here  the  formula  for  the  sectorial  area 
in  terms  of  the  radius  vector  and  the  perpendicular  on  the 
tangent,  namely, 

prdr 


S=h 


•  (#*-/)' 


(9) 


This  result  is  easily  obtained;  for  dS  =  pds/2,  where  ds  is 
the  element  PQ  of  the  arc  in  Fig.  13,  and  ds  =  dr  sec  0, 
sin<£  =p/r,  where  <p  is  the  angle  PQP\  namely,  the  angle 
which  the  radius  vector  makes  with  the  curve. 
If  we  put  p  =  r  sin  <p  in  the  above,  we  get 

S~  |J>tan0f/r.  (10) 

These  formulae  are  of  considerable  use  in  cases  in  which 
the  curve  is  such  that  p  and  r  are  connected  by  a  simple 
relation. 

For  example,  let  us  consider  the  involute  of  the  circle. 
Let  P  be  a  point  on  the  involute,  then  the  tangent  PT 
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to  the  circle  is  the  normal  to  the  curve ;   so  that  we  have 
p2  =  r2  -  a\  where  OQ  =  p,  OP  =  r,  OT  =  a. 


Fig.  15. 


Hence,  from  (9),  we  get 
1 


S  = 


2a 


if  the  area  be  measured  from  the  line  OAf  where  A  is  the 
point  where  the  involute  meets  the  circle. 


Examples. 

1 .  Show  that  the  sectorial  area  of  the  curve  r  =  a  +  b  sin  (f>,  measured 
from  a  tangent  drawn  from  the  origin,  is 

ab  sin2  \  <J>  +  \  b2  (<p  -  sin  tp  cos  <p). 

2.  Show  that  the  sectorial  area  of  the  curve  r2  =  a2  +  b2  sin  <p,  measured 
from  a  tangent  drawn  from  the  origin,  is 

±b2sm2±<l>. 


3.  To  find  the  area  of  the  epicycloid. 
In  this  case,  we  have 


r2  =  a2  + 


imp2 
{m  +  l)2' 
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£ )  that  we  get 

~  2   J  V  { [m  +  l)2a2  -  (m  -  l)2r2}  ' 
which,  if  we  put 

r2  =  «2 cos20  +  g'(m  +  *)8  sin2 a, 
(w  -  l)2 

gives 

2w(m+l)a2  f 
o  =  — ^ — — —  I  sm2  6  dd 
(m-1)3       J 

m(w+  l)a2  . 

=  -7 r~  (0  -  sin  6  cos  0), 

(m  —  l)3 

if  the  area  be  measured  from  the  fixed  circle.  Hence,  taking  6  =  tt,  we  find 
that  the  area  between  the  curve  and  the  radii  vectores  to  two  consecutive 
cusps  is 

m  (m  +  1)  ira2 
(m  -  l)3      ' 

147.  We  now  proceed  to  consider  the  area  of  the  general 
cubic,  and  shall  show  that  in  all  cases  it  can  be  expressed 
by  means  of  no  higher  transcendents  than  elliptic  integrals. 
Let  us  take  the  axis  of  y  parallel  to  the  real  asymptote 
which  the  cubic  must  always  have,  then  it  is  shown  in  trea- 
tises on  curves  or  the  Differential  Calculus  that  the  cubic  can 
be  written 

y2  {ax  +b)  +  y  {dx2  +  b'x  +  if)  +  a"xz  +  ft  V  +  c"x  +  d"  -  0.     (1 1) 

Furthermore,  if  the  axis  of  y  is  the  asymptote  itself,  b  =  0. 
Solving  now  this  equation  for  ?/,  if  y^  yz  are  the  roots, 
we  have 

where  we  have  put 

(«V  +  b'x  +  cj  -  4ax  («V  +  b"  x2  +  fm  +  <T)  =  X, 
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Hence,  from  (4),  we  get 
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! 


ax 


■dx, 


(12) 


for  the  area  between  the  curve  and  two  parallels  to  the  real 
asymptote ;  and  this  expression  by  Chapter  V.  can  be  ex- 
pressed by  elliptic  integrals. 


Fig.  16. 

If  the  curve  consist  of  an  oval  and  an  infinite  serpentine 
branch,  as  in  Fig.  16,  the  area  of  the  oval  will  be  found 
by  integrating  between  the  limits  of  the  extreme  tangents. 
These  tangents  are  evidently  determined  by  two  roots  a,  j3, 
say,  of  X  =  0 ;  so  that  if  we  put 

X  =  (a  -  x)  (x  -  (3)  (lx2  +  2mx  +  n), 


we  have 


1     fa  (It 

-       Sl(a-x)(x-(3)(lx2  +  2mx  +  n)}-       (13) 
a  J/3  x 


for  the  area  of  the  oval. 
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148.  With  respect  to  the  area  between  the  curve  and  the 
asymptote,  that  on  one  side  will  be  obtained  by  integrating 
between  the  limits  y,  0,  and  that  on  the  other  by  integrating 
between  S,  0,  where  y,  S  are  the  values  of  x  corresponding  to 
the  points  C,  D  on  the  infinite  branch,  at  which  the  tangents 
are  parallel  to  the  asymptote.  Applying  now  the  criterion 
of  Art.  122,  the  integral  (12)  is  found  to  be  infinite  in  both 
these  cases ;  so  that,  in  general,  the  corresponding  areas  are 
also  infinite. 

If,  however,  the  line  of  infinity  is  an  inflexional  tangent 
of  the  curve,  that  is,  if  c  =  0,  in  which  case  the  points  0,  D 
remove  themselves  to  infinity,  and  the  infinite  branch  lies 
altogether  on  one  side  of  the  asymptote,  we  may  put 

X  =  m2x  (a  -  x)  (|3  -  x)  (y  -  x), 

and  the  whole  area  between   the  infinite  branch  and  the 
asymptote  is  then 

m   fY    /  ( (a  -  x)  (|3  -  x)  (y  -  x) ) 


a 


^-*W-*){y-*))  (W) 


which,  by  Art.  122,  has  a  finite  value. 

If  the  serpentine  branch  is  replaced  by  three  hyperbolic 
branches,  we  have  still  an  expression  such  as  (13)  for  the 
area  of  the  oval.  And  there  is  no  difficulty  in  finding  the 
integrals  which  express  the  areas  corresponding  to  each  of 
the  various  forms  which  a  cubic  curve  can  assume.  For 
these  forms  and  their  figures,  we  refer  the  reader  to  Salmon's 
Treatise  on  the  Higher  Plane  Curves,  Arts.  199-209. 

149.  It  may  be  of  some  interest  to  notice  here  those 
cubic  curves  whose  areas  can  be  expressed  by  logarithmic  or 
circular  functions.     First  of  all,  this  will  be  the  case  if  the 
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curve  have  a  node ;  for  then  X  will  have  (x  -  £)2  as  a  factor, 
where  S  is  the  abscissa  of  the  node,  and  therefore  the  radical 


Fig.  17. 

in  the  integral  (13)  will  be  only  of  the  second  degree  in  r. 
If  the  curve  is  as  in  Fig.  17,  we  may  put 

X  =  m2(a-x)(x-  fi){x-  S)2, 

and  the  area  of  the  loop  will  evidently  be 
'  m   ftt  (x  -  I) 


x 


y/ 1  («  ~  x)  (x  ~  3)  J  dx ; 


(15) 


where  a,  j3  determine  the  points  A,  B  at  which  the  tangents 
are  parallel  to  the  asymptote. 

Again,  it  is  easy  to  see  that  (12)  will  depend  upon  lower 
integrals   if  X  involve  only  even  powers  of  the  variable. 

2h 
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Putting  y  +  h  for  y  in  (11),  we  can  determine  h  so  that  V 
may  vanish ;  and  taking,  then,  b"  =  d"  =  0,  the  curve  may 
be  written 

axy~  +  y(a'x2  +  c)  +  x(a"ar  +  c")  =  0  ; 


(16) 


and  X  being  then 

the  expression  for  the  area  is  of  the  form 

<lz 


(17) 


where  we  have  put  x2  =  z. 

The  area  in  this  case  is,  however,  most  easily  obtained 
by  using   the   formula   for   the   elementary  sectorial   area, 

namely, 

dS  =  {xdy  -  ydx)  /2. 


We  have  then,  from  (16), 
S  =  2     Mf  "  J*)  =  2 


x  (ay  +  axy  +  a  xl) 


(18) 


which  gives  the  area  at  once  as  the  integral  of  a  rational  ex- 
pression. 

It  may  be  observed  that  (16)  is  called  Chasles'  central 
cubic.  There  are  five  kinds  of  these  curves,  according  to  the 
nature  of  the  factors  of  the  denominator  of  the  fraction  in- 
volved in  (18),  which  have  to  be  considered  separately,  when 
we  seek  the  evaluation  of  the  integral.  (See,  he.  cit.,  Art. 
197.) 


AREAS  OF  PLANE  CURVES.  243 

Examples. 

1.  Show  that  the  whole  area  of  the  oval  of  the  curve  y-=  x(l  -x)(l  -&x)t 
where  k  <  1,  is 

4  (&*-&*  +  !)  2(1-F)(2-F)  ^ 

ToT^  ^*  15p  ^ 

2.  If  all  the  cubics  of  the  system 

x  (y  +  ax  +  j8)2  +  2k  (y  +  ax  f  j8)  +■  axz  +  bx2  +  ex  +  d  =  0, 

where  a,  0  are  variable,  have  oval  figures,   show  that  these  ovals  have  the 
same  area. 

3.  Show  that  the  whole  area  of  the  loop  of  the  cubic 

x  (x2  +  y2)  —  {ex1  —  ay2)  =  0 
is  \a2  tan  0  (3  +  tan2  6)  -  $  a2  6  sec2  0(3-  tan2  0) , 

where  c  =  a  tan2  0. 

4.  If  two  perpendiculars  to  the  axis  of  x  meet  the  cxibic  xy2  =  a3,  show  that 
the  area  cut  off  from  the  curve  is  proportional  to  the  difference  of  the  recipro- 
cals of  the  intercepted  chords.  Also  show  that  the  area  cut  off  by  the  chord 
joining  two  points,  y\,  y%,  lying  on  the  same  side  of  the  axis  of  x,  is 

«z{y\  —  yiY 

2t/i2*/22 

5.  Show  that  the  area  cut  off  from  the  cubic  a2y  =  .r3  by  the  chord  joining 
two  points,  x\}  xo}  is 

(xi  -  x?f  (x\  -f  xt) 
4«-' 

6.  Show  that  the  sectorial  area  of  the  cubic 

x  (x2  +  2bxy  +  cy2)  -  k2  (bx  +  ey)  =  0 
described  about  the  origin,  and  measured  from  the  axis  of  x,  is 

I  ...       fx2  +  2h-y  +  cy2' 


W 
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150.  Proceeding  now  to  curves  of  the  fourth  order,  we 
remark  that,  as  a  particular  case  of  Clebsch's  theory  of 
curves,  the  area  of  the  general  curve  can  be  expressed  by 
Abelian  integrals,  and  of  the  curve  with  a  node  by  hyper- 
elliptic  integrals ;  also  that  the  area  of  the  curve  with  two 
nodes  depends  upon  elliptic  integrals.  Some  cases  of  the 
latter  curve,  or  binodal  quartic,  as  it  is  called,  are,  therefore, 
the  most  general  curves  of  the  fourth  order,  which  we  shall 
consider  here. 

Of  the  binodal  quartics,  the  most  interesting  is  the  curve 
called  the  bicircular  quartic.  This  curve  may  be  generated 
in  the  following  manner :  — 

0 


Fig.  18. 

Given  a  conic,  as  in  Fig.  18,  and  a  fixed  point  0,  let  S 
be  the  foot  of  the  perpendicular  from  0  on  the  tangent  at  a 
point  B  of  the  conic,  and  let  P,  Q  be  two  points  taken  on 
OS,  so  that  OQ  =  p  +  </{p2-k2),  OP  =  p  -  y{p*  -  V), 
wliere  OS  -  p,  and  k  is  a  constant ;  then,  as  R  moves  round 
the  conic,  the  locus  of  P,  Q  is  a  bicircular  quartic. 

By  using  the  formula,  then,  of  polar  co-ordinates,  we 
have  at  once  the  expressions  for  the  areas  swept  out  by 
OP,  OQ  about  the  point  0,  namely, 
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where  w  is  the  angle  which  OS  makes  with  OA.     Hence  we 
get 

S+S'=    !(2p*-k*)d«>9  (19) 

S-S'  =  2Sp</(p2-Jc2)du>.  (20) 

Now,  if  the  curve  be  an  ellipse,  as  in  the  figure,  we  may 
write  its  equation 

2  2 

a2     b2 
and  the  tangent  at  the  point  a  cos  0,  b  sin  0  is,  then, 

x  II 

-  cos  6  +  -j-  sin  0  -  1  =  0 ; 
#  6         r 

whence  tan  id  =  a  tan  0  /  b, 

and  <tf<u  =  abd(p  /  (a8  sin2  0  +  b2  cos2  0) ; 

,  ba  cos  0  +  aj3  sin  (j>  -  ab 

aS°  i9=   v/^2sin20  +  ^cos20)  ' 

where  a,  j3  are  the  co-ordinates  of  0. 
We  thus  get 

S+S'^abipr-lSb'2)^,  (21) 


T^(T2-k2b'2)%  (22) 


6'4 


S-£=2tf& 

where 

ba  cos  0  +  a/3  sin  0  -  ab  =  T,     a2sin20  +  62cos20  =  b'*. 

But  putting  tan  J  0  =  ju,  we  have 

1-V       .             2fji  ,         2<fc 

cos0  =  y— -2,     sm0  =  r— -,  tf0  =  -— -2; 

1  +  JUL                                L  +  JUL  1  +  fJL 
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End  substituting  these  values  in  (21),  we  see  that  the  sum  of 
the  areas  is  expressed  by  the  integral  of  a  rational  function 
of  ju,  and,  therefore,  depends  upon  logarithmic  and  circular 
functions.  Again,  by  making  the  same  substitutions  in  (22), 
the  difference  of  the  areas  is  expressed  by  an  integral  involv- 
ing the  square  root  of  a  polynomial  in  /x  of  the  fourth  degree. 
This  difference,  therefore,  depends  upon  elliptic  integrals. 

We  may  observe  that  the  integral  which  gives  the  sum  of 
the  areas  is  most  conveniently  expressed  in  terms  of  the  angle 
w.     We  have 

p  +  CN  ■  a  cos  w  +  [5  sin  w, 

or  p  -  a  cos  it)  +  ft  sin  w  -  */  (a2  cos2  to  +  b*  sin2 w) , 

since  CN  =  */  (a2  cos2  w  +  b2  sin2  w)  ; 

hence    8  +  S'  =  J  { a2  +  ft2  +  a2  +  b*  -  ?r  +  (a2  -  fi2  +  a2  -  b2)  cos  2a> 

+  2aj3  sill  2(o  -  4  (a  cos  to  +  /3  sin  w)  </  (a*  cos2  io 

+  b2  shra,) }  dw.  (23) 

151.  When  the  quartic  has  no  finite  double  point,  there 
are^three  fundamentally  distinct  figures  possible,  namely,  two 
ovals,  one  of  which  is  wholly  inside  the  other,  two  ovals  ex- 
terior to  each  other,  and  thirdly  a  single  oval.  In  the  first  of 
these  cases  we  find  the  sum  of  the  areas  of  the  two  ovals  by 
effecting  the  integration  in  (23)  between  the  limits  2ir  and 
0,  for  then  the  point  0  lies  within  the  ellipse,  and  within  the 
inner  oval.     We  thus  get 

8+  S'=  2ir(a2  +  j32  +  a2  +  b2  -  li2).  (24) 

In  the  second  case  we  proceed  to  show  that  the  difference 
of  the  areas  of  the  ovals  can  be  readily  obtained.     The  gene- 
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24; 


rating  conic  is  now  a  hyperbola,  and  the  curve  is  as  repre- 
sented in  Fig.  19.     Drawing  then  two  parallel  tangents  to 


Fig.  19. 

the  hyperbola,  we  get  the  four  points  A,  B,  C,  D,  where  a 
radius  vector  through  0  meets  the  curve.     Hence,  if 

a  cos  w  +  j3  sin  w  =  q,     »/  (a2  cos5w  -  b2  sin2a>)  =  A, 

where  the  sign  of  b'z  is  changed,  we  get 

OA  +  OD  =  20S'  =  2(q  +  A),  and  0B  +  00  =  20S  =  2(q-  A) ; 

therefore,  since 

OA.  OD  =  k2  =  OB.OC, 

we  have 

OB2  -  OC2  -  {OB2  -  OA2)  =  16?A. 

But  S  =  H{OD*-  OC*)du, 

£'  =  IS  (OB2-  OA2)dw, 

where  the  limiting  values  of  w  are  those  given  by  A  =  0, 

namely, 

tan  a>  =  ±a/b  =  tan  A,  say. 
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Hence 

'A 

S  -  S'  =  8       (a  cos  io  +  /3  sin  w)  v/  (a2  cos2a;  -  62  sin2  u>)  dm 
=  8a       </{a2  cos2  a/-  62  sin2a>)  r/(sin  w) 

—  8)3  I     ^/  (a2  cos2w  -  b2  sin2&>)  d  (cos  w) ; 

but  the  latter  of  these  integrals  vanishes  between  the  limits, 

and 

rx 

</  (a2  cos2(d  -  b2  sin2o>)  d(ain  to) 


=  2</(a2  +  b>) 


v/(sin2A  -  sin2w)  d(sm  to) 


=  2v/(«2  +  62)sin2A 


cos*(pd<p  =  - 


7T(C 


2v'(a2  +  b2y 

by  putting     sin  w  =  sin  A  sin  0.     We  thus  get 

47T«2  a 


£-£'= 


v/(tf3+6'y 


(25) 


152.  If  in  the  preceding  mode  of  generation  of  the 
quartic  the  constant  k  vanishes,  the  locus  is  evidently  a  curve 
similar  to  the  pedal  of  the  point  0  with  regard  to  the  conic, 
where  by  the  name  pedal  we  denote  the  locus  of  the  feet  of 
the  perpendiculars  drawn  from  a  point  to  the  tangents  of  a 
curve.     In  fact,  then,  in  Fig.  18,  P  coincides  with  0,  and 


OQ  =  20S. 
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Now,  since  p,  u>  are  the  polar  co-ordinates  with  regard  to 
0  of  the  point  S  on  the  pedal,  we  have  for  the  area  S  of  that 
curve 

so  that  the  area  of  the  pedal  is  equal  to  a  fourth  part  of  the 
area  of  the  locus  of  Q. 

If  0  lies  within  the  ellipse,  the  inner  oval  shrinks  into  the 
point  0,  when  k  vanishes.  Hence,  by  taking  the  fourth  part 
of  the  area  given  in  (24),  we  have  for  the  area  of  the  pedal 

Z 

Again,  if  0  lies  without  the  conic,  the  pedal  has  0  for  a 
crunode,  and  (24),  it  is  easy  to  see,  gives  the  sum  of  the 
areas  of  the  two  loops  of  which  the  pedal  then  consists.  Also 
(25)  gives  the  difference  of  the  areas  of  these  loops;  so  that 
we  get  for  the  area  2  of  a  loop  the  expression 

*-W-»+*ir±707)\'       {26) 

where  we  have  changed  the  sign  of  b2. 

153.  We  proceed  now  to  consider  the  special  case  of  the 
ellipse  of  Cassini,  a  curve  which  is  defined  as  the  locus  of  a 
point,  the  product  of  whose  distances  from  two  fixed  points 
F,  F'  is  constant.  There  are  two  forms  of  this  curve  to  be 
considered  separately,  namely,  if  FF'  =  2  c,  and  the  constant 
product  equals  m2,  when  m  >  c,  the  curve  consists  of  the 
single  outer  oval  in  the  figure,  and  when  m  <  c,  it  consists 
of  the  two  conjugate  inner  ovals.     Taking  the  origin  at  C, 

2i 
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the  middle  point  of  FF\  the  polar  equation  of  the  curve  is 


Fig.  20. 

easily  found  to  be 

r*-2cVcos20  +  cl  -  m*  =  0, 
from  which  we  get 

r  =  v-  cos  2  0  ±  y  [mx  -  &  sin2  2  0). 


(27) 


When  m  is  >  e,  we  must  always  take  the  positive  sign ; 
and  then  if  S  is  the  whole  area  of  the  oval,  we  have 


S  =  i 


(c2  cos  20  +  v/(m4  -  c4  sin220)}tf0  =  2rt, 


where  the  modulus  of  the  elliptic  integral  is  (?\rrir. 
When  m  is  <  c,  if   CP'  =  r,  CP  =  /, 

r»-  r'2  =  2v/(m4-c4sm220); 

and  if  $  is  the  whole  area  of  either  of  the  ovals,  we  have 


£  = 


v/(m4^c4sin220)d0, 


where     sin  2  a  =  m'/c2,  that  is,  the  angles  ±  a  determine  the 
tangents  drawn  from  0  to  the  oval. 
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Hence,  putting    c1  sin  2  0  =  m*  sin  0,     we  get 

where  k,  the  modulus,  is  equal  to  w*/c3. 

154.   "We   now   proceed  to   demonstrate  a  geometrical 

theorem  connecting   the   area  of  the  oval  of  Cassini  with 

that  of  the  Lemniscate ;   namely,  if  a  variable   concentric 

Lemniscate 

r2  -  a  cos  2  0  +  b  sin  2  0 

touch  the  Cassinian  oval 

r*-26'Vcos20-&4=:  0; 

then  it  cuts  off  a  constant  area  from  the  oval 

r4-2cVcos20-£'*=O, 
where  kf  <  k. 

Let  8  be  the  area  BAB  cut  off  by  the  Lemniscate  from 

p 


Fig.  21. 

the  curve  r2  =  0(0),  then  evidently 

S  =  i\  1{acos20  + 6  sin  20-0(0))rf0, 

where  the  limits  0„  02  correspond  to  the  radii  vectores  CAy 
CB ;  that  is,  are  determined  by  the  equation 

a  cos  20+  6  sin  20- 0(0)  =0. 
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Now  if  the  Lemniseate  ABC  touch  an  envelope,  a  and  b  will 
be  connected  by  a  certain  relation,  so  that  we  may  consider 
both  these  quantities  as  functions  of  another  variable  t.  If 
then  the  area  remains  constant  while  the  Lemniseate  varies, 
we  must  have 


dt  2 


Y^cos20  +  ^sin20W6 
9  AM  M 


by  Art.  121,  as  the  quantities  outside  the  sign  of  integration 
vanish  by  the  equation  which  determines  the  limits.  Hence, 
performing  the  integration  and  dividing  by  sin  (0i  -  02), 
we  get 

%  cos  (0,  +  02)  +  ^  sin  (0;  +  02)  =  0. 
dt         x  dt 

But  if  we  seek  now  the  point  of  contact  of  the  Lemniseate 
with  its  envelope,  we  have,  by  differentiating  its  equation 
with  regard  to  t, 

^  cos  20 +  ^7  sin20  =  O; 
dt  dt 

therefore,  eliminating  da  /  dt,  db  /  dt  from  this  and  the  preced- 
ing equation,  we  obtain  20  =  0!  +  02,  or  the  radius  vector  CP 
drawn  to  the  point  of  contact  P  of  the  Lemniseate  with  its 
envelope  must  bisect  the  angle  between  the  radii  veetores 
CA,  CB.  The  theorem,  then,  which  we  have  stated  above 
will  be  demonstrated,  if  we  show  that  the  condition  which 
we  have  just  arrived  at  holds,  when  the  envelope  of  the 
Lemniseate  is  a  Cassinian  oval,  and  the  inner  curve  is 
another  Cassinian,  having  the  same  foci,  F,  F'. 

Now,  eliminating  r2  between  the  equation  of  the  Lem- 
niseate, 

r2  =  a  cos  20  +  b  sin  20 


AREAS  OF  PLANE  CURVES.  253 

and  that  of  the  Cassinian 

r4  -  2  cV  cos  20  -/c'4=0, 

we  get  a  result  which  may  be  written 

(b2-  &'4)tan220  +  2b(a-  c2)  tan  20  +  a2 -2c2  a-  kfi  =  0; 

and  this  equation  gives  the  values  of  tan  20l5  tan  202,  so  that 

we  have 

2b(c2-a) 


tan  2d,  +  tan  202  = 
tan  20!  tan  202  = 


b2-/c'   ' 
a2-2c2a-k'4' 


from  which  we  get 

tan  20t  +  tan  202  2b(c2-a) 

tan  Z  (V,  +  V*)  =  YZ  tan  20,  tan  202  "  b*  -  a%  +  2&a 

We  see  thus  that  0i  +  02  is  independent  of  //,  and,  therefore, 
equal  to  20,  where  0  is  the  angle  which  determines  the  radius 
vector  to  the  point  where  the  Lemniscate  is  touched  by  a 
Cassinian  oval  of  the  system  obtained  by  varying  k' ;  and 
this  is  what  was  to  be  proved. 

It  is  to  be  observed  that  this  theorem  will  hold  equally 
well  if  each  of  the  Cassinians  consists  of  a  pair  of  ovals.  In 
both  cases,  as  we  have  seen,  the  area  of  the  Cassinian 
depends  upon  elliptic  integrals,  and  the  area  of  the  Lemnis- 
cate is  algebraic,  so  that  the  results  we  have  arrived  at  afford 
a  simple  geometrical  illustration  of  the  comparison  theorems 
of  these  integrals. 

155.  If  a  quartic  have  two  real  nodes  at  infinity,  its 
equation  may  be  written  in  the  form 

y2  {ax2  +  bx+c)  +y  (ax2  +  b'x  +  c')  +  d'x2  +  b"x  +  c"  =  0, 
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where  the  axes  of  co-ordinates  are  taken  parallel  to  the  direc- 
tion of  the  nodes.  In  general  the  axes  will  be  oblique,  but 
there  is  evidently  no  loss  of  generality  in  supposing  them  to 
be  rectangular  in  finding  the  value  of  the  area,  as  the  two 
expressions  (1)  and  (3)  are  in  the  constant  ratio  sin  to. 

Solving  then  this  equation  ior  ?/,  if  yy  y2  are  the  roots,  we 
get 

y\-y%  =  ~3 — i , 

ax  +  ox  +  c 
where     (ax2  +  b'x  +  c')2  -  4 (ax2  +  bx  +  c) (d'x2  +  b"x  +  <T)  =  X, 

and  we  have  then  the  expression 


S  = 


yxdx  (28) 


Xa  ax2  +  bx  +  c 


for  the  area  intercepted  between  the  curve  and  the  lines 

x  -  xx  =  0,     x  -  x2  =  0. 

Examples. 

1 .  If  the  quartic 

(x*  + 1/2  -  20y  +  £2)2  -  4  (a2*2  -  b*y2)  =  0 

consist  of  two  ovals  exterior  to  each  other,  show  that  their  areas  are  equal. 

2.  The  quartic 

(xz  +  if  +  F)2  =  4  (a2  x*-  +  P  tf) ,     where    a>b>Jc, 

consists  of  two  concentric  ovals ;  if  S  is  the  area  cut  off  between  the  ovals,  a 
radius  vector  y  =  x  tan  a>  and  the  axis  of  x,  show  that 

*(«»-g)v>«-*»)8in0co8»Afr)  _ 

«*sin24>  +  62cos24>  v  '    vry 

a*b       ..  .      «2(«2+i2-£2)      (        . 


V(a2-&2)    ^r/         *V(a»-*») 
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where  tan  <p  =  b  tan  w  /  a,    n=  (a2  —  b2)  /  b2, 

and  A,  the  modulus,  is  equal  to 

kV(a2-b2)lbV(a2-k2). 

3.  The  quartic 

{x2  +  y2  +  a2  -  b2)2  =  4 (a2 *«  +  b2 y*),     where     26-  >  a2, 
consists  of  two  concentric  ovals ;  show  that  their  areas  are 
b2(3*  +  2E),     J*(w-2jB), 

respectively,  where  the  modulus  is     {d1  —  b2)  /  b2. 

4.  If  the  Cartesian 

r2-2r(a  +  bcosO)  +  k2  =  0 

consists  of  two  ovals,  one  of  which  is  wholly  within  the  other,  show  that  the 
sum  of  their  areas  is  equal  to  2ir(2a2  +  b2  —  k'z) . 

5.  If  k*  >  a2b2,  show  that  the  whole  area  between  the  curve 

(a2  -  x2)  {y2  +  b2)  m  k*  and  the  lines  «-  -  jc2  =  0    is    M2E, 

where  the  modulus  is  ab\k2. 

If  Jd  <  a2  b2,  show  that  the  area  between  one  branch  of  the  curve  and  the 
adjacent  asymptote  is  2k2{E-  (1  -A2)  K},  where  the  modulus  \  =  k°-jab. 

6.  Show  that  the  whole  area  of  the  loop  of  the  curve 

x2  y2  +  a2  x2  +  b2 y2  -  2ab  cosec  2a xy  =  0  is  2ab  (cot  2a  +  cosec  2a  log  tan  a). 

7.  Show  that  the  whole  area  between  the  curve 

y2  (a  -  *)  (x  -  0)  -£2*2  =  0, 
and  the  lines  x  =  a,    x  =  #,     is    irk(a  +  0). 

8.  Show  that  the  whole  area  between  the  curve 

y2  (a  -  *)  (*  -  j9)  -  *«  m  0, 
and  the  lines  *  =  o,     x  =  0,     is     2irk2. 

156.  We  now  proceed  to  consider  an  important  class  of 
curves,  namely,  those  called  unicursal.  A  curve  of  this 
nature  is  such  that  the  co-ordinates  of  any  point  on  it  can  be 
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expressed  rationally  in  terms  of  a  parameter.  It  is  evident 
then  that  the  expression  for  the  elementary  area  will  be  a 
rational  differential,  so  that  the  areas  of  these  curves  can 
never  involve  higher  transcendents  than  logarithms  and  cir- 
cular functions. 

In  fact,  suppose  we  take 

*~j,    v=fj,  (29) 

where /1?  /2,/are  three  polynomials  in  the  variable  6  of  the 
nth  degree,  or  are  homogeneous  expressions  in  two  variables 
A,  fi  of  the  same  degree,  then  the  locus  of  the  point  xy  is  a 
curve  of  the  nth  order ;  for  if  we  seek  the  points  where  a  line 
ax  +  j5y  +  y  =  0  meets  the  curve,  we  get  afx  +  j3/2  +  yf  =  0, 
that  is,  an  equation  of  the  nth  degree,  to  determine  the  points 
of  intersection ;  and  this  shows  that  an  arbitrary  line  meets 
the  curve  in  n  points.  For  the  area  then  swept  out  by  the 
radius  vector  from  the  origin,  we  find 

dS  =  \  (xdy  -  ydx)  =  J  xyd  log  I  '-  ) 


2  r     °\/j       2/ 

but        ^2x  +  fl^="f-"  dA  =  d\dX  +  T»d>" 

•>  4f% .    4ft    „.■  u.    4ft  A  ,  4ft , 

XS\  + "£•"•*'  dj2  =  dXdX  +  ^; 
hence  we  get 

dz  =  _L  ftA  dA  _  dIl  dJl\  (Xdv  ~  vdX) 

2n  \d\    dfx  dp  dXj           f          ' 


so  that,  putting 
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dX  dfi      dfj.  d\ 
we  obtain  S=|«J&^),  (30) 

where  we  may  take  either  X  or  fx  equal  to  unity,  or,  in  fact, 
assume  any  relation  between  X,  /z,  according  to  convenience. 

In  treatises  on  curves  it  is  shown  that  a  unicursal  curve 
of  the  nth  degree  has  the  greatest  number  of  double  points 
which  a  curve  of  that  degree  can  have,  and  that  in  general 
there  are  two  parameters  corresponding  to  each  double  point. 
If,  then,  there  is  a  loop  of  the  curve  terminated  by  a  real 
double  point,  as  in  Fig.  10,  we  find  its  area  by  taking  the 
integral  (30)  between  the  limits  corresponding  to  the  two 
parameters  of  the  double  point. 

The  unicursal  curve  of  the  third  degree  has  one  double 
point,  and  that  of  the  fourth  degree  has  three  double  points. 
Of  these  curves  we  have  already  considered  some  special 
forms  among  the  examples,  and  in  each  case,  as  a  verification 
of  the  preceding  results,  we  may  notice  that  the  area  involves 
no  higher  transcendents  than  logarithms  or  circular  functions. 

Examples. 
1 .  To  find  the  area  of  the  loop  of  the  quartic  curve 

6  6 


02  +  &        J         02  +  bZ- 

In  this  case  the  loop  has  its  corresponding  node  at  the  origin,  the  values  of 
the  parameter  for  that  point  heing  oc,  0.     We  find  then 

dS  = 


0-i  +  ai      ffi  +  ja  j  (02  +  aaj  (02  +  pf 

2k 
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whenc 

b  we  get 

_          -1       1    *>            »    »        («'  +  »') 

2  (a2  -  ¥) 

as  the  general  expression  for  the  area.    Hence,  putting  0,  a>,  successively  for  0, 
we  have  for  the  area  of  the  loop 

rt2  +  £* 


<?  +  &  ,aK  ! 

5s=^-r^l0gUJ-^zT2- 


2.  Show  that  the  whole  area  of  the  curve  represented  by  the  equations 


6  1 


e2+^'     p     02+A*    "•   $(«  +  *)** 
3.  A  loop  of  the  curve 

_  flfcea  +  2//e  +  c)       _  e(tt'e2+2&'0  +  g') 

has  its  node  at  the  origin ;  show  that  its  area  is 

{ab'  -  a'b  +  3  {be  -  be) }  +  \  (ac'  -  a'c). 


8.V2  4 

157.  There  are  several  cases  in  which,  when  we  generate 
a  new  curve  from  a  given  one  by  some  geometrical  method, 
we  can  find  the  expression  for  the  area  of  the  former  curve 
in  terms  of  the  area  of  the  latter,  and  some  other  simple 
expressions.  For  instance,  suppose  we  transform  a  curve  by 
substituting  y  +  <p(x)  for  y,  where  <p(x)  is  some  function  of  x ; 
then,  by  the  formula  (1),  the  difference  of  the  corresponding 
areas  is 

(p  (a?)  dx. 

Hence,  if  we  assume  $  (x)  so  that  this  integral  is  known,  the 
area  of  the  generated  curve  can  be  found,  when  that  of  the 
given  curve  has  been  obtained.  It  may  be  noticed  that  if 
<p  (x)  is  a  rational  function  of  x,  and  the  given  curve  consist 
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of  a  closed  oval,  the  areas  of  the  two  curves  will  be  equal ; 
for  if  ylf  y2  are  the  values  of  y  corresponding  to  the  same 
value  of  x  for  the  given  curve,  and  y\,  y\  the  similar  values 
for  the  generated  curve,  we  have 

y\  -  fi  +  0(0),    tf*  ■  * +  ♦(•)  5 

hence  $A  -  y\  =  yi  -  y^ 

and  J  (y\  -  y\)  dx  -  J  (y,  -  y,)  efe. 

Hence,  from  (4),  and  since  the  limiting  values  of  #  are 
evidently  the  same  for  both  curves,  the  result  stated  above 
follows  at  once.  Several  of  the  examples  already  given  are 
particular  cases  of  the  application  of  this  method. 

158.  In  the  case  of  polar  co-ordinates,  we  may  notice 
a  few  transformations.  If  we  measure  out  a  constant  length 
k  on  the  radius  vector  from  the  point  on  a  curve,  we  have 

2  =  ij{r±kyd6 

for  the  area  of  the  locus  of  the  extremity,  the  double  sign 
corresponding  to  the  two  directions  in  which  k  can  be  mea- 
sured.    Hence  we  have,  if  S,  S  are  the  entire  areas, 


S  -  8  =  rf  ±  k 


rdd, 


the  given  curve  being  supposed  to  be  an  oval  enclosing  the 
origin.  In  this  case,  then,  if  S,  2'  correspond  to  the  positive 
and  negative  values  of  k,  we  get 

S  +  2'  =  28  +  2wk\ 

Again,  if,  leaving  9  unaltered,  we  put  */  (r2  -  k2)  for  r,  we 
have 

S  =  i  f  (r2  -  K)dB  =  8  -  i  ¥(0,  -  ft) 

for  a  portion  of  the  sectorial  area  of  the  generated  curve. 
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Also,  if  we  change  0  into  n0f   and  leave  r  unaltered, 
we  have 


'_  i 


2'  = 


r2         1 
-tf0  =  -2; 


that  is,  the  area  of  the  generated  curve   is  equal   to   the 
nth  part  of  the  corresponding  area  of  the  given  curve. 

ExAMn 

1 .  Show  that  the  whole  area  bounded  by  the  loops  of  the  curve 

(my  +  ax2  +  fix)2  -  x2  (a2  -  x2)  =  0    is     4a3  /  ftm. 

2.  Show  that  the  sum  of  the  areas  of  the  two  ovals  of  the  curve 

r2-2(b  +  acos6)r  +  2abcosd  +  c2  =  0    is    2ir(2b2  +  a2  -c2). 

3.  Show  that  the  area  of  one  of  the  ovals  of  the  curve 

r2  -  2ar  cos  30  +  «2  -  9k2  =  0     is    w&. 

4.  If  from  a  given  oval  curve  we  generate  two  other  ovals,  by  putting 
r  ±  V<p'(0)  for  r,  and  leaving  6  unaltered,  show  that  the  sum  of  their  sectorial 
areas,  minus  double  the  corresponding  area  of  the  given  curve,  is  <p{di)  -  <p{Bz), 
where  0i,  02  determine  the  limiting  radii  vectores. 

159.  We  consider  here  the  expression  for  the  area  swept 
out  by  a  radius  vector  round  an  origin,  in  the  case  in  which 
the  curve  is  given  as  the  envelope  of  the  line 

x  cos  u)  +  y  sin  w  -  p  =  0. 

To  find  the  point  of  contact  of  this  line,  we  have,  by  diffe- 
rentiating in  accordance  with  the  theory  of  envelopes, 

dp 
x  sin  a)  -  y  cos  w  +  —  =  0, 
ciu) 

dx        .         dy      A 
cos  &  —  +  sin  u)  —  =  0. 

(1(1)  (liO 
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Again,  from  the  first  of  these  equations,  we  get 

dx  dy  .  d2p     n 

smw-: —  cosw-j1  +  «cosw  +  |/sinw  +  -y-2  =  0, 
dw  do)  au) 


or 


dy 


dx 


d2p 


cos  to  - —  sin  to  —  =  p  +        . 
ww  aw  du) 


Now  we  have,  identically, 
xdy     ydx 
dto       du) 


dy 


x  cos  u)  +  y  sin  w     cos  w  - —  sm  w  -=- 

da  do) 


dx 
day 

dy 


dx 
I  x  sm  w  -  y  cos  w  )  I  cos  &>  — -  +  sin  w 

y  \  ao>  du) 

d2p 

du) 


mP\P+  *_!» 


from  the  equations  given  above.     But  there  is 


d  fpdp\     pd2p      fdpV 
d(i)\d(i)  J      dio2       \db)    ' 


so  that  we  get 
1 


\dio) 


8  = 


2 


(xdy- ydx)  =  -££  +  - 


f-[fjl^,    (31) 


Fig.  22. 

or  8  =  OPS  +  ij{OS2-  OR2) du, 

if,  as  in  the  figure,  8,  R  are  the  feet  of  the  perpendiculars 
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from  0  on  the  tangent,  and  normal,  respectively,  at  the 
point  P  of  the  curve.  By  means  of  this  result,  we  can  find 
the  area  of  a  curve,  when  the  perpendicular^  is  given  as  a 
function  of  w.  And  it  may  be  observed  that,  in  general,  we 
have  for  the  area  S  of  a  closed  oval  curve,  if  we  write  q  for 
OR, 

3-4  nV-?V",  (32) 

J  0 

as  the  area  OPS  vanishes  between  the  limits. 

160.  As  an  example  of  the  use  of  the  formula  (31),  let 
us  consider  the  curve  parallel  to  a  parabola,  where,  by  the 
curve  parallel  to  a  given  one,  we  mean  the  envelope  of  a  line 
situated  at  a  constant  distance  from  the  tangent  of  the  given 
curve.  The  parallel  is  thus  obtained  by  substituting  p  ±  k 
for  p,  and  leaving  to  unaltered  in  the  relation  connecting 
p  and  u)  for  an  assigned  curve.  Now,  for  the  parabola  refer- 
red to  its  focus  as  origin,  we  have  p  =  msec  w,  and  hence  for 
the  parallel  curve,  we  get 

p  =  m  sec  to  ±  l\ 

Applying,  then,  the  formula  (31),  we  have,  for  the  area, 

„     m  sin  io  (   m 

S  =  - —I ±k 

2  cos  to  Vcos  bi 


1 

+  2 


(    m2        m2sin2di      2  km      .„)  7 

(  COS   (i)  COS4  Ol  COS  01  ) 


=  m2  (tan  id  +  J  tan3  w)  ±  km  {log  (sec  oi + tan  oi)  +  \  sin  a>  sec2  a>  J 

+  JFai,  (33) 

the  constant  being  determined,  so  that  8  vanishes  with  w. 
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If  we  write  this  expression  for  8  in  the  form 

A±Bk+  Ck\ 

it  is  evident  that  A  is  the  area  bounded  by  the  corre- 
sponding part  of  the  arc  of  the  parabola,  and  hence,  that 

Bk  +  Ck2  -  ikq,     Bk  -  Ck2  -  ikq, 

are  the  values  of  the  strips  of  area  lying  between  the  para- 
bola and  the  two  branches,  respectively,  of  the  parallel  curve 
arising  from  the  double  sign  of  k.  The  difference  of  these 
strips  is,  therefore,  2  Ck2  or  k2u),  which  is  thus  always  finite, 
although  each  strip  ultimately  becomes  infinite,  when  o>  is 
made  equal  to  w/2. 

161.  Again,  as  an  example,  let  us  consider  the  central 
negative  pedal  of  an  ellipse ;  that  is,  the  curve  enveloped  by 
the  perpendiculars  erected  to  the  central  radii  vectores  at 
their  extremities. 

The  ellipse  being  written  in  the  usual  form, 

we  have,  for  the  negative  pedal, 

ab 


^/(Grsin2  eu  +  62cos2w)' 
Hence  we  get 

dp  _     ab  (a2  -  b2)  sin  w  cos  w 
du)        (a2  sin2  w  +  b'2  cos2  w) *  ' 

and  therefore,  from  (32),  if  S  is  the  whole  area, 

8  =  aW  f27rj  1 (a2-62)2sin2<ucos2a>) 

2    J 0  [a2  sin2 w  +  b2  cos2 w      (a2  sin3 u  +  b2  cos2 w) 3 j 
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This  integral  is  most   easily  evaluated  by  the  method 
of  Art.  67,  namely,  by  means  of  the  substitution, 


cot  (x)  =  acot<p/b. 


We  thus  get 


S  =  jr  ab 


2M\      (a2-b*Y    .  2         .   V  . 


-w----^ 


7T 


8ab 


(I0a2bz-ai-bi).  (34) 


It  is  to  be  observed  that,  in  this  result,  2b2  is  supposed 
to  be  greater  than  ar,  the  curve  being  then  as  the  inner 
oval  in  the  figure. 


Fig.  23. 


If  this  were  not  the  case,  the  curve  would  have  loops,  and 
the  value  (34)  would  then  express  the  difference  of  certain 
areas. 
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Examples. 

1.  Show  from  (32)  that  in  general  the  whole  area  of  the  pedal  of  the  evolute 
of  a  given  closed  curve,  with  regard  to  an  internal  point  0,  is  equal  to  the  area 
enclosed  between  the  curve  and  its  pedal  with  regard  to  0. 

2.  Show  that  the  whole  area  of  the  pedal  of  the  evolute  of  an  ellipse  is 

?{(•-■*)»+>}, 

where  a,  b,  are  the  semiaxes  of  the  ellipse,  and  5  is  the  distance  of  the  origin 
from  the  centre. 

3.  Show  that  the  whole  area  of  the  curve 

{4(rt2  +  &2-«&)-3(£2  +  ?/-)}3=  (9(25-  a)x2  +  9{2a-b)y* 

-4{a+b){2a-b){2b-a)}*, 

where  2b  >  a,  is  -  (lOab  —  a-  -  b2). 

8 

This  curve  is  the  envelope  of  the  line 

x  cos  (a  +  y  sin  a>  =  a  cos2o>  +  b  sin2&>. 

4.  Show  that  the  whole  area  of  the  curve 

(*»  +  y2)2  +  U  (*>  -  3xy2)  +  1862  (**  +  y9)  -  2764  =  0  is  2*v2. 
This  curve  is  the  envelope  of  the  line 

x  cos  (a  +  y  sin  a>  =  b  cos  3«. 

5.  Show  that  the  difference  of  the  areas  lying  between  a  closed  oval  curve 
and  the  two  parts  of  the  parallel  curve  on  either  side  is  27r&2  where  k  is  the  con- 
stant distance  from  the  parallel  curve. 

6.  Show  that  the  sum  of  the  areas  of  the  ovals  formed  by  the  curve  parallel 
to  the  ellipse  at  the  distance  k  is  27r(&2  +  ab),  where  a,  b  are  the  semiaxes  of  the 
ellipse. 

7.  If  Si,  #2  are  the  whole  areas  of  the  pedals  of  a  curve  and  its  evolute  with 
regard  to  a  point  0,  show  that  the  whole  area  of  the  locus  of  the  feet  of  the 
perpendiculars  from  0  on  the  lines  inclined  to  the  curve  at  a  constant  angle  o  is 

Si  cos3  a  +  #2  sin2  a.  , 

2l 


266  AREAS  OF  PLANE  CURVES. 

8.  If  S  is  the  area  lying  between  a  curve  and  its  negative  pedal  with  regard 
to  an  internal  point,  show  that,  in  general, 


0      1  (277  (Sr\* 


where  ;•,  0  are  polar  co-ordinates. 

To  find  the  values  of  S  in  the  case  of  the  ellipse,  if  a  cos  <t>,  h  sin  <p,  are  the 
co-ordinates  of  a  point  on  the  curve,  and  a,  £  those  of  the  origin,  we  have 

r-  =  (a  -  a  cos  <p)2  -f  (/3  -  b  sin  <£)-, 

b  sin  <p  -  $ 

tanfl  = . 

a  cos  <p  -  a 

dr 
Hence  r  —  =  a  a  sin  <p  —  b$  cos  <p  -  (a-  -  b:)  sin  <p  cos  <£, 

i 2  —  =  ao  -  ba  cos  d>  -  afl  sin  d>. 

We  thus  obtain 

1  f27r  /  ,/>•  \~d<l>j        If 2,r  {««  sin  </>-  bfi  cog  ft-  ('/'j  -  62)  sin  </>  cos  ft)2dfy> 
~  2  J  0    \rf4>/    dd  2  J  o  «6  -  Z»a  cos  £  -  fl£  sin  <f> 

The  evaluation  of  this  definite  integral  presents  no  difficulty,  but  the  actual 
labour  of  doing  so  would  be  tedious.     If  P  =  0,  we  have 

1    (2ir  sin2<p  {aa- (a2- b2)  cos  <p}2d<j> 

6  =   — T  , 

2b  j  0  a  —  a  cos  (p 

which,  by  putting 

(I  +  m  cos  <p  +  n  cos2  <£>  +  p  cos3  <p)  (a  —  a  cos  <£)  +  q  for  sin2<f>  { eta  -  (a2  -  b~)  cos  <p } 2 

gives 

ir   i  2q      ) 

We  then  find  the  values  of  I,  n,  and  q  by  equating  the  coefficients  in  the 
identity  just  written  down ;  and  we  thus  get  finally 

8=  ~  {2(a2  +  c2)ai-  (ci  +  4dic2)a2  +  2a2c*-2a(a2-c2)2<J(a2  -  a2)}, 
2va 

where  c2  =  a2  —  b2. 
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9.  Show  that  the  whole  area  between  the  curve  r  (a2  cos20  +  b2  sin20)  =  P, 
and  its  negative  pedal  with  regard  to  the  origin  is 

4aH5  ' 

10.  Show  that  the  whole  area  between  the  curve  hr  =  a1  cos2  6  +  b2  sin20  and 
its  negative  pedal  with  regard  to  the  origin  is 

7r(«2-£2)2 


2*2 

162.  In  connexion  with  the  subject  of  pedals,  we  give 
here  Steiner's  relation  connecting  the  areas  of  the  pedals  of 
a  closed  curve  with  regard  to  different  internal  points,  0,  0'. 
Let  p,  zj  be  the  values  of  the  perpendiculars  for  these  origins, 
respectively,  then  we  may  write 


8 


2tt 


}T  cLo.      &  -  - 


ZT  (it) 


but 


zs  =  p  -  x  cos  (i)  -  y  sin  w, 


where  x,  y  are  the  co-ordinates  of  0'  with  regard  to  rect- 
angular axes  drawn  through  0.     Hence  we  have 

1  P"" 
S'  =  -      [x1  cos2  <o  +  y*  sm3  w  +  2  xy  sin  a>  cos  w 

^  Jo 

-  2p  (a?  cos  w  +  y  sin  w)  +  ^>2  J  dto 

(35) 

where  we  have  written  a,  |3  for  the  definite  integrals 


TV 


=  g  0**  +  ¥*)  -ax-f$!/+  S, 


*« 


r2n- 


jo  cos  wf/w,      p  sin  w^oj,  respectively. 


J  0 
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This  result  shows  that  when  we  are  given  the  area  for  one 
origin,  and  the  values  of  the  corresponding  definite  integrals 
a,  fi,  then  we  can  at  once  obtain  the  area  of  the  pedal  for 
any  other  origin.  Again,  from  (35),  we  see  that  if  the 
area  S'  of  the  pedal  of  a  closed  curve  with  regard  to  a  point 
0'  be  given,  the  locus  of  0'  is  a  circle,  whose  centre  is  the 
same  for  all  values  of  S'.  If  the  origin  0  be  taken  at  the 
centre  of  this  circle,  the  constants  o,  /3  disappear.  The  area 
of  the  pedal  is  then  a  minimum,  and  the  area  of  the  pedal 
with  regard  to  another  origin  is  equal  to  the  minimum  area 
plus  double  the  area  of  the  circle  described  on  the  line  join- 
ing the  two  origins  as  diameter. 

1G3.  If  the  given  curve  be  not  closed,  or  if  we  consider 
the  area  of  a  portion  only  of  the  pedals,  the  limits  of  inte- 
gration will  be  different — say  they  are  o>i,  o>2.  If  then  we 
write 

fWi  fWi  .  r**! 

cos2  ivdio  =  a,      sitfuido)  ■  b,       sin  o>  cos  wdu)  =  h, 

p  cos  wdto  =  a,       p  sin  u>dw  =  /3, 

we  have 

S'  =  i  (axz  +  bif+2  hxy)  -  ax  -  fiy  +  S,         (36) 

where  $,  S'  are  now  the  areas  of  portions  of  the  pedals  cor- 
responding to  the  same  limiting  values  of  w. 

The  locus  which  was  a  circle  in  the  preceding  case  is  thus 
replaced  by  a  conic.  This  conic,  it  is  easily  shown,  is  an 
ellipse ;  for,  if  we  take  the  actual  values  of  a,  h,  h,  we  find 

4(ab  -  h2)  =  (on  -  w2  +  sin  (on  -  on)  cos  (on  +  on) } 

{wi  —  w2  —  sin  (wi  -  on)  cos  (wi  +  o>2)} 

-  sin2  (on  -  an)  sin2  (an  +  an)  =  (an  -  an)2  -  sin2  (an  -  an)  ; 
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that  is,  ab  -  h~  is  always  positive,  and  this,  as  is  shown  in 
treatises  on  conies,  is  the  condition  that  (36)  should  represent 
an  ellipse. 

164.  There  are  two  interesting  theorems  of  Steiner's  con- 
cerning the  connexion  of  the  areas  and  arcs  of  roulettes  with 
those  of  pedals.  The  theorem  on  the  area  is :  If  a  closed 
curve  rolls  on  a  right  line  and  makes  a  complete  revolution, 
the  area  between  the  line  and  the  locus  of  a  point  0  rigidly 
connected  with  the  rolling  curve  is  equal  to  double  the  area 
of  the  pedal  of  0  with  respect  to  the  curve. 

To  prove  this,  we  remark  first  that  we  get  from  (31) 


ds  d2p 

clu)  aio 


or 


du) 


P, 


(37) 


by  putting  pds  for  2dS,  where  ds  is  the  element  of  the  arc 
of  the  curve. 

Now,  if  P  is  the  point  of  contact  of  the  rolling  curve  in 


Fig.  24. 


any  position,  and  A,  M ;  A\  IT,  are  the  positions  of  0,  V, 
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initially,  and  after  a  complete  revolution,  respectively,  we 
must  have 

arc   VP  =  MP  =  3W  +  NPy     or  *  -  q  =  MJST, 
where 

VP  =  s,     NP  =  q. 

Therefore,  from  (37),  we  have  civ  =  pdw,  where  x,  y  are  the 

co-ordinates  of  0  with  regard  to  the  areas  31 A,  MN.    Hence, 

since  y  =  p3  we  get 

ydx  =  p2  dd) ; 
and  if 

MM'  =  a, 


ydx  = 


-- 


p2  du)j 


which  is  the  statement  in  symbols  of  the  theorem  concerning 
the  areas  enunciated  above.  This  theorem,  combined  with 
that  of  the  preceding  Article,  will  give  several  results  con- 
cerning the  areas  of  roulettes ;  for  example,  we  infer  that  if 
a  curve  roll  on  a  right  line,  there  is  one  point  connected  with 
the  curve  for  which  the  entire  area  of  the  corresponding 
roulette  is  a  minimum ;  also  that  the  area  of  the  roulette 
corresponding  to  any  other  point  exceeds  this  minimum  area 
by  the  area  of  a  circle  whose  radius  is  equal  to  the  distance 
between  the  points. 

Examples. 

1.  If  the  sum  of  the  areas  of  the  loops  of  the  pedal  of  the  point  0  with  regard 
to  the  cardioid  r*  =  aS  cos  |0  is  a  minimum,  show  that  0  is  given  by  the  equa- 
tions 9  =  0,  r  =  \a,  and  that  the  corresponding  sum  of  the  areas  is  27  7ra2/64. 

2.  If  the  sectorial  area  between  the  pedal  of  a  closed  curve  and  two  radii 
vectores  drawn  through  a  point  P  parallel  to  given  directions  is  a  minimum, 
show  that  Pis  a  determinate  point,  namely,  the  centre  of  the  ellipse  (36). 
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3.  Show  that  the  axes  of  the  ellipse  (36)  are  the  bisectors  of  the  angles 
between  the  bounding  radii  vectores  of  the  areas. 

4.  Verify  the  expression  for  the  area  of  the  cycloid  by  means  of  Seiner's 
theorem  on  the  areas  of  roulettes. 

5.  If  an  ellipse  roll  on  a  right  line,  show  that  the  area  of  the  roulette 
described  by  its  focus  in  a  complete  revolution  is  double  the  area  of  the  auxi- 
liary circle. 

6.  If  an  ellipse  roll  on  a  right  line,  show  that  the  area  of  the  roulette 
described  by  any  point  0  rigidly  connected  with  it  is  equal  to  the  sum  of  the 
areas  of  the  director  circle,  and  a  circle  whose  radius  is  equal  to  the  distance  of 
0  from  the  centre  of  the  ellipse. 

7.  If  a  closed  curve  roll  on  another  the  same  as  itself  so  that  corresponding 
points  are  always  in  contact,  show  that  the  area  of  the  roulette  generated  by  a 
point  0  is  equal  to  four  times  the  area  of  the  pedal  of  0. 

165.  We  now  come  to  the  consideration  of  several  theo- 
rems concerning  the  areas  swept  out  by  lines  which  vary 
subject  to  certain  conditions.  For  this  purpose  the  funda- 
mental theorem  is  the  formula  (6)  ;   the  difference  in  this 


Fig.  25. 

case  being  that  0  in  Fig.  13  instead  of  being  a  fixed  point  is 
the  ultimate  intersection  of  the  lines  OP,  OQ,  that  is,  the 
point  of  contact  of  OP  with  its  envelope.  Integrating  then 
between  the  limits  a,  |3,  we  get,  if  P,  P'  are  two  points  on 
the  envelope, 


area  PP'QQ!  =  J 


dO,  (38) 
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where  the  tangents  PQ,  P'Q'  in  the  figure  correspond  to  the 
angles  a,  /3,  and  the  points  Q,  Q'  lie  on  a  curve  which  is  de- 
fined by  some  relation  connecting  the  length  r  of  the  tangent 
with  the  angle  0,  which  it  makes  with  a  fixed  line. 

166.  For  instance,  if  we  measure  out  a  constant  length  a 
on  the  tangent  to  a  given  curve,  we  find 

as  the  expression  for  the  area  included  between  two  tangents, 
the  curve  itself,  and  the  generated  locus.  Hence  the  whole 
area  between  a  closed  curve  and  either  branch  of  such  a  locus 
is  7ra2.  We  say  either  branch,  because  there  are  two  branches 
arising  from  the  directions  in  which  the  length  a  may  be 
measured.  These  two  branches  obviously  intersect  each 
other  at  certain  points,  from  which  the  tangents  drawn  to 
the  given  curve  have  the  same  length.  We  see  thus  that 
the  algebraic  sum  of  the  areas  of  the  loops  between  the  two 
branches  is  equal  to  zero. 

167.  Again,  if  we  seek  the  area  S  included  between  a 
curve,  two  normals,  and  the  evolute,  we  have,  from  (38), 


8  = 


P*d0, 


(39) 


where  p  is  the  radius  of  curvature,  and  6  the  angle  turned 
through  by  the  normal. 

As  an  example,  let  us  consider  the  ellipse  ;  then  the  de- 
finite integral 


P*d0  = 


2 


ds  = 


2 


2*b'z  ,  1 

n  ab  2ab 


b'kd$y 
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by  known  properties  of  the  ellipse,  where 

b"1  -  a2  sin2^  +  b2  cos20, 

will  evidently  give  the  sum  of  the  areas  of  the  curve  and  its 
evolute.     Hence,  if  S,  S  are  these  areas  respectively,  we 

have 

1   f27r 
8  +  S  =  8^6      *"*  +  b* "  ^  "  ^  C0S  2*) V* 

-^  ((*  +  *)• +  *(*-*?}. 

from  which,  since  S  =  nab,  we  get 

3ir(a?-ft*)' 


2  = 


Sab 


Examples. 

1 .  If  a  length  be  measured  out  on  the  tangent  to  a  given  closed  curve  equal 
to  the  parallel  radius  vector  from  an  internal  point  of  another  closed  curve,  show 
that  the  area  between  the  first  curve  and  either  branch  of  the  generated  locus  is 
equal  to  the  area  of  the  second  curve. 

2.  If  a  length  be  measured  out  on  the  tangent  to  a  given  closad  curve  pro- 
portional to  the  square  root  of  the  radius  of  curvature,  show  that  the  area  be- 
tween the  curve  and  the  generated  locus  is  proportional  to  the  perimeter  of  the 
curve. 

3.  If  the  portion  of  the  tangent  of  a  closed  curve  intercepte  1  on  an  outer 
curve  is  bisected  at  the  point  of  contact,  show  that  the  area  cut  off  from  the 
outer  curve  is  constant. 

4.  Show  that  the  integral 
3  fsx  («+  k)**M 


3  Ct 
2L 


|,a.Y(4#-a») 

gives  an  expression  for  the  area  included  between  the  cardioid 

fi  b  a*  cos  |0, 
two  tangents,  and  an  involute. 

2  M 
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168.  We  now  give  a  general  theorem  concerning  the 
areas  intercepted  by  a  pair  of  lines  on  two  curves  of  the 
same  degree  which  are  connected  in  a  certain  manner.  This 
may  be  stated  as  follows : — Let  $n  =  0,  0n_3  =  0,  denote  two 
general  curves  of  the  nth  and  (»  -  3th)  degrees,  respectively ; 
then,  if  a  line  meet  the  curves  <j>n  =  0,  0n  +  £$n-3  =  0, 
in  the  points  a,  b,  c,  &c. ;  a,  b\  c\  &c,  respectively,  and 
another  line  meet  the  same  curves  in  the  points  o,  )3,  7,  &c.  ; 
a',  j3',  7',  &c,  respectively,  then  the  algebraic  sum  of  all  the 
areas  adaa,  W/3/3',  &c,  is  equal  to  zero.  To  prove  this,  let 
the  curves  referred  to  an  arbitrary  origin  be  transformed  to 
polar  co-ordinates.     We  may  write  then 

^«  J0»*+  Alrn~l+  ...  +  AM 

and  from  these  equations  we  see  that  if  we  seek  the  points 
where  any  radius  vector  meets  the  curves  (pn  -  0,  (pn  +  k(pn-z  =  0, 
the  sum  and  the  sum  of  the  products  in  pairs  of  the  roots  of 
the  determining  equations  are  the  same ;  for  the  coefficients 
of  rny  rn~\  rn~2  are  identical  in  each  case. 

Hence  the  sum  of  the  squares  of  the  roots  also  will  be  the 
same  ;  so  that  we  have  2r  =  2/2,  which  may  be  written 

(>V  -  r/»)  +  (r,2  -  r/2)  +  .  . .  +  (r.a  -  n/2)  =  0, 

where  rl5  r2,  &c,  are  the  roots  of  one  equation,  and  r/,  r2',  &c, 
those  of  the  other.  Hence,  multiplying  the  latter  equation 
by  d(p/2,  where  <p  is  the  angle  through  which  the  line  turns, 
and  integrating  between  the  limits  cph  <£2,  we  get,  from  (38), 
the  result  stated  above. 

We  may  evidently  connect  in  pairs  the  roots  of  one  equa- 
tion with  those  of  the  other  in  any  order  ;  but  these  various 
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modes  of  arrangement  would  merely  give  us  different  state- 
ments of  the  same  result.  If,  however,  k  be  taken  sufficiently 
small,  the  two  curves  will  be  separated  from  each  other  by  a 
small  interval,  and  it  will  be  then  most  convenient  to  connect 
the  points  which  lie  immediately  adjacent  to  each  other. 

169.  For  example,  let  us  consider  a  cubic,  fa  =  0,  consist- 
ing, as  in  Fig.  26,  of  an  oval  and  an  infinite  branch.  The 
adjacent  curve  in  this  case  is  the  cubic  fa  +  k  =  0,  which  is 
obviously  a  similar  curve,  having  the  same  asymptote. 

Drawing  then  two  lines  through  the  point  0  to  meet  the 
two  curves  in  the  points 

A,  B,  C,    A\  B\  C;   D,  Ey  F,    V,  E\  F', 

where  the  letters  with  accents  refer  to  points  on  the  outer 
curve,  and  those  without  accents  to  points  on  the  inner,  the 


Fig.  26. 

theorem  given  above  becomes  in  this  case 

area  A' ADD'  =  area  BB'E'E  +  area  CC'F'F. 
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Similarly,  if  the  point  0  lies  on  the  left  side  of  the  outer 
oval,  or  between  the  same  oval  and  the  infinite  branch  be- 
longing to  the  inner,  the  difference  of  the  areas  intercepted 
between  the  ovals  will  be  equal  to  the  area  intercepted  be- 
tween the  infinite  branches.  Again,  if  0  is  interior  to  the 
inner  oval,  the  sum  of  the  areas  intercepted  between  the  ovals 
will  be  equal  to  the  area  intercepted  between  the  infinite 
branches. 

As  a  special  case,  let  us  consider  a  line  touching  the  inner 
oval  at  0,  and  meeting  the  outer  oval  in  A,  B,  and  the  infi- 
nrte  branches  in  (7,  C,  respectively. 

We  have  then 

OA2  +  OB2  +  OC2  =  0Cl ; 

whence 


(OA2  +  OB2)dct>  = 


.    0 


2tt 


(0<72-  OC2)d^ 


the  interpretation  of  which  is,  it  is  easy  to  see — The  area 
between  the  two  ovals  is  equal  to  the  area  between  the 
two  infinite  branches. 

If  the  cubic  have  anv  other  of  its  various  forms,  there 
is  no  difficulty  in  determining  the  corresponding  relations 
between  the  areas. 

170.  Proceeding  now  to  curves  of  the  fourth  order,  we 
mention  in  particular  the  following  result : — 

Let  TJ  =  0  be  a  curve  of  the  fourth  order,  consisting  of 
two  ovals,  one  within  the  other,  and  let  TJ  +  kL  =  0  be  a 
similar  curve,  where  L  is  a  line  which  does  not  meet  TJ  in 
real  points;  then  the  areas  of  the  two  spaces  between  the 
ovals  of  these  curves  are  equal.  To  prove  this,  let  0  be  a 
point  of  contact  of  a  tangent  to  the  innermost  oval ;  then  if 
this  tangent  meet  the  other  ovals  in  the  points  A,  B,  C,  D; 
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A',  B\  where  the  accented  and  unaccented  letters  refer  to 


Fig.  27. 

points  on  different  curves,  respectively,  we  have 

OA'2  +  OB'2  =  OA2  +  0B2+  OC2+  OD2, 
from  which  we  get 

~\0A'2  -  OA2  +  OB'2  -  0&) d<j>  =  [\0C2  +  OB2) d<p ; 

..  o  Jo 

but  each  of  the  integrals 

\0A'2  -  OA2)  dfr      2\0B'2  -  OB2)  d<p 

is  equal  to  double  the  area  between  the  outer  ovals,  while 

*\0C2+  OD2)d<p 

0 

is  equal  to  four  times  the  area  between  the  two  inner  ones ; 
so  that  the  result  we  have  stated  above  follows  at  once. 

171.  We  now  mention  Mr.  Holditch's  theorem  on  areas. 
This  theorem  enables  us  to  express  the  area  of  the  curve 
described  by  a  point  P  in  terms  of  the  areas  of  certain  closed 
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curves  described  by  two  other  points  A,  B,  the  point  P  being 
a  fixed  point  on  the  line  AB,  which  is  of  given  length.  To 
obtain  the  required  expression,  let  AP  =  a,  PB  =  by  and  let 


Fig.  28. 

0  be  the  point  of  contact  of  the  line  AB  with  its  envelope ; 
then  if  S,  8lt  8t9  2  are  the  areas  of  the  curves  described  by 
the  points  P,  A,  B,  0,  respectively,  we  have 

^-2  =  J    2nOA>d<p  =  l[\r-ay-c/<p, 

*  J  o  ^  Jo 

&-  S  -«[* OB*  d<t>  =  r/'\r  +  b)9d^ 

^ Jo  ^J  0 

i  r-77  l  r** 


where 
Hence  we  get 


OP  =  r. 


aSi+bSl-(a  +  b)S=7:      {a(r  +  b)2+  b(r  -  a)2- (a  +  b)r}d<t> 


=  irab  (a  +  b)  ; 


or, 


S-- 


aS2  +  OSi  -  nab  (a  +  b) 
a  +  b 


(40) 


In  this  result  the  rigid  line  APB  is  supposed  to  return 
to  its  original  position  after  making  a  complete  revolution ; 
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but  if  this  be  not  the  case,  the  formula  (40)  must  be  modified. 
Thus,  if  AB  return  to  its  original  position  after  making  n 
complete  revolutions,  we  must  substitute  nw  for  ir  in  (40) ; 
and  if  it  does  not  revolve  at  all,  but  returns  after  having 
reached  a  stationary  position,  we  have  n  =  0,  and  we  get 

aS2  +  bSi 

b  = - — . 

a  +  b 

From  the  latter  result  we  see  that  if  the  rod  AB  move  with 
its  ends  on  the  same  curve,  or  on  two  curves  of  equal  area, 
and  return  to  its  original  position  without  making  a  revolu- 
tion, then  any  point  P  of  the  rod  will  describe  a  curve  of 
equal  area. 

Again,  if  in  the  first  case  the  ends  A,  B  lie  on  the  same 
curve,  we  have,  from  (40), 

Si  -  8  =  Trab, 

which  result  may  be  stated  thus : — If  a  chord  of  given  length 
move  inside  a  closed  curve,  having  a  tracing  point  at  the  dis- 
tances a,  b  from  its  ends,  the  area  of  the  space  between  the 
two  curves  is  equal  to  that  of  an  ellipse  whose  semiaxes  are 
a,  b. 

Examples. 

1 .  Each  of  the  cuhics  </>  =  0,  <p  +  k  =  0,  consists  of  an  oval  and  an  infinite 
branch  :  if  it  be  possible  to  draw  two  lines  through  a  point  O  so  as  to  intercept 
equal  areas  between  the  ovals,  show  that  O  must  lie  between  the  infinite 
branches,  or  within  the  inner  oval. 

2.  If  the  cubic  0  =  0  consists  of  an  oval  and  an  infinite  branch,  and  the 
cubic  <p  +  k  —  0  has  a  conjugate  point  within  the  oval,  show  that  the  area 
between  the  two  infinite  branches  is  equal  to  the  area  of  the  oval. 

3.  Fis  a  cubic  represented  by  TJL  —  k  —  0,  where  17  is  an  ellipse  and  L  a 
line.  If  A  is  the  area  of  the  oval  of  F,  and  A'  the  area  between  the  infinite 
branch  and  the  asymptote  L ;  show  that  the  difference  of  A,  A'  is  equal  to  the 
area  of  the  ellipse  U. 
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4.  If  the  cubic  L  (x2  +  m-  y2)  -  k  =  0  has  an  oval,  where  L  is  a  line,  show 
that  the  area  of  the  oval  is  equal  to  the  area  between  the  infinite  branch  and 
the  asymptote  L. 

5.  The  axis  of  x  meets  the  oval  of  the  cubic  (x  —  a)  (x2  +  y2)  —  bz  —  0  in  A,  B, 
the  infinite  branch  in  C,  and  the  asymptote  x  —  a  =  0  in  D.  If  the  tangent  at 
a  point  P  of  the  oval  meets  the  infinite  branch  and  asymptote  in  Q,  B,  respec- 
tively, show  that  the  area  QRCD  is  double  the  area  BPSO,  where  0  is  the 
origin,  and  S  is  the  foot  of  the  perpendicular  from  0  on  the  tangent  at  P. 

6.  The  equations  S  =  0,  L  =  0  represent  a  circle  and  a  line,  respectively  ; 
show  that  the  sum  of  the  areas  of  the  ovals  of  the  Cartesian  S2  -  L  =  0  is 
equal  to  double  the  area  of  the  circle  S. 

7.  The  equations  U=  0,  V  =  0,  L  =  0  represent  two  ellipses  and  a  line, 
respectively.  If  the  quartic  curve  cW-  L  =  0  consists  of  two  ovals,  one 
wholly  within  the  other,  show  that  the  sum  of  the  areas  of  these  ovals  is  equal 
to  the  sum  of  the  areas  of  the  ellipses. 

8.  The  extremities  A,  B  of  a  line  of  given  length  move  on  curves  of  equal 
area  S,  AB  being  supposed  to  return  to  its  original  position  after  a  complete 
revolution.  If  2  is  the  area  of  the  curve  described  by  a  point  Poi  the  line  AB, 
show  that  S  -  2  is  equal  to  the  area  of  the  ellipse  whose  semiaxes  are  AP,  PB. 

9.  If  the  extremities  A,  B  of  a  line  of  given  length  return  to  their  original 
positions  on  certain  closed  curves  without  completing  circuits,  while  the  line 
AB  itself  makes  a  complete  revolution,  show  that  the  area  of  the  curve  described 
by  a  point  P  of  the  line  AB  is  equal  to  the  area  of  the  ellipse  whose  semiaxes 
are  AP,  PB. 

10.  Tangents  to  a  closed  oval  curve  intersect  at  right  angles  in  a  point  P; 
show  that  the  whole  area  between  the  locus  of  P  and  the  given  curve  is  equal 
to  half  the  area  of  the  curve  formed  by  drawing  through  a  fixed  point  a  radius 
vector  parallel  to  either  of  the  tangents  and  equal  to  the  chord  of  contact. 

11.  A  line  of  given  length  k  moves  with  its  ends  A,  B  on  a  given  closed 
curve ;  if  0  is  its  point  of  contact  with  its  envelope,  show  that 

f2ir 
OAd<p  =  wk, 
.  o 

where  <p  is  the  angle  which  AB  makes  with  a  fixed  line. 

12.  A  chord  AB  of  the  curve 

r2  =  a2  cos2  6  +  b2  sin2  0 

subtends  a  right  angle  at  the  origin ;  show  that  the  locus  of  the  middle  point  of 
AB  divides  the  area  of  the  given  curve  into  two  equal  parts. 
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172.  It  is  usual,  in  treatises  on  the  Integral  Calculus,  to 
give  some  account  of  the  methods  of  approximating  to  the 
value  of  the  area  enclosed  within  a  given  boundary.  The 
simplest  way  is  to  draw  a  sufficient  number  of  parallel 
ordinates  at  equal  intervals,  and  then  consider  the  curve  as 
coincident  with  the  sides  of  the  polygon  formed  by  joining 
the  extremities  of  the  ordinates.  Hence,  if  h  is  the  common 
internal,  and  y0,  yx> .  . .  yn,  are  the  parallel  ordinates,  the 
area  of  the  polygon  is 

ft liGft  +  y»)  +  y\  +  y%  ♦  .  •  •  +  Vn-x] ; 

for  it  evidently  consists  of  a  number  of  trapeziums  of 
breadth  h.  This,  then,  is  taken  as  the  approximate  ex- 
pression for  the  area  of  the  curve. 

In  order  to  get  a  more  exact  approximation,  we  may 
describe  a  curve  of  the  form 

y  =  a  +  bx  +  ex2  +  .  .  .  +  gxn, 

through  a  certain  number  of  points  on  the  given  curve,  and 
then  consider  the  area  required  as  coincident  with  that  of  the 
curve  whose  equation  we  have  just  written  down. 

If  we  took  n  +  1  points  on  the  given  curve,  we  could 
evidently  completely  determine  a  parabolic  curve  of  the 
degree  n  so  as  to  pass  through  these  points ;  but  as  the 
number  of  the  points  ought  to  be  large,  this  process  would 
in  general  be  too  troublesome.  A  simpler  method  is  to 
break  up  the  system  of  points  into  groups,  through  each  of 
which  we  can  describe  a  parabola  of  lower  degree.  Thus,  if 
we  take  groups  of  three,  the  curve  to  be  described  through 
these  points  is  the  ordinary  parabola 

y  =  a  +  bx  +  cx\ 
2n 
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In  this  case,  if  we  take  the  intermediate  ordinate  as  tho  axis 
of  y,  we  have,  for  the  area  between  the  extreme  ordinal 

rft 

(a  +  bx  +  ex2)  dx  =  2h  (a  +  -j  eh2) ; 


j: 


but  we  have  <y0  =  a  -  bh  +  ch2,     f/i  =  a, 

ft  =  a  +  bh  +  c/r ; 

therefore,  y%  +  y%  =  2iji  +  2c/r-, 

so  that  the  expression  for  the  area  becomes 

i  Hi/o  +  4yi  +  //,). 

If  we  suppose  now  that  the  number  of  points,  n  +  1,  say,  on 
the  curve  is  odd,  and  add  together  the  values  of  the  para- 
bolic areas,  we  get 

I  h  [f/o  +  tfn  +  4(jfi  +  y%  +  •  • " .  +  yn-i) 

+  2  (t/2  +  i/i  +  .  .  .  +  yn_2)  j , 

as  an  approximate  expression  for  the  area  of  the  curve. 

In  the  same  way,  by  making  use  of  parabolae  of  the 
third  or  higher  degrees,  we  should  obtain  closer  approxima- 
tions to  the  value  of  any  given  area. 

Examples. 

1.  If  S  is  the  sectorial  area  of  the  curve 


)Out  the  origin,  we  find 

0s*  (D=- 

mab  f  .         .. —  , 
S  =  — -      It  -  P)  "  dt, 
'hi    ) 

y  putting 

m                                         m 

x  =  al',)     y  =  b(l-t)". 
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Hence,  if  n  =  1,  S  is  algebraic ;  and  if  n  =  2,  it  depends  upon  the  elementary 
integrals. 

2.  If  S  is  the  sectorial  area  of  the  curve 

(;)"*©•-  '• 

show  that  S  =  °—  \{m  +  {n-  m)t}(l  -  ty-H^dt, 

where    x  =  atm. 

3.  Show  that  the  whole  area  between  two  branches  of  the  curve 

f  («2  -  x*)  (x*  -  b*)  -cKv*  =  0 
and  the  lines  x  =  a,     x  =  b,     is  ire1. 

4.  Show  that  the  whole  area  of  the  curve 

x^y-  -  (an  -  xn)  (xn  -  b")  =  0 


7T      /     "  »\-i 

is  —  [a*  -  oa  )  . 

4m  V  / 

5.  Show  that  the  whole  area  between  the  curve 

f~  (a  -  x)  (x-P)-  (e2  +  m^x-f  =  0, 
and  the  asymptotes  x  =  a,     x  =  /3, 

is  ■    J  M*  (3a2  +  3£2  +  2a#)  +  8c2 1 . 

6.  Show  that  the  whole  area  between  the  curve 

y2(an  -  X")  (X*-  0»)  -  tfx1*-*  =  0 
and  the  lines  x  =  a,     x  =  b,     is  27r&2/«. 

7.  Show  that  the  whole  area  between  the  curve 

xiyz{a  —  x)(x  -  b)  —  c6  =  0 
2tiy?3 


and  the  lines  x  =  a,    x  =  0,    is 


V(*0)' 


8.  If  a  curve  be  such  that  the  length  of  the  tangent,  measured  from  the 
point  of  contact  to  a  fixed  line,  is  constant,  a  say ;  show  that  a  portion  of  its 
area  is  equal  to  that  of  a  circle  of  radius  a. 
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Show  also  that  the  entire  area  "between  the  infinite  branches  is  equal  to  the 
entire  area  of  the  circle. 

9.  If  x,  y  are  the  co-ordinates  of  a  point  on  a  closed  curve,  and  ds  the 
element  of  the  arc,  show  that  the  entire  area  of  the  curve  is  equal  to  the 
integral 

J  ~dJds 

taken  throughout  the  entire  perimeter. 

10.  Show  that  the  area  of  a  loop  of  the  curve 


rm  —  nm  ros  m0       ]8       _ 


\    2  in 

'0   ' 


11.  Show  that  the  sectorial  area  of  the  spiral  r-B  =  a-  included  between  the 
radii  vectores  corresponding  to  the  angles   mo,  a    is     «- log  mi/ 2. 

12.  Show  that  the  sectorial  area  of  the  spiral  r  =  aQ  included  between  tlie 
radii  vectores  corresponding  to  the  angles     a  +  &,     a  -  ;8,    La 

13.  If  a  curve  be  given  by  the  equation 

b 

r  =  a  +  - — , 
sin  <p 

where  <p  is  the  angle  which  the  radius  vector  makes  with  the  tangent ;  show 
that,  if  S  is  the  sectorial  area,  measured  from  the  point  for  which  <p  =  7r/2, 

_       b*  ah  ,  <b 

o  =  — ■  cot  <(>  -  —  log  tan     . 

14.  Show  that  the  whole  area  between  the  curve 


i/  =  at  *a 
and  the  axis  of  x  is  ab  vV. 

15.  Show  that  the  whole  area  between  the  curve 

y  =  at  x<i 

and  the  axis  of  x  is  a  vV<r2r. 


\ 
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16.  If  S'  is  the  area  included  between  two  rectangular  radii  vectores  and  the 
Cassinian 

r4  _  2cV2  cos  20  -  £4  =  0, 

and  S  the  area  included  between  the  axes  and  the  curve  ;  show  that 

S'  =  S  +  e2sin0  cos0. 

17.  If  two  radii  vectores  of  the  Cassinian 

r4-2c2r2cos20-£4=O 

be  drawn,  corresponding  to  two  roots  of  the  equation 

V(c4  +  A4)  cos  40  =  c2  sin  20  ; 

show  that  the  area  included  between  them  and  the  curve  is  equal  to  that  be- 
tween the  axes  and  the  curve. 

18.  If  a  unicursal  curve  of  the  nth  degree  be  touched  by  the  line"at  infinity 
in  n  consecutive  points,  show  that  its  area  can  be  always  expressed  algebrai- 
cally. 

19.  Show  that  the  sectorial  area  bounded  by  two  radii  vectores  r,  r  of  the 
parabola  r*  cos^0  =  ml,  and  the  curve  is  equal  to 


m*  j  (r  +  r'  +  S\  I     fr  +  r  -  5\  1 1 


where  5  is  the  chord  of  the  arc. 

20.  If  S  is  the  area  between  a  closed  curve  and  the  envelope  of  a  line 
making  a  constant  angle  o  with  it,  and  S'  is  the  area  between  the  same  curve 
and  its  evolute,  show  that  8=  S'  sin2  a. 

21.  A  curve  of  the  nth  degree  has  n  conchoidal  asymptotes  (that  is,  is  such 
that  all  of  its  intersections  with  the  line  of  infinity  are  points  of  inflexion). 
Show  that  the  algebraic  sum  of  the  areas  included  between  two  lines,  the  curve, 
and  its  asymptotes,  is  equal  to  zero. 

22.  Show  that  the  area  of  a  loop  of  the  curve  rm  =  am  cos  md,  and  that  of  the 
pedal  with  regard  to  the  origin,  are  in  a  constant  numerical  ratio. 

23.  To  prove  Kempe's  theorem,  namely  :  If  one  plane  slide  upon  another 
and  return  to  its  original  position,  the  locus  of  points  in  the  moving  plane 
which  describe  curves  of  equal  area  is  a  circle. 
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To  prove  this,  let  x,  y ;  a,  fS,  be  two  points  in  the  moving  plane,  and  let 
x',  y'  be  the  co-ordinates  of  x,  y  with  regard  to  rectangular  axes  passing  through 
a,  )8,  an  1  fixed  in  the  moving  plane,  then  we  may  write 

x  =  a  +  xf  cos  <p  +  y  sin  <p,     y  =  £  +  x'  sin  </>  -  y'  cos  <py 

where  <f>  is  the  angle  between  the  axes  x'y'  and  xy.     Hence  we  have 

xdy  -  ydx  =  adfi  -  &da  +  (dfi  +  ad<p)  (x  cos  <p  f  y  sin  <p) 

-  (da  -  pd<p)  (x'  sin  <p  -  y  cos  <J>)  +  (x"z  +  yn-)  d<p. 

If  the  body  therefore  return  to  its  original  position  after  making  n  revolu- 
tions, we  get,  by  integration,  an  expression  of  the  form 

2S  =  25'  +  Lx'  +  My'  +  2nir  (x*  +  ?/2), 

where  S,  S'  are  the  areas  described  by  x,  y  and  o,  )8,  respectively.  If  we  take 
the  origin  at  the  centre  of  the  circle  we  must  have  L  =  M=  0,  and  we  see  thus 
that  the  circles  obtained  by  varying  the  constant  S  are  all  concentric. 

24.  In  the  same  case  as  in  the  preceding  example,  all  lines  which  envelope 
roulettes  of  the  same  area  are  tangents  to  the  same  conic. 

To  prove  this,  x'  cos  <a  +  y'  sin  w  —  7j  =  0  obviously  represents  any  lino 
rigidly  connected  with  the  axes  x,  y',  if  tx  and  u>  are  given.  Putting  then  for 
x',  y'  in  terms  of  x,  y  from  the  preceding  example,  this  line  becomes 

(x  -  a)  cos  (<p  —  w)  +  (y  —  /3)  sin  (<£  —  u)  —  zs  =  0. 

Hence,  if  p  is  the  perpendicular  from  the  origin, 

p  =  a  cos  (<p  -  »)  +  j8  sin  (<£-«)  +  w, 

i  dP  •     /  \       n         r  v       d*  ,  \      *&   •     ,  v 

and        q  —  —  =  -  a  sin  [<p  -  a)  +  j8  cos  (<p  -  a)  +  —  cos  (<p  -  w)  +  —  sin  (<£  -  «), 


so  that  if  S  is  the  area  of  the  envelope,  we  get  from  (32),  a  result  of  the  form 

r 

3 1 


f  2«7T 

25=  (p'i-qi)du}=  CCT2  +  2^(C7cosco+i?'sina>) 


+  A  cos2  a  +  B  sin2w  +  2J2"sin  a>  cos  co, 

which,  if  S  is  a  constant,  is  known  to  be  the  condition  that  the  line  should  touch 
a  conic. 

25.  Show  that  all  the  conies  in  the  preceding  example  corresponding  to  dif- 
ferent values  of  S  are  confojal,  and  that  their  common  centre  coincides  with 
the  centre  of  Kempe's  circles. — (Mr.  W.  S.  M'Cay.) 
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CHAPTER  VIII. 

RECTIFICATION   OF   PLANE   CURVES. 

173.  In  this  chapter  we  consider  the  rectification  of 
curves,  that  is,  the  finding  of  their  lengths,  the  word  recti- 
fication having  reference  to  the  determination  of  a  portion 
of  a  right  line  equal  in  length  to  an  arc  of  a  given  curve. 

In  every  case  we  may  consider  an  element  of  the  curve 
as  coinciding  in  the  limit  with  the  right  line  joining  two 
consecutive  points  when  the  distance  between  these  points  is 
indefinitely  diminished.  Hence,  in  rectangular  Cartesian  co- 
ordinates, since  the  length  of  the  line  joining  the  point  xy  y 
to  the  consecutive  point    x  +  dx,     y  +  dy  is 

^/(dx2  +  dif), 
we  may  write 

da  -  </ '  (dx2  +  dy2), 

where  s  is  the  length  of  the  curve  measured  from  a  fixed 
point  on  it. 

Integrating,  then,  we  get 


s  = 


i.ffifl*  m 


where  y  is  supposed  to  be  expressed  in  terms  of  x ;  but  if  x  is 
given  as  a  function  of  y,  the  formula  to  be  used  is 


s  = 


1 1  ,  (±W 


i  1  +   -r  }\dy. 
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More  generally,  if  x  and  y  are  both  given  as  functions  of 
another  variable  0,  we  have 

If  the   axes  of  co-ordinates   were   oblique,   containing   an 
angle  w,  instead  (1)  we  should  have 


8  = 


fJK§)"^«~ih    * 


and  similar  formulae  in  the  other  cases. 

In  all  the  preceding  integrals  the  limits  of  the  indepen- 
dent variable  must,  of  course,  correspond  to  the  extremities 
of  the  arc  whose  length  is  sought. 

174.  The  simplest  curve  to  which  (1)  can  be  applied  is, 
perhaps,  the  circle.     In  this  case  we  have 

x"  +  y2  =  a~,     whence     y  =  »/ (a~  -  x2), 
and 

(4) 


dx     y/(a*  —  x*f 

Hence 


dx  .    .  x 


=  sm 


-i 


if  the  arc  is  supposed  to  be  measured  from  the  axis  of  y. 
Or  thus :  putting 

x  =  a  cos  9,    y  =  a  sin  0, 
we  get,  from  (2), 

s  =  j  adO  =  a9, 
as  we  know  already. 
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175.  Proceeding  now  to  the  case  of  the  parabola,  which 
we  write  in  the  form    if  =  4  aa?, 

dx       // 
we  have  -7-  =  ?r-» 

and,  therefore,  6'  =      /  j  1  +  ~ - !  o?y 

*•  V  +  4  ««)  +  8     te  +  s^ii^},      (5) 


4  «  (  2  a 

if  the  arc  be  measured  from  the  vertex  of  the  curve. 

It  may  be  observed  that  the  first  part  of  this  expression 
for  s,  namely, 

i  Vkf  *  *-), 

is  equal  to  the  length  of  the  tangent  measured  from  the  point 
of  contact  to  the  axis  of  y,  so  that  the  difference  of  the  arc 
and  this  portion  of  the  tangent  is  represented  by  a  pure 
logarithmic  function. 

176.  Proceeding  to  the  case  of  the  ellipse,  we  may  take 

x  =  a  sin  $, 
if  the  curve  is  supposed  to  be  written  in  the  usual  form, 

We  have  then  y  =  b  cos  cp} 

and  (  —  )  =  a1  cotrr/;  +  b2  sin2^.    , 
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Hence,  if  we  measure  the  arc  from  the  extremity  of  the  axis 
minor,  we  have 

8  m  f  1/  (rr  cos*  (j>  +  b-  sin2  <p)  dtp  =  aE  (<p) ,  (6) 

where  the  modulus  of  the  elliptic  integral  is  equal  to  the 
eccentricity  of  the  ellipse. 

If  we  integrate  between  the  limits  2ir  and  0,  we  find 
that  the  whole  perimeter  of  the  ellipse  is  equal  to  4«L\ 

177.  In  the  case  of  the  hyperbola, 


--^-1=0 
cr      V 


we  may  take        x  =  a  cosec  <p,     y  =  b  cot  <f>. 

We  have  then 

'flfeV      AfoV      (dt/\x      «~cos:<l>         b" 
dtyj  "  \tl<pj       \d(p)         sin4^>        sin4^' 
therefore 


6-  = 


sin  ([) 


where  we  take  the  negative  sign  for  conveDience.     Hence, 
integrating  by  parts,  we  obtain 


s  -  cot  (p  <y  (b~  4  (C  cos3  <p)  + 


rr  cos2  <pd<p 


y/(b*  +  a*  coa2(p) 
=  c  cot  0A(^)  +  c{E(<p)  -  PJEfo)} 

-c(H-k'*K),  (7) 

where  a8  +  b~  =  c'\     a  =  he, 
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and  the  constant  is  taken  so  that  8  vanishes  at  the  vertex  of 
the  curve. 

This  is,  however,  not  the  best  method  of  rectifying  the 
hyperbola.  We  shall  obtain  a  simpler  expression  further  on 
by  means  of  a  different  formula. 

Since  the  arcs  of  the  conic  sections  are  thus  expressible 
by  means  of  the  elliptic  integrals  of  the  first  and  second 
kinds,  we  see,  by  the  comparison  theory  of  these  functions, 
that  there  ought  to  be  certain  relations  connecting  the  arcs 
with  the  lengths  of  lines.  These  relations  are  most  readily 
obtained  geometrically ;  and  to  their  consideration  we  pro- 
pose to  devote  a  subsequent  part  of  this  chapter. 

178.  As  an  example  of  a  curve  of  the  third  degree,  let  us 
consider  the  cissoid 

(a  -  x)\f  =  cc3. 


We  have  then 


whence 


x* 


y  = 


\/  {a  -  op)  ' 
dy      (Ba  -  2x)^/x 


dx  2  (a  -  xfl 

Therefore,  from  (1)  we  get 

1  + 


s  = 


Putting,  then, 
we  have 

whence 


4 (a  -  x)*  ) 

4a  -  3x  =  (a  -  x)z\ 

3; 


y/(4a-3z)  . 
-  dx 


(«-■<■) 


a 


—  -^ 


a  -  x 
dx        2zdz 


a 


x 


;2-3  ' 
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so  that  we  get 


2    v\  a  -  x     a  -  x 


7^3 


Now,  if  the  arc  be  measured  from  the  origin,  since  x  =  0, 
and  therefore  s  =  2  for  this  point,  we  get 

Cr-«v/31og(2+v/3)-2a. 

Suppose  we  take  x  nearly  equal  to  a,  which  obviously  corre- 
sponds to  a  point  at  a  great  distance  from  the  origin,  Ave  have 

a  =  (a  -  ar)z~, 

and  from  the  equation  of  the  curve 

(a  -  x)if  =  a'\ 

approximately.  Hence  az  =  y;  and  from  (8),  putting  x  =  a, 
or  z  =  cc  ,  we  get  ultimately  s  -  y  =  C.  But  when  x  =  a, 
y  is  evidently  the  length  of  the  asymptote  measured  from 
the  axis  of  x>  so  that  we  deduce  the  following  result :  — The 
difference  between  the  whole  length  of  the  cissoid 

(a  -  x)if  =  xz     and  its  asymptote     x  =  a 

is  a  finite  quantify  equal  to 

2a</3log(2  +  >/3)-  4a. 

179.  Again,  as  a  further  example,  let  us  take  the  semi- 
cubical  parabola,  which  we  write  in  the  form 

9ay2  =  4.r\ 


RECTIFICATION  OF  PLANE  CURVES. 


293 


We  have   hen 

2   a* 
o  v  0 

whence 

„ 

dx          2 

therefore  s  = 

(a 

+  a?)* 

a/ a      Sy/a 

{(a  +  x)l-  al], 


if  the  arc  is  measured  from  the  origin. 


Examples. 

1.  The  axes  of  co-ordinates  being  supposed  to  contain  an  angle  co,  show  that 
the  arc  of  the  curve  9ay-  =  4x*,  measured  from  the  origin,  is  equal  to 

bA,  rf  „    .  .  „  ,      ( 9  +  cos  w  +  A ) 

—  (20-  +  20  cos  w  +  2  -  3  cos-  a)  -  a  sin- «  cos  w  log  I  — , 

3  (     1  +  cos  w     ) 

where  a;  =  80*,     A  =  V(l  +  02  +  20  cos  «). 

2.  If  the  arc  s  of  the  cubic  3#2?/  =  x'A  be  measured  from  the  origin,  show 
that  3s  =  t  +  a.F*(0), 

where  t  is  the  length  of  the  tangent  measured  to  the  axis  of  y,  and 

x  =  a  tan  \9,     k"1  =  \. 

3.  If  s  is  the  arc  of  the  curve  icfiy  =  x*  measured  from  the  origin,  show  that 

dx 


4s  =  t  +  3a4 


rx       dx 


where  t  is  the  length  of  the  tangent  measured  to  the  axis  of  y. 

4.  Show  that  the  arc  of  the  curve  ay'6  =  #*,  where  the  axes  are  oblique,  can 
be  expressed  by  means  of  algebraic  and  logarithmic  expressions. 

5.  Show  that  the  arc  of  the  curve 


is  equal  to 


{2x  +  <z)3  =  27a{x2  +  t/2) 

(ix  +  ba)  I 8x+  a]^ 
~12        \~^~)  ' 
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if  it  be  Measured  from  the  point 

y  =  0,     8.f  =  —  a . 

6.  Show  that  the  are  of  the  curve 

« 


©+®-- 


measured  from  the  point  x  =  a,     y  =  0, 

«3  —  (a2  cos2<£  +  U1  sin- <£); 


is 


a2-  A* 


where  #  =  rtC0s3</>,     y  =  £  sin3<£. 

7.  Show  that  the  are  of  the  curve 

a  J  +  /7s  «-  „?, 
measured  from  the  point 

*  =  y  =  «/4V2, 

is        --  cos  20  V(l  +  3  cos2  20)  +  — ^-  log  {/3  cos  25  +  V'£l  +  3  cos2  20) } , 
15  I6V3 

where  a:  =  a  cos50. 

8.  To  find  the  length  of  the  curve 

Sa2  y2  =  x°- {a°- -  x°-), 

we  put  x  =  a  sin  0. 

We  get  then  2y  v'2  =  a  sin  0  cos  0  ; 

hence  (^rY  =  «2sin20  +  ^-  cos2  28  =  %  (2  +  cos  202), 

and  s  =  -^-     (2  +  cos  20)  dd  =  — —  (20  +  sin  0  cos  0), 

2  V2  J  2  V2 

the  arc  being  measured  from  the  origin.     "We  thus  find  that  the  perimeter  of 
one  of  the  loops  is  wa/V2. 

9.  Let  8  be  the  arc  of  the  curve 


then  wo  find 


2(««  -  1)  -  =  n(.v»  +  ar»)  -  st"  +  *"  : 


*  "  2  J-  1)  {"  ('"'  "  "*"")  "  r"  "  'r""}  +  C' 
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If  n2  <  1,  we  may  take  C  =  0,  if  s  is  measured  from  the  origin;  but  if 
«2  >  1,  we  have  0—  1  (ir  —  1),  if  s  is  measured  from  the  point  x  =  1,  that  is, 
one  of  the  points  at  which  the  tangent  is  parallel  to  the  axis  of  x. 

10.  If  the  arc  s  of  the  cubic  2>x2  =  y(y  -  l)2  be  measured  from  the  origin, 

4 
show  that  s2  =  z~  +  -  y1. 

o 

1 1 .  Show  that  the  arc  of  the  curve 

1  0      a-      1      I 

2y  =  -  x-}  +  ax7- +  -  -r— — 

o  x       3  a;3  +  a 

is  expressible  as  an  algebraic  function  of  x. 

12.  If  a  curve  be  expressed  by  means  of  the  equations 

y  =  log  (1  +  0-),     x  =  2  tan-1  d-d, 

show  that  d  is  the  arc  measured  from  the  origin. 

13.  If  the  arc  8  of  the  catenary 


U  ~  2  V    +  * 
be  measured  from  the  vertex,  show  that 

^  =  y-  -  cl. 

180.  To  find  the  expression  for  the  arc  of  a  curve  in 
polar  co-ordinates,  we  put  r  cos  9,  r  sin  9,  for  x,  ?j,  respec- 
tively, in  the  equation  fife3  =  dx7,  +  chf.     Since  we  have  then 

dx  =  cos  9dr  -  r  sin  9d9,  dy  =  sin  Odr  +  r  cos  9  (19, 

we  obtain  ds2  =  dr2  +  r2d92. 

This  result  is  also  evident  at  once  from  Fig.  13  ;  for  the 
element  of  the  curve  is  the  diagonal  of  a  rectangle  whose 
sides  are  dr,  rdQ. 
Hence  we  get 

'■IJ!"*(S)*!-.«|J!'*(?)*!"-  <9> 

according  as  we  take  0  or  r  as  the  independent  variable. 
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As  an  example,  let  us  consider  a  circle  referred  to  a  point 
on  itself.  Taking  the  tangent  at  the  origin  as  the  initial  line, 
we  have  r  =  2a  sin  6.     Hence,  since 

we  get  s  =  2a  \  d9  =  2ad,  as  we  know  otherwise. 

181.  Again,  let  us  consider  the  lemniscate  r=  a2  cos  29. 
We  have  then 

—jr  =  -  a"  sin  2(1 ; 
(W 


d$ 


hence  «  =  a%    — ^.  =  — =  F($)9  (10) 

J  v/  (cos  26)      ^2 

where  cos  20  =  cos'0,  k'J  =  1/2,   and  the  arc  of  the  loop  is 
measured  from  the  vertex. 


Examples. 

1 .  Show  that  the  formula  for  the  element  of  the  arc  of  a  curve  in  polar  co- 
ordinates can  be  obtained  from  the  expression  for  the  distance  between  two 
points. 

2.  Show  that  the  arc  of  the  curve  rm  =  am  cos  md  is  given  by  the  equation 


■I 


a">  dr 


V(«2"'  —  r2'") 


3.  If  the  arc  «  of  the  cardioid  r*  =  a*  cos  f  0  is  measured  from  the  point  for 
which  0  =  0,  show  that  s2  =  4a(a  -  r). 

4.  Show  that  the  arc  s  of  the  curve, 

a 

r  =  aV(n2  -  1)  +  na  cos  -, 
n 

is  given  by  the  equation 

a 

$  =  nuQ  +  )ia\'(n2 -  1)  sin-. 
n 
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5.  Show  that  an  arc  of  the  curve  r  =  a  sin  n0  is  equal  in  length  to  that  of  an 
ellipse  whose  semiaxes  are  a,  na. 

6.  Show  that  an  arc  of  the  limacon  r  -  a  -f  b  cos  0  is  equal  in  length  to  an 
arc'of  an  ellipse  whose  axes  are  a  +  b,  a-b. 

7'  Show  that  the  length  of  an  arc  of  the  logarithmic  spiral  is  proportional  to 
the  difference  of  the  radii  vectores  of  its  extremities. 

8.  If  the  arc  s  of  the  curve  rd  =  a  be  measured  from  the  point  for  which 
r  =  a,  show  that 

6  '      1  +  V2      ) 

182/We  now  mention  Legendre's  formula  for  the  recti- 
fication of  plane  curves.  In  this  case  the  curve  is  supposed 
to  be  given  as  the  envelope  of  the  line 

x  cos  d)  +  y  sin  w  -  p  =  0, 

and  the  formula  sought  is,  in  fact  (37),  already  arrived  at  in 

Art.  164,  namely, 

d(s  -  q) 

day 
whence  we  get 

s  -  q  =  jpcZto.  (11) 

This  result  is  obviously  of  considerable  use  whenever  the 
relation  between  p  and  <o  assumes  a  simple  form.  It  will 
also  serve  to  give  a  geometrical  representation  of  any  pro- 
posed integral ;  for  if  the  integral  be  brought  to  the  form 
Spdo)  by  some  substitution,  which  can  evidently  be  done  in 
all  cases,  it  is  at  once  represented  by  the  difference  between 
the  arc  and  a  portion  of  the  tangent  belonging  to  a  certain 
curve.  If  then  from  the  proposed  integral  we  have  p  =  <j>((*>), 
the  curve  will  be  defined  by  the  equations 

,x  dp      „ 

x  cos  to  +  y  sin  o>  -  p  =  0,    x  sin  w  -  y  cos  w  +  —  =  0, 

dw 

2p 
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or,  if  we  put  $(w)  for  p  and  solve  for  x  and  y, 

x  =  (j)(w)  cos  u)  -  $'((*))  sin  to, 

y  =  <p(to)  sin  to  +  (f>'(to)  cosw.  (12) 

For  example,,  let  us  consider  the  parabola  referred  to  its 
focus.     We  have  then  p  cos  o>  =  a  ;  hence  we  get 


s  -  q  =  a 


=  a  log  (sec  to  +  tan  a>), 


COS  to 


if  the  arc  be  measured  from  the  vertex  for  which  w  =  0.  This 
result  is  easily  seen  to  be  identical  with  that  already  obtained 
in  Art.  175. 

183.  From  (11)  we  can  readily  deduce  the  known  result 
concerning  the  rectification  of  evolutes,  namely,  that  any 
portion  of  the  arc  of  the  evolute  of  a  given  curve  is  equal  to 
the  difference  of  the  radii  of  curvature  corresponding  to  its 
extremities. 

If  the  given  curve  be  given  as  the  envelope  of  the  line 
x  cos  to  +  y  sin  w  -  p  =  0,  the  evolute  is  the  envelope  of  the 
normal,  namely,  x  sin  w  -  y  cos  w  +  q  =  0.  Hence  for  the  arc 
of  the  evolute,  we  have  from  (11), 


dq 
du) 

d  d 
qdto=  p  +-tt+Cj 

putting  dp/dto  for  q.     Now,  if  p  is  the  radius  of  the  given 

curve, 

P  = 

d-s             d ']) 

Tito  ~p*d&; 

hence  the  result  stated  above  follows  at  once. 
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184.  We  have  already  noticed,  in  Art.  160,  how  we  may 
generate  from  a  given  curve  another  curve  called  the  parallel. 
It  is  obtained  by  substituting  p  ±  k  for  p,  and  leaving  w  un- 
altered in  the  relation  between  p  and  <o  for  the  given  curve. 
Hence,  for  its  arc  s'  we  have,  from  (11), 

If  then  s  is  the  arc  of  the  given  curve,  the  difference  s'  -s 
of  corresponding  portions  is  equal  to 

±$kdoj=  ±  k(u>i  —  o>2), 

that  is,  the  difference  of  the  lengths  of  two  corresponding  arcs 
varies  as  the  angle  between  the  tangents  at  the  extremities  of 
either. 

Examples. 

1.  If  a  closed  curve  without  cusps  be  given  as  the  envelope  of  the  line 

x  cos  o>  +  y  sin  co  -  p  =  0, 

show  that  its  entire  perimeter  is  equal  to 


J27T 
pdw. 
o 


2.  Show  that  the  entire  perimeter  of  the  tricuspidal  hypocycloid,  namely, 

the  envelope  of 

x  cos  co  +  y  sin  w  =  b  cos  3co  is  16£. 

3.  Show  that  the  entire  perimeter  of  the  curve  whose  equation  is  given  in 
Ex.  3,  p.  265,  is  ir(a  +  b). 

4.  Show  that  any  integral  whose  differential  is  algebraic  can  be  represented 
by  the  difference  of  the  arc  and  a  portion  of  the  tangent  of  an  algebraic  curve. 

5.  Show  that  tho  rectification  of  the  curves 

can  be  at  once  effected  from  the  fact  that  they  are  the  evolutes  of  known  curves. 
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6.  Show  that  the  entire  perimeter  of  the  central  negative  pedal  of  an  ellipse 
is  4bK,  where  the  modulus  of  the  elliptic  integral  is  equal  to  the  eccentricity  of 
the  ellipse. 

This  readily  follows  from  the  fact  that  the  perimeter  of  the  negative  pedal 

rdd,  where  r,  9 
o 
are  polar  co-ordinates  with  regard  to  the  point. 

7.  Show  that  the  entire  perimeter  of  the  negative  pedal  of  an  ellipse,  with 
regard  to  a  focus,  is  equal  to  2irb. 

8.  Show  that  the  difference  of  the  perimeters  of  a  closed  curve  and  one 
branch  of  a  parallel  curve  is  equal  to  2tt/<;  where  k  is  the  constant  interval  be- 
tween the  curves. 

9.  C  is  a  line  midway  between  two  parallel  lines  A,  B ;  show  that  an  arc 
of  the  curve  touched  by  C  is  equal  to  halt  the  sum  of  corresponding  arcs  of  the 
curves  touched  by  A  and  B. 

185.  We  commence  the  investigation  of  the  geometrical 
properties  of  the  arcs  of  conic  sections  with  the  theorem 
known  as  Fagnani's,  although  it  is  but  a  particular  case 
of  the  more  general  theorem  of  Dr.  Graves. 

Writing  the  equation  of  the  ellipse  referred  to  its  centre 
in  the  usual  manner,  we  have 

p2  ■  a2  cos2  w  +  b2  sin2  w. 

Hence  the  formula  (11)  gives  us 


arc  AP  +  PN  = 


*/  [a2  cos2  <l>  +  b2  sin2  w)dw,      (13) 


where  the  arc  AT  is  measured  from  the  vertex  A,  and  it  is 
to  be  observed  that  the  portion  PN  of  the  tarjgent  is  taken 
with  a  negative  sign. 

But  we  have  already  proved,  in  Art.  176,  that  if  an  arc 
DP"  of  the  curve  be  measured  from  the  vertex  B,  then  we 
have 


arc  BP/  = 


y/{a2co^(p  +  b2  sin2  (j>)  d(f>. 
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It  follows,  hence,  that  if  P,  P'  are  two  points  on  the  curve, 
such  that  the  angle  w,  which  determines  the  position  of  P,  is 


Fig.  29. 

equal  to  the  angle  </>,  which  determines  that  of  P',  these 

angles  belonging  to  different  parametrical  systems,  then  we 

have  the  relation 

arc  BF  -  arc  AP  +  PN, 

or  BP  -  AP*  =  PN.  (14) 

It  may  be  observed  that  the  relation  connecting  the  points 
P,  P'  is  reciprocal,  so  that  we  may  put  P'N'  for  PN;  for, 
if  \p  determines  the  position  of  P  in  the  same  way  as  <p  does 
that  of  P',  we  have  cot  \p  =  b  tan  to/a ;  hence,  from  $  =  w, 

we  get 

cot  (p  cot  \p  =  b/a, 

which  is  symmetrical  with  regard  to  (p  and  \p.  This  result 
is  consistent  with  a  property  of  elliptic  integrals  of  the 
second  kind ;  for  we  proved,  in  the  chapter  on  that  subject, 
that  if 

F(<p)  +  F{$)  =  K; 

then  cot  (j>  cot  \p  =  k\ 

and  ^(0)  +  E($)  =  E  +  h2  sin  $  sin  ^. 

The  latter  relation,  being  written  in  the  form 

aE((f>)  -  a[JE  -  H(\p)}  =  ah2  sin  (j>  sin  \p, 

is  evidently  equivalent  to  (14).     The  mode  of  investigation, 
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however,  which  we  have  adopted  above  has  the  advantage  of 
giving  an  immediate  geometrical  signification  to  the  alge- 
braic part  involved  in  the  comparison  of  the  integrals. 

If  the  points  P,  Pf  coincide  at  Q,  we  have  cot2^  =  b/a, 
and  then 

PN2  =  OQ2-  ON2  =  a2  sin2  0  +  b2  cos2  <p  -  (a2  cos2  tf>  +  b2  sin2  tf>) 

_  (a2-b2)(l-cot2<j>) 

l  +  cot8*  ^     0)' 

Hence  PN  =  a  -  b,  and  the  arc  AB  is  divided  at  the  point 
Q,  so  that  the  difference  of  the  parts  is  equal  to  the  diffe- 
rence of  the  semiaxes. 

It  may  be  observed  that  the  co-ordinates  of  the  point  Q 
are  found  to  be 

X~  ^/(a  +  bY       y~  y/(a  +  b)' 

186.  Applying  the  formula   (11)  to  the  hyperbola,  in 
which  case  we  write  p2  =  a2  cos  w  -  b2  sin2  w,  we  get 

PN  -  arc  AP  =  \    s/  {a2  cos2  w  -  b2  sin2  w)  dw ;      (15) 


N 

Fig.  30. 

for  the  angle  OAN  =  a>  is  measured  on  the  negative  side  of 
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the  axis  OA.     To  reduce  this  expression  to  the  standard 
forms  of  elliptic  integrals,  we  get 

*/  (a2  +  b2)  sin  w  =  a  sin  0. 
We  find,  then, 

arc  AP  =  PN  - 


ck2  cos2  OdO 


A(0) 

=  PN-c{JE(0)-k'2F(e)},         (16) 
where 

^/{ar  +  b2)  =  c,     a  =  kcs     and    PN  =  c  tan  04(0). 

As  we  proceed  along  the  hyperbola  towards  infinity  ON 
diminishes,  and  ultimately  vanishes  when  PN  coincides 
with  the  asymptote.  Also,  when  this  limit  is  reached, 
sin  a)  =  A*,  and,  therefore,  0  =  tt/2.  Hence,  the  difference 
between  the  asymptote  OR  and  the  infinite  hyperbolic  arc 
AR  is  equal  to 


i; 


A(0) 


Examples. 


1.  If  p,  p'  are  the  perpendiculars  ON,  ON',  in  Art.  185,  show  that  their 
product  is  equal  to  the  product  of  the  semiaxes. 

2.  Show  that  the  locus  of  the  intersection  of  the  tangents  at  the  points 
P,  F  is  the  confocal  hyperbola 

=  a  -  b, 

a        b 

and  show  that  this  hyperbola  cuts  the  ellipse  in  the  point  Q. 

3.  Show  that  a  point  Q  can  be  found  on  an  hyperbola,  such  that 

wcAQ  =  l{b  +  \/(a2  +  P)-  67}, 

where  G  is  the  difference  between  the  asymptote  and  the  infinite  hyperbolic  arc 
measured  from  the  vertex. 
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187.  We  now  give  Dr.  Graves's  theorem  on  the  arcs  of 
an  ellipse.  This  theorem  is  the  geometrical  interpretation 
of  the  most  general  form  of  the  comparison  of  elliptic  inte- 
grals of  the  second  kind. 

If  from  any  point  P,  on  the  outer  of  two  confocal  ellipses, 
tangents  PM,  PN  be  drawn  to  the  inner,  the  sum  of  the 


Fig.  31. 


tangents  diminished  by  the  arc  MN  between  the  points  of 
contact  is  a  constant  quantity. 

To  prove  this,  we  first  demonstrate  the  following  result. 
Suppose  a  line  of  length  r  to  move  between  two  curves,  the 
elements  of  whose  arcs  are  ds  and  da,  then 

_       dr  _        dr  . 
dr  =  —ds  +  —  da, 
ds  da 

where  dr/ds,  dr  I  da  are  partial  differential  coefficients;  but 
by  the  Differential  Calculus  we  know  that 

dr  n       dr 

—  =  cos  V,      —  =  cos  6 ; 
ds  da 

where  6,  #  are  the  angles  which  the  line  makes  with  the 
tangents  to  the  two  curves,  respectively. 
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Now,  let  the  line  touch  one  of  the  curves ;  then 
cos  9  =  1  or  -  1, 
and  dr  =  ±  ds  +  cos  Qda,  (18) 

the  sign  depending  on  the  direction  in  which  r  and  s  are 
measured.  Hence,  applying  this  result  to  the  case  we  are 
considering,  and  observing  that  by  a  property  of  confocal 
conies  the  angles  which  PM,  PN  make  with  the  tangent 
at  P  are  equal,  we  have 

dPM  =  d  arc  AM  +  cos  0  dcr, 

dPN  =  -  d  arc  AN  -  cos  <j>  da. 
Hence 

d(PM+  PN)  =  doxoAM-  da,TGAN=  cIsltcMN; 
whence,  by  integration,  we  obtain 

PM  +  PJSf-  arc  MN  =  a  constant,  (19) 

which  was  to  be  proved. 

It  may  be  observed  that  an  exactly  similar  relation  holds 
in  the  case  of  two  confocal  hyperbolae. 

188.  If  one  conic  is  an  ellipse  and  the  other  an  hyper- 
bola, as  in  Fig.  32,  we  have 

dPM  =  d  arc  AM  +  cos  <j>  da, 

dPN  =  -  dure  AN  +  cos  <p  da ; 
therefore 

d{PM-PN)  =da,TGAM+dMGAN 

=  d{avcAK+  KM)  +  d  (sue  AK-  arciVJf ) 

=*  d  arc  KM-  d  arc  NK, 
2  Q 
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where  K  is  the  point  where  the  hyperbolae  meets  the  ellipse. 
Hence,  integrating,  we  get 


Fig.  32. 

PM-PN=  arc  KM  -  arc  NK,  (20) 

as  the  constant  vanishes  when  P  coincides  with  K. 

The  latter  result  is  due  to  Professor  MacCullagh,  and 
it  may  be  added,  that  both  theorems  appear  to  have  been 
obtained  independently  by  Chasles. 

The  relation  (20)  still  holds  if  the  tangents  be  drawn 
from  a  point  on  an  ellipse  to  a  confocal  hyperbola,  provided 
the  tangents  touch  the  same  branch  of  the  hyperbola,  as 
can  be  proved  in  an  exactly  similar  manner. 

189.  From  the  theory  of  elliptic  integrals,  it  follows  at 
once  from  the  preceding  results,  that  if  we  put 


u  = 


dcj) 


0  -/(l-e2sina0) 


=  F(f), 


where  $  has  the  same  value  as  in  Art.  176 ;  then  the  tangents 
whose  parameters  are  ui9  u2  intersect  on  a  confocal  ellipse,  if 
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th  -  tiz  is  given,  and  on  a  confocal  hyperbola,  if  uv  +  uz  is 
given. 

We  can  hence  easily  express  the  quantities  u%  ±  u2  in 
terms  of  the  principal  semiaxes  ^u,  v  of  the  confocal  conies 
which  pass  through  a  point.  Taking  the  vertex  A'  in 
Fig.  31  as  a  particular  position  of  P,  we  have  ih  =  -  tli9  and, 
therefore, 

%l\  —  U2  • 

sn  — ^r—  =  sin  <{>, 

where  <p  belongs  to  the  point  of  contact  of  a  tangent  drawn 
from  A\  But,  putting  y  =  0  in  the  equation  of  this  tangent, 
namely, 

x  II 

-  sin  6  +  T  cos  6  -  1  =  0, 
a        r      o        T 

we  get  n  sin  0  -  «,  observing  that  x  is  then  equal  to  fi. 
Again,  in  Fig.  32,  letting  P  coincide  with  K,  we  get 

Mi  +  u%       .     , 

sn  — - —  =  sin  xp, 

where  \f*  is  the  parameter  belonging  to  K.     But 

a  sin  \L  =  x,     and     ex  -  «v  ; 
therefore  csinxp  =  v,    where     FF'  =  2c. 

We  thus  have,  finally, 

th  -  th     a  ux  +  %h      v  ,ft 

sn^-%-  sn-— =  ?        (2i) 

190.  In  connection  with  this  subject,  we  may  notice  that 
Chasles  has  given  some  interesting  results  connecting  circles 
with  arcs  whose  difference  is  rectifiable, 
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Let  P,  P'  be  two  points  on  a  confocal  conic,  as  in 
Fig.  31  or  Fig.  32  ;  then  the  four  tangents  drawn  to  the 
given  curve  from  these  points  are  all  touched  by  the  same 
circle ;  for  if  R  is  the  intersection  of  the  tangents  to  the 
confocal  at  P,  P',  it  is  easily  shown  that  the  perpendiculars 
from  It  on  the  four  tangents  are  all  equal ;  in  fact,  two  of 
the  perpendiculars  are  each  equal  to  PR  sin  </>,  and  the  other 
two  to  P'R  sin  </>';  but  the  tangents  PR,  PrR  are  proportional 
to  the  parallel  diameters,  and  sin  $,  sin  ^'  (see  Salmon's 
Conies,  Art.  189),  are  inversely  proportional  to  the  same 
quantities.  Hence  we  see  that  the  tangents  at  the  extremi- 
ties of  two  arcs  of  a  conic,  whose  difference  is  recti fiable,  are 
all  touched  by  the  same  circle. 


Fig.  33. 

If  we  suppose  two  of  the  tangents  to  coincide,  the  circle 
will  touch  the  conic,  and  we  arrive  at  the  following  theorem 
of  Chasles.  If  a  circle  be  described  to  touch  a  conic  and 
two  of  its  tangents  PM,  PN,  the  point  of  contact  K  divides 
the  arc  MN  into  two  parts,  whose  difference  is  equal  to  the 
difference  of  the  tangents  PM,  PJV. 

191.  We  may  notice  here  the  application  of  Landen's 
transformation  in  elliptic  integrals  to  the  arcs  of  conies. 
We  have  proved  already,  in  Art.  96,  that  if 

A3  =  4k/  (1  +  k)\  sin  {2<p  -  0)  =  k  sin  0 ; 
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then        k'2Fk{6)  =  2Ek  (0)  -2(l  +  k)  Ex{<j>)  +  2k  sin  0. 
Hence,  in  the  same  case,  we  have 

c  tan  6 A  (0)  -  cEk  (0)  +  ck'2Fk  (0) 
=  cEk  (0)  -  2c  (1  +  k)  EK  (0)  +  c  tan  0A(0)  +  2ck  sin  0.     (22) 

Now,  the  expression  on  the  left-hand  side  of  this  equa- 
tion is,  from  Art.  186,  the  value  of  a  hyperbolic  arc,  and 
Ek(6),  EK((j))  are  each  equal  to  the  arcs  of  certain  ellipses; 
so  that  we  see,  from  (22),  that  an  arc  of  a  hyperbola  can  be 
expressed  by  the  arcs  of  two  ellipses  and  a  portion  of  a  right 
line. 

Putting  <j>  =  7r/2,  and,  therefore,  0  =  7r,  the  left-hand 
side  of  (22)  becomes  equal  to  double  the  difference  between 
the  asymptote  and  the  infinite  hyperbolic  arc,  and  the  right- 
hand  side  is  then 

2cEk-2c{l  +  k)E?,. 

We  thus  easily  find  that  the  difference  we  have  just  men- 
tioned is  equal  to  the  difference  of  the  quadrants  of  two 
ellipses  whose  semiaxes  are  c(l  +  k),  c(l  -k),  and  c,  ckf, 
respectively. 

Examples. 

1.  Show  that  the  point  which  divides  an  elliptic  quadrant  into  parts,  whose 
difference  is  equal  to  that  of  the  semiaxes,  can  he  found  at  once  from 
MacCullagh's  theorem. 

2.  If  I  denote  the  sum  of  the  arc  and  tangent  of  an  ellipse,  measured  to  a 
point  P,  show  that 


-.JS3)**J(£?)' 


where  (x,  v  are  elliptic  co-ordinates — namely,  the  principal  semiaxes  of  the 
confocal  conies  passing  through  P,  and  fx  =  a  is  the  given  curve.  Hence 
ohtain  the  differential  equation  of  the  system  of  involutes  of  a  conic. 


310  RECTIFICATION  OF  PLANE  CURVES. 

3.  Show  that  the  sides  of  a  polygon  of  maximum  perimeter  inscribed  in  a 
conic  all  touch  the  same  confocal  conic. 

4.  If  n  —  1  vertices  of  a  polygon  of  n  sides  circumscribed  about  an  ellipse 
move  on  confocal  ellipses,  show  that  the  nth  vertex  will  also  move  on  a  confocal 
ellipse,  and  that  the  perimeter  of  the  polygon  is  constant. 

5.  If  ds  is  the  element  of  the  arc  of  a  curve,  show  that 


"2=S^+(^H 


where  /*,  v  are  elliptic  co-ordinates. 

6.  If  fx,  v  are  the  elliptic  co-ordinates  of  any  point  on  a  fixed  tangent  to 
the  ellipse  jx  =  a,  show  that 

d/j.  dv 


V{Gu2-02)(/i2-co~)}  -  v{(«2-^)(C2-,/2)} 


=  0. 


7.  "With  the  notation  of  the  preceding  example,  show,  more  generally,  that 
if  the  tangent  be  variable, 

dw  du.  dv 

+ 


V  (a2  -  c2  sin2  w)      V  { {(*  -  a2)  {^  -  c2) }  x  V  { («*  -  v2)  (c2  -  »/2) } ' 

where  x  cos  w  +  y  sin  a>  =  y/(a-  -  c2sin2a>)  is  the  equation  of  the  tangent. 

8.  If  ti  has  the  same  meaning  as  in  Art.  189,  show  that  if  four  tangents  are 
touched  by  the  same  circle,    2*  (  +  ur)  =  4mK,    where  m  is  any  integer. 

Also  show  that  this  result  can  be  deduced  from  the  particular  case  of  Abel's 
theorem,  given  in  Art.  100,  by  expressing  that  a  tangent  of  the  conic  touches  a 
circle,  and  putting,  then,  tan  -|  <p  =  x. 

192.  We  now  proceed  to  show  how  we  may  obtain  the 
arc  of  a  curve,  which  is  known  to  be  the  inverse  of  a  given 
curve  with  regard  to  some  point. 

Taking  the  point  as  origin,  for  the  inverse  curve,  we  put 
k2/r  instead  of  r,  and  leave  6  unaltered.  Hence,  if  ds'  is 
the  element  of  the  arc  of  the  inverse  curve,  we  have 

ds2  =  dt*  +  r'2dQ'2  =  -±  dr2  +  % dO2 

=  -x  (dr  +  rdd2)  =  -jh2. 


RECTIFICATION  OF  PLANE  CURVES. 


311 


Hence 


and 


k2 

els  =  —  ds, 


s  = 


k2ds 


(23) 


If  we  transform  to  rectangular  co-ordinates,  we  get 

where  a,  j3  are  the  co-ordinates  of  the  origin  of  inversion. 

193.  As  an  example,  let  us  consider  the  inverse  of  the 
parabola  y2  -  £mx  =  0,  with  regard  to  the  point  a,  j3. 

Now,  for  any  point  xy  on  the  parabola,  we  may  put 

x  =  w/x2,   y  =  2nifx,  where  fi  is  a  variable  parameter.     We 

have,  then, 

ds2  =  dx2  +  dy2  =  4m2  (1  +  fi2)  dp2. 

Hence  we  get,  from  (24), 

(a  -  ?V)2  +  (0  -  2mM)2'  {     } 

We  see  thus  that  the  arc  of  the  curve  we  are  considering 
is  always  expressible  by  logarithmic  or  circular  functions. 

It  may  be  of  interest  to  effect  the  actual  integration  in 
the  case  in  which  /3  =  0,  namely,  when  the  origin  of  inver- 
sion lies  on  the  axis  of  the  parabola.  We  have,  then,  if  we 
put  ft  =  tan  w, 

2mk2  cos  u)  dio 
(a  cos2  to  -  m  sin"  w)2  +  4nr  sin2  w  cos2  w 

2mk2  d  sin  w 
(a  -  m)  (a  +  3m)  sin4  a>  -  2  (a  -  «»)  (a  +  !tf»*J  sin2w  +  a* 

k2cl  sin  u)    (         2?  Q2        } 

y  [m2  -  ma)  \  1  -p2  sin2  w      1  -  f  sin2  w] ' 


s  = 
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m  -  a  +  2^/(m2  -  ma)  # 
{*/{m  -  a)  +  ^/m\ 


where  p2  = 


3  _  m  -  a  -  2  <y(m2  -  ma) 
Wtm  -  a)  -  VmY 

In  order  that  p2  and  q2  should  be  both  positive  and  real, 
it  is  necessary  that 

a  +  3m  >  0,     m>  a. 

If  this  be  the  case,  we  have,  integrating  and  measuring  the 
arc  from  w  =  0, 

,  k2  {     .      fl+psmto\       ,      /1  +  tfsinw 


2y/{m2-ma){        6\l-^sinwy  \l-qsmwj) 

(26) 

In  particular,  it  may  be  noticed,  that  if  a  =  -  3m,  then 
q  =  0,  and 

/  =      *       log  /3  +  2y/§i8inaA  (27) 

3m  v/2         V3  "  2  V^  sin  wj 

If  a  does  not  lie  within  the  limits  given  above,  the  arc 
will  be  expressible  in  terms  of  a  logarithm  and  a  circular 
function. 

194.  Proceeding  to  the  case  of  the  inverse  of  an  ellipse, 
with  regard  to  the  centre,  we  have,  with  the  substitution  of 
Art.  176, 

k2</(a2  cos2  0  +  b2  sin2  <p ) 


s  = 


#2sin20  +  62cos2</> 


cl$ 


*2(«2  +  62)        _#\  d$ 


a?  sin2  $  +  b2  cos2  <j>        )  ^/  (s2  cos2  <j>  +  W  sin2  f) 

£(^nt«,,) -!*-(*),  (28) 
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where  n  =  {a2  -  b2)/b2,  and  the  modulus  is  equal  to  the 
eccentricity  of  the  ellipse.  Similarly,  for  the  inverse  of 
the  hyperbola,  we  have,  with  the  notation  of  Art.  177, 

-,     ( k2y/(b2  +  a2cos?6)  . 
J       a2  +  b2  cos2  (p 

k2a2  tfja'-V)      \  d(f> 

IF  "  b2(a*  +  b2eos2(t>))  -/(&*  + a2  costy) 

**        m-P^lrMn,*),      (29) 


b2^/(a2  +  b2)     vr/       &V(«3  +  ^) 
where  n  -  -  ft2/  (a2  +  62),     k~a/y/ (a2  +  b2), 

and  the  arc  is  measured  from  the  origin.  More  generally, 
we  may  observe  that  the  arc  of  the  inverse  of  a  conic  section 
with  respect  to  any  point  a,  j3,  can  be  expressed  by  elliptic 
integrals.  Thus,  in  the  case  of  the  ellipse,  we  have,  from 
(24), 

,     f  k2  <v/  («3  cos2  (f+  b2  sin2  $)  dcj> 
J  (a-tf  sin0)2  +  (j3-&cos0)2' 

But  this  integral,  if  we  put 

1  - 12  2t 

cos  6  =  -z — -,    sin  <j>  -  - =, 

r     1  + t2  r     1  +  r 

assumes  a  form  which  is  shown  in  Chapter  V.  to  be  re- 
ducible to  elliptic  integrals. 

195.  If  a  curve  be  given  as  the  envelope  of  the  line 
x  cos  (o  +  y  sin  w  -  p  =  0  ;  then,  since  for  the  given  curve 

ds  _   d2p       .,       2     (dp 

2  k 


«w  Aw2  V  «w  y 
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the  arc  *'  of  the  inverse  curve  is  given  by  the  equation 


6=J 


Hi 


(30) 


This  expression,  therefore,  gives  the  arc  of  the  envelope  of 
the  circle 

p  (x2  +  y2)  -  k2  (x  cos  (i)  +  y  sin  w)  =  0, 

as  we  see  by  inverting  the  equation  of  the  line. 

As  an  example  of  the  use  of  this  formula,  let  us  consider 
the  curve 

{cxf  +  (cyf  =  (x2  +  ff. 

This  curve  is  the  envelope  of  the  circle 

sin  2w  (.r  +  y2)  -  2c  (x  cos  w  +  y  sin  w)  =  0 ; 
so  that  we  may  take 

k  =  c,    p  =  c  sm  w  cos  l,K 
We  liave,  then, 

p  +  -J£  =  -  3c  sin  w  cos  w,   p*  +f  j-  J '-  j  (sin22w  +  4 cos"  2o>) ; 


(id) 

therefore, 


6-    = 


-  12c  sin  to  cos  we/a) 
sin22a>  +  4  cos2  2  w 

Zed  (cos  2w) 
1  +  3  cos2  2  w 


c  \/3  1  q  "  ^anrl  (v^  eos2w), 


if  the  arc  be  measured  from  the  point  for  which  w  =  0,  namely, 

a?  =  c,     ?/  =  0. 
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Examples. 


1 .  A  curve  is  defined  by  the  equations 

in  sin20  ?»sin  20 

*  =  9  +  tan20'    V  =  9  +  tan2  6 ' 

show  that  the  arc  of  the  curve  lying  on  one  side  of  the  axis  of  x  is  bisected 
at  the  point  for  which  sin  0  =  3/4. 

2.  Show  that  the  arc  of  the  inverse  of  a  parabola,  with  regard  to  a  point  on 
itself,  can  be  expressed  by  the  integral 

2F   f  V(l+/j~)dv. 


I 


m     J    (ju-0)2{(At  +  0)2  +  4w2}' 

3.  Show  that  the  arc  of  the  central  inverse  of  a  conic  can  be  expressed  by 
the  integral 

f  a2b2k2  dco 

J    #4  cos-  w  +  £4  sin-  a>     V  («'-  cos-  u>  ±  b2  sin2  <o) ' 

4.  If  s  is  the  arc  of  the  inverse  of  the  ellipse, 

-  +  9-  -  %  m  0, 

(r      b2 
with  regard  to  the  point  (a2  +  b2)  \  c,  0,  show  that 


•-J! 


2a  (a2  +  b2)  h         2a  (a2  +  b2)  sin  <p         \  b"d<\> 


e*(A»  -  <?{sin»       eiJP-iPw&f)  )      V^-^sin2^)' 

where  a2  -b2  =  c2,     h  =  a  {a2  +  3b2)  / e8. 

5.  If  s  is  the  arc  of  the  envelope  of  the  circle 

cos  nu>  (x2  -\-  y2)  -b  (x  cos  «  +  y  sin  a>)  =  0, 


show  that 

b(l  -n2) 


s  = 


f  &_ 


(1  -n2)z2' 
where  z  -  sin  na>, 
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196.  The  inverse  curves  of  a  conic  can  also  be  rectified 
by  considering  them  as  pedals ;  for  we  know  that  the  inverse 
of  a  conic  with  regard  to  a  point  is  the  pedal  of  the  recipro- 
cal conic  with  regard  to  that  point.  Now,  if  s  is  the  arc  of 
the  pedal,  we  have  (see  fig.  22), 

therefore  *  •  /  rdw.  (31) 

Applying  this  result  to  the  case  of  the  ellipse,  we  get 

Cab^/\(a  -  a  sin</>)2  +  (j3  -  bcoscp)2}  d<}>       ,~~ 
"  J  a2  cos2</>  +  If  sin2<£  '     ^     ' 

since  r2  =  (a  -  a  sin</>)2  +  (|3  -  b  cos^)2, 

abdfy 


da)  = 


a2  cosr<f>  +  b2  sin2^' 


197.  Of  more  general  curves  of  the  third  and  fourth 
degree,  the  only  ones  whose  rectification  has  been  considered 
are  the  circular  cubics  and  bicircular  quartics,  namely,  the 
curves  whose  mode  of  generation  has  been  already  given  in 
Art.  150.  An  Italian  mathematician,  Grenocchi,  first  showed 
that  the  arc  of  the  curve  called  the  Cartesian  oval  can  be  ex- 
pressed in  terms  of  arcs  of  three  ellipses;  and,  since  then, 
Dr.  Casey  has  demonstrated,  by  geometrical  considerations, 
that  the  arc  of  the  general  bicircular  quartic  can  be  deter- 
mined linearly  in  terms  of  four  expressions,  each  of  which  is 
reducible  to  elliptic  integrals.  We  propose  to  give  here  a 
slight  account  of  the  latter  result.  If  r,  0  are  polar  co- 
ordinates, we  have 
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but  from  the  mode  of  generation  given  in  Art.  150, 

Hence,  if  ds,  ds'  refer  to  the  points  Q,  P,  respectively,  we 
get  i».  -  \p  +  J  (p'  -  If)  j  S  j-^  +  d»j , 

ds'  =  {P  -  ^{f  -V)W \Jrzn?  +  **) ■ 
We  thus  have 

d{S  +  °  =  V{?-^W  +  {f  "  /")^21, 
d(s  -  t/)  =  2</{dp2  +  (^  -  F~)tfw2)  ; 
whence  we  obtain 


«  +  *'  =  2 


s-s'=2 


The  latter  formula  may  be  written 

«-«'~2J-/(r*-*»)<k,  (35) 

where  Oi?  =  r ;  and  being  applied  then  to  the  case  under 
consideration,  gives  (see  Art.  150), 

ab*/  {(a  -a  cos  $)2  +  (j3  -  b  sin  (f>y-k2}d<f) 


-  *'  =  2 


.<?  -  s 


a2  sin2  0  4-  62  cos2  <£ 


:.    (36) 


which,  by  putting 


COS0 


l-*2 


sin0 


2£ 


1  +  *8'     ~~y     1  +  *2' 
assumes  a  form  reducible  to  elliptic  integrals. 
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It  is  by  means  of  this  result,  and  a  geometrical  property 
of  the  curve,  that  Dr.  Casey  demonstrates  his  theorem.  This 
property  is,  that  the  curve  can  be  generated  in  the  manner 
described  in  Art.  150  in  four  distinct  ways,  the  four  points 
such  as  0  being  the  centres  of  four  mutually  orthogonal 
circles,  with  regard  to  each  of  which  the  curve  is  its  own 
inverse.  Also  the  following  geometrical  theorem  is  required : 
If  any  figure  be  inverted  successively  with  regard  to  four 
mutually  orthogonal  circles,  the  fourth  inversion  will  coin- 
cide with  the  original  figure. 

Suppose  now  that  P  is  a  point  on  the  curve,  Px  its  in- 
verse with  regard  to  the  first  circle,  and  P2  the  inverse  of  Pi 
with  regard  to  the  second  circle,  &c. ;  then,  by  the  second  of 
the  propositions  stated  above,  the  point  P4  coincides  with  P. 
Hence,  if  ds,  dslf  &o.,  correspond  to  the  points  P,  P„  &c, 
respectively,  we  have,  from  (36),  in  which  we  write  the  in- 
tegral in  the  form  2  /  Nd<p, 

8    -*,    =2/^!^!,      \ 

Si  -  s2  =  2  J*  iV2r^2, 
8t  -  s3  =  2  f  Nt(fy%9 

s3  +  s  =  2  j  Nidcpi,    . 


}  (37) 


where  it  is  to  be  observed  that  the  last  arc,  s4  or  s,  is  taken 
with  a  negative  sign,  as,  if  this  were  not  the  case,  we  should 
have,  by  addition,  a  relation  of  the  form  SiV^  =  0,  which, 
it  is  easily  shown,  could  not  exist. 

Hence,  adding  these  results  together,  we  eliminate  slf  s2,  .<?3, 
and  find 

s  =  J  Nxd^x  +  J  JYzdfc  +  j  2V3efy3  +  J  Ntdfa        (38) 
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which  is  Dr.  Casey's  expression  for  the  arc  of  a  bicircular 
quartic. 

198.  If  the  conic  in  Fig.  18  becomes  a  circle,  the  locus 
of  P,  Q  is  a  Cartesian  oval,  and  there  are  then  only  three 
distinct  ways  of  generating  the  curve.  In  this  case  the  third 
inversion  of  a  point  P  is  the  reflexion  of  P  with  regard  to 
the  axis  of  symmetry,  so  that  ds3  =  -  ds.  We  find  thus  that 
the  arc  is  equal  to  the  sum  of  three  expressions  of  the  form 
j  Nd$,  where  N  now  becomes 

\/(a2  +  a2  -  k2  -2a  a  cos^)     by  putting     b  =  a,  j3  =  0. 

But  the  latter  integral  is  equal  to  an  arc  of  an  ellipse,  the 
squares  of  whose  semiaxes  are 

4{(a±ay-k'i}. 

We  see  thus  that  an  arc  of  the  Cartesian  oval  can  be  ex- 
pressed linearly  in  terms  of  the  arcs  of  three  ellipses,  as  was 
stated  above. 

It  may  be  observed  that  the  axes  of  the  ellipses  can  be 
readily  expressed  in  terms  of  lines  connected  with  the  curves. 

Putting  OP  =  /o,    p  =  a  -  a  coso>, 

we  have  (see  Art.  150), 

p2  -  2p  (a  -  a  cos  <i>)  +  k2  =  0 ; 

hence,  if  we  put  w  =  ir  or  0,  we  get,  to  determine  the  points 
A,  B,  C,  D,  where  the  axis  of  symmetry  meets  the  curve, 

p2  -  2p  (a  ±  a)  +  k2  =  0, 

from  which  we  find  AB  and  CD,  say,  equal  to 

2v/{(a  +  a)8-  &},     2/j(a  -  a)2-k2}, 
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respectively.    It  thus  appears  that  the  semiaxes  of  one  of  the 

ellipses  are  the  lengths  AB,  CD.     Hence,  by  symmetry,  we 

infer  that  the  semiaxes  of  the  three  ellipses  are  the  lines 

AB,  CD;  AC,  BD;  AD,  BC,  respectively. 

199.  We  now  consider  in  particular  the  bicircular  quartic 

with  a  centre,  that  is,  the  curve  generated  in  the  case  when 

the  point  0  in  Fig.  18  coincides  with  the  centre  of  the  conic. 

Since  in  this  case 

p2  -  a2  cos2w  +  b2  cos2w, 

the  polar  equation  of  the  curve  is 

r  =  */[a2  cos2w  +  b2  sin2o>)  ±  »/(d2  cos2w  +  b'2  sin2w),     (39) 

where  we  have  put  a2,  b'2  for  a2 -  k2,  b2 -  k2,  respectively. 
It  thus  appears  that  the  quartic  could  be  generated  in 
exactly  the  same  way  from  the  confocal  conic 

^  -  +  -£-•- 1  -  o 

->     +     72  7.2  J-    —    V/, 


a*-p  •  b2  -  # 

the  constant  k2  being  replaced  by  -  A-2.     In  this  case  (36) 
gives 


s  -  s'  =  2ab 
=  2ab  ' 


a1  sin2</>  +  b2  cos20 


a2  +b2-  k2  \  dift 


a2  sin20  +  b2  cos20        )  \/{a2  cos20  +  bri  sin2tf>) 
2a{a~+b2-k2)  „,      s  2ab 

■  '*•(*-»)  n {$h *] " 7W^) m>       m 

where  the   square   of  the    modulus  is     (a2  -  b2)  /  (a2  -  k2), 

n=  (a2-b2)/b2, 

and  k  is  supposed  to  be  less  than  b. 
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Again,  by  means  of  (33),  or  directly  from  (35)  and  the 
second  mode  of  generation,  we  find 

-^i(*t*)^*»m       (4i) 

where  the  square  of  the  modulus  is  (a2  -  b2)ja2, 

»'«  (a2-b2)/(b2-k2), 
and  9  is  the  eccentric  angle  of  the  point  on  the  second  conic, 

namely,  tan20  =  ( -^ — -  )  tan2a>. 

In  the  case  considered,  that  is,  when  /*;  <  b,  it  is  easy  to  see 
that  the  curve  consists  of  two  ovals,  one  wholly  within  the 
other;  but  if  k  is  intermediate  between  a  and  b,  the  two 
ovals  are  external  to  each  other,  and  the  conic  is  a  hyper- 
bola. In  the  latter  case,  of  course,  the  expression  for  the 
sum  of  the  arcs  is  reduced  to  the  standard  forms  in  a  diffe- 
rent way.     The  transformation,  in  fact,  then  is 

tanw  =  Jd^-2Jsin(i;  (42) 

so  that  we  get 

» + t- asH* -  k) (*•-  y))  f ylf r/l^y ,«,,   (43) 

v  { v  ' v  ' '  J  kr  -  b2  +  [a1  -  Ar)  sin20       v     " 

which  can  be  readily  shown  to  depend  upon  elliptic  integrals 
whose  modulus  is  b/a,  and  parameter  [a2  -  k2)  /  (k2  -  b2) . 
If  both  the  generating  conies  are  hyperbolae,  we  have  to 

2s 
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make  use  of  a  transformation  such  as  (42)  in  the  expression 
for  the  difference  of  the  arcs  also. 

200.  An  interesting  particular  case  of  the  curve  con- 
sidered in  the  preceding  Article  is  the  Cassinian  oval  or 
ovals,  some  properties  of  which  we  have  already  given  in 
Arts.  153,  154. 

If  we  clear  (39)  of  radicals,  we  get 

r4  -  2r2{  (2a2  -  h2)  cos2w  +  (2b2  -  k2)  sin?<u}  +  V  =  0 ; 

but  in  order  that  this  should  represent  a  Cassinian,  we  must 
have  the  coefficient  of  r2  proportional  to  cos  2w  ;  hence  we  get 
Jc2  =  a2  +  b2.  But  when  this  relation  is  satisfied,  it  is  easy  to 
see  that  if  the  curve  is  real,  the  generating  conic  must  be  a 
hyperbola.  In  fact  the  two  generating  conies  are  then  the 
hyperbolae 

a2      b2  '     b*      a2      L        ' 

where  we  have  changed  the  sign  of  If. 
We  find  then  from  (33)  and  (34) 


s  = 


abdii) 

+ 


^/  (a2  cos2w  -  b2  sin2a;) 
ab 


ttbil 


<o 


«/  (b2  cos2w  -  a2  sin2w) 


where  a  sm<p  =  b  sin^  =  «/(a2  +  b2)  sinw, 

the  modulus  is  a/^(a2  +  b2), 

and  the  arcs  of  the  oval  are  measured  from  the  points  for 
which  w=  0.     Since  the  curve  may  be  written 

(x2  +  y2  +  a2  -  b2)2  -  4(r/V  -  b2y2)  =  0, 
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we  see  that  b  must  be  greater  than  a,  if 

a2x2  -  b2y2  =  0 

represent  the  real  tangents  drawn  from  the  origin.  Hence, 
if  this  be  the  case,  we  have  for  these  tangents 

sinw  =  ±  a/y/(a2  +  b2) ; 

and,  therefore,  $  =  ±  7r/2. 

But  we  have 

,  2ab        _  .  N 

*/  (a*  +  o1) 

so  that  we  find  that  the  entire  perimeter  of  either  of  the 

ovals  is 

4abK 

Also,  it  may  be  observed  that  the  points  of  contact  of  the 
tangents  from  the  origin  divide  the  oval  into  two  parts,  the 
difference  of  whose  lengths  is  equal  to 

4abK' 


<S(a2+b2)' 

201.  When  the  Cassinian  is  generated  in  the  manner 
considered  in  the  preceding  Article,  it  always  consists  of 
two  ovals  exterior  to  each  other ;  but  we  have  seen  already 
in  Art.  153  that  the  curve  may  consist  of  a  single  oval 
enclosing  the  origin,  in  which  case  its  polar  equation  takes 
the  form 

r4-2cVcos20-Z;4=O. 

The  mode  of  generation  by  means  of  the  two  hyperbolae 
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becomes  then  imaginary,  and  the  rectification  of  the  curve 
must  be  effected  in  a  different  manner,  as  follows : — 
We  have 

r%  =  &  cos  20  +  v/(£4  +  c4  cos2  20), 

which,  by  putting 

ki+cicos220  =  kiz\ 
gives 

f*- *{•  +  •(*-*)}, 

and,  therefore, 

r-^{^(«  +  l)+V(«-l)}. 

Now  we  have 

dr  c2  sin  20 


rdO        v'(&4  +  c4cos220), 
hence 

*.  Hi      f^Yl  r^/ic'+k") 


dO        V  (        \rdOJ  )      «/(/c4  +  c4  cos2  20)  ' 
but 

ojo  =     *!* . 

^{{z'-l^+V-Wz2)}  ' 

so  that  we  get 


&  ky/V  +  U)    ( 


rfz 


2/2      |^{(«-l)f^+*,-»,rf)) 


+ 


-/{(s  +  lX^  +  A;4--*4*8)})' 
which,  by  putting  c4  +  Z;4  =  ¥  sec2  2a,  s  =  sec  2a  cos  20,  gives 

d^  i 


s  m      h      j  r d±_ + 

v/(2  cos  2a)  ( J  v/(cos  2^  -  cos  2a) 


^(008  2^  +  008  20) 


'*■»(*)  **»•(*)),  («) 


2  ^/ COS  2a 
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where  sin  <p  =  sin  a  sin  ^  =  cos  a  sin  i//2, 

and  the  moduli  A,  A'  are  sin  a,  cos  a,  respectively. 

If  we  considered  a  radius  vector  at  right  angles  to  that 
corresponding  to  the  angle  9,  we  should  have 

r2  =  -  &  cos  20  +  «/(#  +  &  cos220), 

and,  proceeding  then  as  above,  we  should  find 

A*/  COS  4a 

Hence  we  have 

^008  2(1  ' 

y^COS  ^a 

Taking  0  =  7r/4,  we  have  0  =  a,  and,  therefore,  \pi=  tt/2, 
so  that  from  the  first  of  these  equations  we  find  that  the 
whole  perimeter  of  the  curve  is 

UK 

y'cos  2a 

The  preceding  results  on  the  rectification  of  the  Cassinian 
were  first  given  by  Serret  (Journal  de  Mathematiques,  t.  viii., 
1843,  p.  145). 

Examples. 

1 .  If  {a2  -  b2)  («2-  h2)  =  &*,  where  2b2  >  a2,  show  that  the  difference  of  two  arcs 
of  the  quartic  (x2  +  y2  +  k2)2  -  4  (a2x2  +  b2y2)  =  0  can  he  expressed  by  an 
elliptic  integral  of  the  first  kind  and  a  circular  function. 

2.  Show  that  the  elliptic  integrals  of  the  third  kind  involved  in  the  expres- 
sion for  the  arc  of  the  quartic 

(x2  +  y2  +  k2)2  -  4  {a2x2  +  b2y2)  =  0 

have  both  their  parameters  circular  or  logarithmic  according  as 

a2  +  b2  is  >  or  <  W-. 
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3.  If  d<r  is  an  element  of  the  arc  of  the  quartie 

r4  _  2r2(a  cos20  +  0  sin20)  +  A*  =  0, 
show  that 

-i 


i )  (a2  -  &4)  cos2  0  +  Q82-F)sin20j 
2(«<*8*0  +  08in'*  +  **) 


*Ji 


(a2  -  ft4)  cos20  +  (j32  -  Z:4)  sin20  ' 
2(acos20  +  j3  sin20  -  k1) 


4.  From  the  preceding  example  show  that  the  expression  for  the  element  d<r 
of  the  arc  of  the  quartie 

f*  -  2r2  (a  cos20  +  j8  sin20)  -  ft4  =  0 
may  he  written 

m  cos  2$  +  n  sin  2</>  )    <fy> 


dff 


-Jfe 


sin  2<£  -  k2  cos  2<£>)  (ft2  cos  2c£>  -  £  sin  2<f>) )  sin  <p' 

where    m  =  |iH  (a  +  0),     M  =  |** (A4  -  oj8),    a  cos20  +  j8  sin20  =  A8  cot  2<£. 

It  may  he  ohserved  that  the  arc  of  the  curve  in  this  case  cannot  he  expressed 
hy  real  elliptic  integrals. 

5.  If  a  bicircular  quartie  have  an  axis  of  symmetry,  show  that  the  arc  of 
the  curve  can  he  found  as  the  sum  of  three  expressions,  each  of  which  can  be 
evaluated  by  means  of  elliptic  integrals. 

6.  If  the  circle  z2  +  y2  -  2az  -  2 fit/  -  (a2  -  b2)  =  0  have  its  centre  on  a  conic 
confocal  with  the  hyperbola 

where  b  >  a,  show  that  it  cuts  off  from  the  Cassinian 

{x2  +  y2)2  -  2  (a2  +  02)  (x2  -  y2)  +  (a2  -  b2)2  =  0 
arcs  whose  sum  or  difference  is  constant. 

202.  It  has  been  a  matter  of  interest  to  mathematicians 
to  discover  algebraic  curves  whose  arcs  can  be  multiplied  or 
divided  algebraically  like  those  of  the  circle.  This  can 
evidently  be  done,  if  the  arc  of  the  curve  is  expressible  as  a 
circular  arc,  a  logarithm,  or  an  elliptic  integral  of  the  first 
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kind,  as  the  multiplication  and  division  of  these  functions 
depend  upon  algebraic  equations.  The  problem  is,  therefore, 
to  find  curves  whose  arcs  can  be  represented  in  the  manner 
just  mentioned. 

In  the  case  in  which  the  arc  is  represented  by  a  circular 
function,  Euler  found  a  series  of  curves  satisfying  this  con- 
dition. These  curves  we  investigate  here  as  follows  : — Since 
the  arc  of  the  circle  is  proportional  to  the  angle  through 
which  the  central  radius  vector  turns,  it  is  hereby  suggested 
to  find  a  curve  whose  arc  varies  as  the  angle  which  the  radius 
vector  makes  with  the  tangent.  Let  this  angle  be  <p ;  then 
we  take  s  =  b<f>.    Now 

dr  =  cos  $  ds  ; 

therefore  dr  =  b  eos(pd<p, 

whence,  by  integration, 

r  =  a  +  b  sin  0. 

Again, 

lfX     dr  ,  b  sin  6  dd> 

dO  =  —  tan  d>  =  _    .       , 

r         r      a  +  b  sin  tf> 

whence,  by  integration,  we  get 

a  .    .  [  b  +  a  sin  6 

*/(a%  -b2)  [a  +  b  sm0 

(see  Ex.  7,  p.  28). 

Hence,  if  we  put  irfb2  =  (m2  -  1)  a2,  we  get 

.    f(p-0\      b  +  a  sin  0  __  ^/(m2  -  1)  -f  m  sin  0  t 

\  m  J     a  +  b  sin  </>      w  +  v/(m2  -  1)  sin  0  '        ^     ' 

but  as  (f>  is  expressed  in  terms  of  r  by  means  of  the  equation 

r  =  a  +  b  sin  ^, 
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it  follows  that  the  curve  will  be  algebraic,  provided  m  is  com- 
mensurable. We  thus  see  that,  corresponding  to  the  different 
values  of  m,  we  have  a  series  of  algebraic  curves  whose  arcs 
are  proportional  to  the  angle  which  the  radius  vector  makes 
with  the  tangent. 

203.  It  may  be  noticed  that  we  can  generate  from  these 
curves  a  yet  more  general  system  whose  arcs  are  expressible 
by  a  circular  function.  For  we  have  seen  in  Art.  184,  that 
the  arc  of  the  parallel  curve  exceeds  that  of  the  given  one  by 
±  Jew ;  so  that  if  s  is  the  arc  of  the  parallel  to  one  of  Euler's 
curves,  we  have 

s  =  b<j)  ±  Jew  =  b  ($  ±  n<jj), 

if  we  take  k  the  constant  interval  equal  to  nb,  where  n  is  a 
commensurable  number.  In  the  parallel  curve  it  is  to  be 
observed  that  (j>  is  not  the  angle  which  the  radius  vector 
makes  with  the  curve.  It  may  be  considered  as  a  parameter 
connected  with  the  radius  vector  r  by  the  equation 

r2  =  h7,  ±  2k  sin  <p(a  +  b  sin  0)  +  (a  +  b  sin  ^)2. 

204.  With  respect  to  curves  whose  arcs  can  be  repre- 
sented by  a  pure  logarithm,  it  may  be  observed  that  we 
have  already  found,  in  Art.  193,  a  curve  of  the  fourth  order, 
whose  arc  is  expressible  in  this  manner.  We  have  also  seen 
that  the  arc  of  a  more  general  curve  of  the  same  kind  is 
equal  to  an  expression  of  the  form  p  log  u  +  q  log  v,  which, 
by  taking  p/q  equal  to  a  commensurable  number,  m/n,  say, 
becomes  proportional  to  log(umvn).  We  thus  have  an  in- 
finite number  of  such  curves  corresponding  to  the  numerical 
values  assigned  to  m  and  ». 

205.  Proceeding  to  the  case  of  the  elliptic  integral  of  the 
first  kind,  we  notice  that  we  have  seen  already,  in  Art.  181, 
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that  the  arc  of  the  lemniscate  is  expressible  by  such  an 
integral,  with  a  modulus  equal  to  l/\/2.  The  arcs  of  this 
curve  are  therefore  capable  of  multiplication  and  division  in 
the  same  manner  as  those  of  the  circle.  As  an  example,  we 
find  that  if  the  equation  of  the  curve  is  r2  =  #2cos20,  then  the 
semiperimeter  of  the  loop  is  bisected  at  a  point  whose  dis- 
tance from  the  pole  is  a</(2%  -  1). 

In  this  connection,  we  may  notice  some  theorems  which 
Chasles  deduced  from  the  fact  that  the  lemniscate  is  the 
inverse  of  an  equilateral  hyperbola  with  regard  to  its  centre. 
First :  to  two  arcs  of  an  equilateral  hyperbola,  whose  diffe- 
rence is  rectifiable,  correspond  two  equal  arcs  of  the  lemnis- 
cate. Again,  if  two  circles  are  drawn  through  the  pole  to 
touch  a  lemniscate  at  the  points  A,  B,  and  another  circle 
be  drawn  to  touch  these  two  circles  and  the  curve,  the  point 
of  contact  of  the  latter  circle  is  the  middle  point  of  the  arc 
AB.  Furthermore  :  the  four  circles  drawn  through  the  pole, 
to  touch  a  lemniscate  at  the  extremities  of  two  equal  arcs, 
are  all  touched  by  the  same  circle. 

The  preceding  results  follow  from  the  properties  of  arcs 
of  conies  already  proved  in  Art.  190,  combined  with  the  fact 
that  the  arc  of  the  lemniscate  is  proportional  to  the  argument 
of  the  elliptic  integral  of  the  second  kind,  which  expresses 
the  arc  of  the  inverse  equilateral  hyperbola. 

206.  We  thus  see,  that  several  interesting  geometrical 
theorems  concerning  arcs  of  the  lemniscate  follow  from  their 
being  equal  to  elliptic  integrals  of  the  first  kind.  But  as  the 
modulus  involved  in  the  arc  of  the  lemniscate  is  particular, 
namely,  1  /  ^/ %  it  becomes  a  matter  of  interest  to  inquire 
whether  there  are  not  other  curves,  whose  arcs  represent 
elliptic  integrals  of  the  first  kind  in  a  more  general  manner. 

2t 
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We  have  seen  already,  in  Arts.  200,  201,  that  the  sum 
or  difference  of  two  arcs  of  the  Cassinian  oval  is  in  each  case 
represented  by  a  pure  elliptic  integral  of  the  first  kind  ;  and 
we  have  thus,  by  means  of  arcs  of  a  curve,  a  complete  geo- 
metrical representation  of  such  an  integral  with  an  arbitrary 
modulus.  But  as  the  integral  is  not  represented  by  an  arc 
measured  from  a  fixed  point,  we  cannot  multiply  or  divide 
algebraically  any  assigned  arc  of  the  curve,  so  that  from 
this  point  of  view  the  Cassinian  oval  cannot  be  considered  a 
solution  of  the  problem. 

207.  The  most  general  solution  of  the  question  under 
consideration  was  given  by  Serret,  who  discovered  a  whole 
series  of  systems  of  algebraic  curves  corresponding  to  certain 
determinate  numerical  values  of  the  modulus.  An  algebraic 
curve,  whose  arc  involves  anarbitrary  modulus,  remains  thus 
to  be  discovered. 

We  investigate  here  merely  one  of  Serret's  systems. 
Let  <p  be  the  angle  which  the  radius  vector  makes  with  the 
curve;  then,  if  we  have  r2  =  b~  +  a2sin0,  it  is  easy  to  see 
that  the  arc  is  expressible  by  an  elliptic  integral  of  the  first 
kind ;  for 

2rdr  =  2r  cos  fyds  =  a?  cos  (j>d<j> ; 

therefore  ds  - 


2  y  {bz  +  a2 sin  <p)' 
from  which  we  get 

where  the  modulus  is 

r/y/2/  y/(az  +  l~),     and     <j>  =  2\p  +  tt/2. 
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We  have  now  to  find  whether  the  equation  r2  =  b2  +  a2  sin  <£ 
can  ever  represent  an  algebraic  curve.     "We  have 

,_     dr.  a2     sirKbdd) 

dO  =  —  tan  (J)  =  —  - — W— ; 
r  2  b2  +  <rsm<£ 


therefore  20  =  $ 


b2d<p 


b2  +  a2sin^ 


b2  .  ^  (62+tf2sin0 

Hence,  if  we  take  m2«4  =  (m2-  1)  &4,  where  m  is  a  commen- 
surable number,  we  have 

.    f(j)-29\      b2  +  a2sm6  ,,„ 

sm =  - — J2  .        ;  (48) 

\    m    J      a-  +  b2sm  $  v     ' 

so  that  we  get  thus  an  infinite  number  of  algebraic  curves 
corresponding  to  the  different  values  assigned  to  m. 

208.  Of  these  curves,  Serret  has  also  given  the  following 
geometrical  mode  of  generation.    With  the  radius  vector  OP 


Fig.  34. 

as  base,  let  a  triangle  be  constructed  whose  sides  MP,  OM 
are  equal  to  ^/(n  +  1),  ^/n,  respectively ;  then,  if 

0  =  na  -  (n  +  1)  [3,  (49) 

where  MOP  =  a,  OPM  =  |3,  the  locus  of  P  is  one  of  Serret's 
elliptic  curves. 
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To  show  that  the  arc  of  this  curve  is  an  elliptic  integral, 
we  have,  writing  for  brevity, 

A=V(-r4+2(2y*  +  l)r2-l}, 

f*  _  1  r2  +  1 

COSa  =  - 7-,     COS/3  =  ~ — rr, 

sma  = 7=,     Sin/3=- - rr-, 

2ty/n  2>V(«  +  1) 

by  the  ordinary  trigonometrical  formulae. 
We  thus  find 

-*■♦«*       ^=-J^l)^;  (50) 

^'  A         r 


da  = 


A 

hence,  from  (49), 

dQ  =  nda  -  (n  +  1)  dS  =  - — , 

from  which  we  get 

*      /  <  i  +  f^YI      I  I  1  +        fr'-gn-l)'       | 

rfr    Vr     W'Vi    V  t        -rl+ 2(2n +1)^-1] 

m  2  y  {»(»  +  !))_  (51) 

We  see  thus  that  the  arc  is  expressible  as  an  elliptic 
integral  of  the  first  kind,  which,  it  may  be  observed,  assumes 
the  standard  form,  if  we  take  the  augle  a  as  the  variable. 
We  have,  from  (50)  and  (51), 

ds      ds  dr      -2v/{n(»  +  l)j     rA 

da      dr  da  A  r2  +  1 

-2y/[»»(»+l))f. 

r2  +  1 
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but  n  +  1  -  n  sm2a  =  1  +       .  9      =       ,  ,      ; 

4r2  4r2 

so  that  we  get 

ds  \/n 


da     ^/(l-k2sm2a)9 
where  k2  =  n/(n  +  1). 


(52) 


209.  We  might  also  consider  these  curves  of  Serret's 
from  a  different  point  of  view,  namely,  as  the  inverses  of 
the  curves  known  as  epitrochoids.  The  epitrochoid  is  the 
locus  of  a  point  rigidly  connected  with  a  circle  which  rolls 
on  the  circumference  of  another ;  and  if  the  origin  be  taken 
at  the  centre  of  the  fixed  circle,  the  co-ordinates  of  any  point 
x,  y  of  the  locus  can  be  expressed  as  follows : — 

x  =  mb  cos0  -  c  cos  mf9    y  =  mb  sin  <(>  -  c  sin  m$.      (53) 

Hence,  for  the  arc  of  the  epitrochoid,  we  have 

AfeV  _  fdx\      fdyV 
\d(j)J    "  \d(j)J       \d(pj 

=  m2  (b  sin  <p  -  c  sin  m$)2  +  m2  (b  cos0  -  c  cos  m<f)2 

=  m2{b2  +  c2-2bccos\P),  (54) 

where  \p  =  (m  -  1)0. 

That  is,  ds  = </(b2  +  c2  -  2bc  cos;//)  dip, 

ul    —    J. 

from  which,  it  may  be  observed,  we  see  that  the  length  of 
the  arc  is  equal  to  that  of  an  ellipse. 
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Now  we  have,  from  (53), 

r2  =  m2b2  +  c2-  2mbc  cos  \p, 

so  that  for  the  arc  s'  of  the  inverse  we  get,  from  (23), 


/  _  **  j.        mk'    V  ^  +  c*  ~  2hc  cos  <M  dlP 

CIS   — 


r  m  -  1     m-  b2  +  &  -  2mbc  cos  i/> 

Ir     ( t         (m  -  1)  (c2  -  mP) 
'1  + 


m  -  1  (        w1  6"  +  c3  -  2mbc  cos  i// 

dip 

*  </(b2  +  c2-2bccosiP)' 

Hence,  if  we  put    \p  =  ir  -  20,    we  obtain 

s'  =  7 iT77 5  *W  +  ,  ^^iVfK  n  ("i  6)>     (55) 

(m  -  1)  (o  +  c)  (c  +  wio)-  (6  +  c) 

where  n  =  -  imbc/  (c  +  mb)2, 

and  the  square  of  the  modulus  is  4bc/(b  +  c)2. 

We  thus  see  that  the  arc  of  the  inverse  curve  represents 
an  elliptic  integral  of  the  third  kind  with  an  arbitrary 
modulus.  The  parameter,  however,  must  be  connected  with 
the  modulus  by  some  numerical  relation  if  the  curve  is  to 
be  algebraic ;  for,  if  A  is  the  modulus,  we  have 

4mA2 
n  =  - 


2\  I  2» 


[m  +  1  +(m- 1)^/(1  -A2)  J 

and  if  the  curve  is  algebraic,  m  must  be  a  commensurable 
quantity. 
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Suppose  we  have  now   c2  =  mb2f  then  the  coefficient  of 
n  (n,  6)  vanishes,  and  we  get 

s  =  T( *'  ..  FK ((9),  (56) 

b(m  -  1)  (y/ m  +  1)       w  v     ' 

where  A2  =  4  ^/m/  (1  +  \/m)2, 

so  that  the  length  of  the  arc  is  then  expressible  by  an  elliptic 
integral  of  the  first  kind. 

We  can  easily  verify  that  in  this  case  the  curves  are  those 
of  Serret.    From  (53)  we  get 

xdy      ydx        ...  _         .        m .  , 

—z 7—  =  rtvW  +  mcr  -  m(m  +  1)  be  cos  \L 

d(f>        d(p  \  /  r 

=  2m2  b2  -  2m*  (m  +  1)  b2  cos  \p, 

•n   .  xdy     ydx     pds 

d(j>       dej)       d(j> ' 

ds  — 

and  —  =  mby/{m +  1-2  </  m  cos  \p} ; 

also  r2  =  m2b2  +  c2  -  2m5c  cos  i/> 

=  m&2  (w  +  1  -  2  \/m  cos  i//)  ; 

so  that  ~  =  r\/m. 

d$        v 

Hence  we  have 

pr^/m  =  2m2 b2  -  (m  +  1)  [m  (m  +  l)b2-  r2} 

=  (m  +  l)r2  -  m  (m2  +  l)b2. 

But  putting  p  =  rsinx,  and  then  substituting  k2/r  for  r, 
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and  leaving  \  unaltered  for  the  inverse  curve,  we  get  a 
relation  of  the  same  form  as  that  which  we  assumed  in 
Art.  207  for  Serret's  curves,  namely, 

§*  =  l2  +  cr  sin  x* 

210.  "We  now  mention  two  very  simple  curves  whose 
arcs  are  expressible  by  elliptic  integrals  of  the  first  kind 
with  numerical  moduli.      If  the  arc  of  the  curve 

rm  =  am  cos  mO 

be  expressed  in  terms  of  ;*,  we  have 

a"  di- 


ds  = 


-v/(«2m-r2w')' 

Hence,  taking  m  =  3,  we  see  that  the  arc  of  the  curve 

r3  =  a3  cos  30 
da 


is  equal  to  — 


^(=3-i)' 


where  r7=a2/z;  but  this  is  an  integral  of  the  first  kind 
whose  reduction  to  the  standard  form  is  given  in  Ex.  2, 
p.  133.     Again,  let    m  =  3/2,     and  we  have 


s  = 


atdr 


v/(a3-r3)' 


which  is  also  an  integral  of  the  first  kind. 

211.  "We  now  give  an  interesting  theorem  of  Eernouilli's 
with  respect  to  the  rectification  of  a  certain  locus.  Let  us 
consider  any  number  n  of  points  on  a  curve  or  on  different 
curves  at  which  the  tangents  are  all  parallel,  and  let  us  take 
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the  locus  of  the  centre  of  mean  position  of  these  points  for 
any  system  of  multiples ;  then  the  arc  of  the  locus  measured 
from  a  properly  selected  point  is  equal  in  length  to  the  mean 
value  for  the  system  of  multiples  of  the  arcs  described  by  the 
points. 

To  prove  this,  let  ah  a>,  .  .  .  an  be  the  system  of  multi- 
ples ;  then  if  xh  yXi  .  .  ,  xn,  yn  are  the  co-ordinates  of  the 
points  on  the  curves,  and  x,  y  are  those  of  the  corresponding 
point  of  the  locus,  we  have 

therefore  -rds'2nar  =  2"rtr  —^dsn 


ds        1  l      ds 


r 


-7-  as  2  a,-  =  2  ar  -7-  dsr. 
ds        l  x       dsr 

(I  Of  (ISp 

are  the  same  for  all  values  of  r9  on  account  of  the  tangents 
being  parallel.     Hence  we  get 

dx         n  dxr          _  \ 

— -  ds  2  ar-~—  2rtr  dsn         1 
ds         l         dsr  I 

j  j  (57) 

—  as  2.  ar  =  ~  2<7r  dsr,         1 
ds         x         dsr  ' 

from  which,  by  squaring,  adding,  and  then  extracting  the 
square  root,  we  obtain 

ds  2*«r  =  2ardsr ;  (58) 

and  this,   by  integration,  evidently  gives  the  result  stated 
above. 

2u 
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It  may  be  observed  that  it  also  follows  from  these  equations 
that  the  tangent  to  the  locus  has  the  same  direction  as  the 
tangents  at  the  points  on  the  generating  curves. 

It  is  shown  in  treatises  on  plane  curves  that  if  we  draw 
all  the  tangents  parallel  to  a  given  direction,  then  the  centre 
of  gravity  of  the  points  of  contact  is  a  fixed  point.  Hence, 
by  the  theorem  of  this  Article,  if  all  the  tangents  of  a  curve 
be  drawn  parallel  to  a  given  direction,  the  sum  of  the  arcual 
distances  of  the  points  of  contact  from  a  given  point  of  the 
curve  is  constant. 

212.  We  now  give  Steiner's  theorem  on  the  rectification 
of  roulettes  which  we  referred  to  in  Art.  164.  If  a  curve 
roll  on  a  right  line,  the  length  of  the  arc  of  the  roulette, 
described  by  a  point  P  invariably  connected  with  the  rolling 
curve  is  equal  to  that  of  the  corresponding  arc  of  the  pedal 
taken  with  regard  to  P. 

We  have  seen  already  in  the  Article  referred  to  that  if 
a?,  y  are  the  co-ordinates  of  P,  then 

dx  -  pdcj,     dy  =  dp  ; 
hence,  we  have 

dx1  +  dif  =  dp'  +  p-  duj\ 

which  is  evidently  equivalent  to  the  statement  just  made,  as 
p,  w  are  the  polar  co-ordinates  of  a  point  on  the  pedal.  From 
this  result  we  may  notice  that  it  follows  that  the  length  of 
the  roulette  described  by  a  focus  of  an  ellipse  rolling  on  a 
right  line  is  equal  to  an  arc  of  the  auxiliary  circle. 

Again,  we  see  that  the  length  of  the  arc  of  the  cycloid  can 
be  obtained  from  that  of  the  cardioid  ;  for  the  latter  curve  is 
the  pedal  of  a  circle  with  regard  to  a  point  on  the  circumfe- 
rence. 
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213.  In  the  motion  of  a  rigid  lamina  in  a  plane,  if  we 
are  given  the  lengths  of  the  envelopes  of  two  lines  of  the 
figure,  we  can  find  the  length  of  the  envelope  of  any  other 
line. 

Let  pi9  p2,  2h  he  the  perpendiculars  from  an  arbitral 
origin  on  three  lines  of  the  figure,  then  we  have 

api  +  bpi  +  cp3  =  2  A,  (59) 

where  a,  b>  c  are  the  sides,  and  A  the  area  of  the  triangle 
formed  by  the  lines.  Hence,  differentiating  twice  with 
regard  to  w,  the  angle  through  which  the  figure  turns,  we 
get 

ad2pi      bd~p2     cd2  p3     rt 
du>2         d(o'z         dwr 

whence,  from  (59),  by  addition,  and  putting 


we  obtain 


dsx  d*pt 

—  tor  pi.  +  -j-T,  &c, 

du)  d(vz 


adsi      bds2     cds3     rt 
T~  +  T~  +  -J-  =  2A- 

Ci(i)  ClU)  ClU) 


Integrating,  then,  we  have 

asi  +  bs2  +  cs3  =  2  Aw  +  C. 

If  the  figure  return  to  its  original  position  after  making  a 
complete  revolution,  we  take  w  between  the  limits  2n  and  0, 
and  there  results 

aSi  +  bs2  +  cs3  =  47rA,  (60) 

where  slt  s2,  s3  are  now  the  perimeters  of  the  curves  enveloped 
by  the  lines. 
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From  (60)  it  is  easy  to  see  that  lines  of  the  figure  which 
envelop  curves  of  equal  perimeter  are  all  tangents  to  a  circle. 
For,  taking  three  such  lines,  we  have 

(a  +  b  +  c)  L  =  47tA, 

where  L  is  the  common  length.     Now  if  r  is  the  radius  of  the 

inscribed  circle, 

(a  +  b  +  c)r  =  2 A  ; 

therefore  L  =  2irr,  from  which  the  result  just  stated  follows 
at  once.     This  theorem  is  due  to  Mr.  "W.  S.  M'Cay. 

Examples. 

1.  Show  that  the  integral 

fdx 
—  V(a;4+2^2cosw  +  1) 

can  be  represented  by  an  arc  of  an  hyperbola. 

2.  If  s  is  the  length  of  the  cycloid  represented  by  the  equations 

x  -  a{\  -  cos0),     y  =  a {6  +  sin  0), 
show  that  s2  =  Sax. 

3.  If  *  is  the  arc  of  the  curve  (m  4-  1)  y  =  x™*1,  show  that 
.?V(1  +  x2m)  m      f        dx 


s  = 


xim)  m      f        dx 

T~        in  +  1  J  V(l  +  x°-m)' 


m+l  m  +  1  J  V(l  +  x2m) 

4.  Show  that  all  the  curves  comprised  in  the  equation  cym  =  xmtl,  where  m 
is  an  integer,  are  rectifiable  by  means  of  the  elementary  integrals.  Show  that 
this  is  also  the  case  if  the  axes  are  oblique. 

5.  If  s  is  the  length  of  an  arc  of  the  curve 

©Ml)"-1- 

show  that 

s  =  -  f  V{«2  J*"3  +b2(l-  ty*}  dt, 

m  wi 

where  x  —  at2,    y  =  b(l  —  t)2, 
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6.  If  s  is  the  arc  of  the  curve  whose  equation  in  oblique  co-ordinates  is 


\a/         \t  J 
show  that 

s  =  w  JV  {a°-  f-™-*  +  P(l  -  ty~>»-°-  -  lab  cos  a  {t  -  &)*>* }  clt, 


(;)""+(')""= 


where  x  =  at™,     y  =  b(\  -  t)m. 

7.  Given  a  curve  defined  by  the  equations 

show  that  its  length  measured  from  the  origin  is 

8.  If  a  curve  be  given  by  the  equations 

x  ±iy  =  $  (t  ±  ia)m  (t  +  ia)n  dt, 

where  m  and  n  are  both  even,  or  both  odd  positive  integers,  show  that  the  arc 
is  an  algebraic  function  of  t. 

9.  If  s  is  the  arc  of  the  curve  given  by  the  equations 

x  =  2at  +  f*3,     y  =  (a2  -  1)  t  +  %afi  +  \t?>, 
show  that  s  =  y  +  2t. 

10.  If  a  curve  be  such  that  the  length  of  the  tangent  measured  from  the 
point  of  contact  to  a  fixed  line  is  constant,  show  that  the  length  of  an  arc  is 
proportional  to  the  logarithm  of  the  ratio  of  the  perpendiculars  from  its  extre- 
mities on  a  fixed  line. 


11.  If  s  is  the  arc  of  the  curve,  y  =  ce",  show  that 

.,v^+m«iDJv(«,+y,>-''}, 

\  y  ) 


12.  Show  that  the  length  of  the  curve  y  =  log  (1  -  x-)  measured  from  the 
origin  is 


*m- 
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13.  Show  that  the  length  of  a  loop  of  the  curve  rm  =  am  cos  md 

r(^») 


m 


r 


(m+  1\ 
\    2m   ) 


14.  Show  that  the  lengths  of  the  loops  of  the  positive  and  negative  pedals  of 
rm  =  am  cos  mQ  are  jn  a  constant  numerical  ratio. 

15.  Show  that  the  length  of  the  curve  r  =  ad  is 

rV(ff2  +  r*)      a         (r  +  v(fl2  +  r2)) 
2»         +2l0g(  a  J" 

16.  If  s  is  the  arc  of  a  curve  which  is  given  as  the  envelope  of  the  line 

show  that  s  =  t  -  \  — ^ — 

J  V(a-  +  p) 

where  it  is  the  length  of  the  tangent  measured  from  the  point  of  contact  to  the 
axis  of  x.     Also  show  that  the  similar  formula  for  the  axis  of  y  is 


J  V(a2 


/8<fjS 


V(a2  +  J32) 

17.  Show  that  the  arc  of  the  envelope  of  the  line 

x  cos  w  +  y  sin  w  -  <p'  (w)  =0  is  ^>(«)  +  ^'fa)* 

18.  If  o-  is  the  arc  of  the  curve  enveloped  hy  lines  drawn,  making  a  constant 
angle  a  with  a  given  curve,  show  that 

ff  =  p  sin  o  +  s  cos  o  +  C, 

where  p,  s  are  the  radius  of  curvature  and  the  length  of  the  arc,  respectively,  at 
the  point  on  the  given  curve. 

19.  Show  that  the  arc  of  the  ellipse  or  hyperbola  can  be  expressed  as 
follows : 

Ja~b2dw 
(a2  cos2  a  ±  b2  sin2co)2 


*  = 
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20.  If  a  curve  in  p,  «  co-ordinates  be  generated  from  another  in  polar  co- 
ordinates by  the  transformation 

r2  =  lap,     20  =  a>, 

find  the  relation  between  the  arc  of  the  first  curve  and  the  area  of  the  second. 

21.  Show,  by  the  transformation  given  in  the  preceding  example,  that  the 
problem  of  finding  the  area  of  the  Cassinian  oval  is  the  same  as  that  of  the 
rectification  of  the  ellipse  or  hyperbola. 

22.  If  2  is  the  area  of  a  closed  curve  described  by  the  point  x',  y',  and  Pthe 
perimeter  of  the  closed  curve  enveloped  by  the  line 

ax(x'2  -  y'2)  +  2ax'y'y  -  (x'2  +  y'2)2  =  0, 

show  that  42  =  aS. 

23.  Show  that  the  arc  of  an  ellipse  can  be  expressed  by  the  integral 

f  r2dr 

J  ~{(a?  -r2)(r2-b2)} 

where  r  is  the  semidiameter  parallel  to  the  tangent. 

24.  If  an  endless  string  be  passed  round  the  circumference  of  an  ellipse,  and 
be  kept  stretched  by  a  moving  pencil,  show  that  the  pencil  will  trace  out  a  con- 
focal  ellipse. 

;  25.  If  from  any 'point  P  of  the  ellipse 

x2  y2 

a2  +  hl      b~  +  hl  ' 

tangents^-TT,  FT'  be  drawn  to  the  confocal  ellipse 


show  that 


FT  +  FT'  -  arc  TT  =  2A  J  (~^)  -  2aE(<p), 

where  tan  <\>  =  h\b. 

26.  If  x,  y  are  connected  with  the  variables  ft,  v,  by  the  equations 
ex  =  jxv,     cy  =  V{n2  -  c2)(c2  -  v2) }, 
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show  that  the  differential  equation 

da  dv 

+  rm — =  =0 


V(a2-^2)  ~  Via2-*-) 
represents  a  series  of  circles  having  double  contact  with  the  conic  fi  =  a. 
27.  In  the  same  case,  show  that  the  differential  equation 

udu  v dv 

+  -TTT-r. ^ ^r  =  0 


represents  another  system  of  circles  having   double  contact  with  the   same 
conic. 

28.  If  the  portion  of  the  tangent  of  an  ellipse  intercepted  between  two  fixed 
tangents  is  a  minimum,  show  that  its  extremities  are  equidistant  from  the 
centre  of  the  curve. 

29.  If  a  curve  be  determined  by  the  equations 


az  az* 

show  that  the  element  of  the  arc  is 

adz 

V(l+z*)' 

30.  If  m  is  any  integer,  show  that  the  inverse  of  the  curve  cy»l  =  x"i>A 
with  regard  to  any  point  can  be  rectified  by  means  of  the  elementary 
integrals. 

31.  Show  that  the  arc  of  the  inverse  of  the  curve  cy2  =  rJ  with  regard  to 
the  point-  4c j 27,  0  is  proportional  to 

f  do 


J    (90  +  4)2(90  +  1)' 
where    x  =  c0,  y  =  cQ^    for  the  given  curve. 
32.  If  s  is  the  arc  of  the  envelope  of  the  circle 

cos  3o>  (x2  +  tf)  —  b  (x  cos  w  +  y  sin  w)  =  0, 

show  that  s  =  — —  tan"1  (2  \/2  sin  3«). 
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33.  Show  that  the  arc  of  the  envelope  of  the  circle 

cos  \a>  {x2  -f  y1)  —  b  (x  cos  «  +  y  sin  a>)  =  0  is 
b  V3 


r2  +  \/3sini») 
°S  (2-V3sin|«j' 


34.  Show  that  the  sectorial  area  of  Serret's  curves  varies  as  the  difference 
of  the  areas  of  the  generating  triangles  at  the  corresponding  points. 

35.  If  a  curve  be  obtained  by  eliminating  <p  between  the  equations 

r  —  a  v^(l  —  m2)  +  — — , 
sin  <p 

1  +V(1  -M-)  sinrf) 

cos  md  =  — -~ — - — —. , 

V(l  —  in-)  +  sin  <p 

show  that  <p  is  the  angle  which  the  radius  vector  makes  with  the  curve,  and 
that  s  =  b  cot  <f>,  where  s  is  the  length  of  the  arc. 

36.  If  a  curve  be  obtained  by  eliminating  <p  between  the  equations 

r2n  =  sin2  <p  +  m2  cos2  <p,    m  tan  ( •  J  =  tan  <£, 

show  that  <p  is  the  angle  which  the  radius  vector  makes  with  the  tangent,  and 
that 

(\/{m2-l)dr  f  V ( 1  -  m2)  dr 

S ~  J     V(r2»-1)    '     °r    J     V(l-r-»)' 

where  *  is  the  length  of  the  arc. 

37.  If  *  is  the  arc  of  the  curve, 

r2n  -  2anrn  cos  n6  +  a2'1  -  b2n  =  0, 
2bnrndr 


show  that  ds  = 


V  {-  r4'»  +  2 (a2»  +  b2») r'-»  -  (a2»  -•  A2")2} ' 


38.  Show  that  the  element  of  the  arc  of  the  curve  whose  polar  equation  is 
given  in  the  preceding  example  can  be  written  in  the  form 

bnd<p 


(a2n  -  2anb"  sin  n<f>  +  b2n) 


HI, 

2» 


by  assuming  r2n  =  a2n  —  2anbn sin n(f>  +  b2u. 

2x 
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39.  Show  that  the  polar  equations  of  Serret's  curves,  corresponding  to  the 
cases  of  n  =  2,  and  n  =  1/2  in  Art.  207,  are 

4/>6  +  27p4  -  12^  +1-12  \'3pri  cos  0  =  0, 
pt  +  Gpi  _  2  -  3  V3p4  cos  20  =  0, 

respectively,  and  hence  that  the  arcs  of  these  curves  of  the  sixth  degree  are 
expressible  by  elliptic  integrals  of  the  first  kind  whose  moduli  are  V2/V3, 1/V3. 

40.  If  on  the  tangent  at  a  point  P  of  a  given  curve  we  measure  out  a  con- 
stant length  PQ  equal  to  a,  show  that  the  arc  of  the  locus  of  Q  is  J"  V(p~  +  a2)dw, 
where  p  is  the  radius  of  curvature  of  the  given  curve. 

41.  If  the  given  curve  in  the  preceding  example  is  a  hypocycloid,  show  that 
the  arc  of  the  locus  is  equal  to  that  of  an  ellipse. 

42.  Show  that  the  arc  and  area  of  the  curve  r3cos  30  =as  are  expressible  by 
means  of  the  same  integrals  as  the  area  and  arc  of  the  curve  r3  =  a3 cos  30, 
respectively. 

43.  A  circle  passing  through  the  origin  and  a  fixed  point  on  the  curve 
r3  =  a3 cos  30  meets  the  curve  again  in  A,  B  ;  show  that  the  middle  point  of  the 
arc  AB  is  fixed. 

44.  If  from  the  equation  of  a  curve  in  rectangular  co-ordinates  we  form 
another  in  polar  co-ordinates  by  the  transformation  r  =  y,  rdd  =  dx,  show- 
that  the  lengths  of  corresponding  arcs  of  the  curves  are  equal,  and  that 
the  area  $  ydx  of  the  former  curve  is  equal  to  double  the  sectorial  area  of 
the  latter. 

45.  If  a  closed  curve  be  such  that  the  distances  n,  >'■:,  &c,  of  any  point 
thereon  from  certain  fixed  points  are  connected  by  the  relation  h  r\  +  h  r»+ &c.  =  /, 
show  that  the  perimeters  $\t  ft,  &c,  of  the  pedals  with  regard  to  these  points 
are  connected  by  the  relation 

l\S[  +  l%§%  -f  &c.  as  2irl. 

46.  Let  ZJi  =  x  cos  o>i  +  y  sin  an  -  p\  =  0, 

t« 2  =  x  cos  a»2  +  y  sin  wz  —  p±  =  0,  &C., 

be  the  tangents  to  certain  curves,  all  inclined  to  each  other  at  constant  angles. 
Show  that  the  arc  of  the  envelope  of  the  line  h^\  +  h^i  +  &c.  =  0  can  be 
expressed  linearly  in  terms  of  arcs  of  each  of  the  curves. 
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47.  If  a  curve  be  determined  by  the  equations 

*  =  a3  -  3ay32  -3a,     y  =  03  -  3,8a2  +  3)3, 
where  (a2  +  /32)2  -  2  (a2  -  /32)  =  0, 

show  that  its  arc  is  equal  to  that  of  a  lemniscate. 

48.  If  a  point  %',  y'  be  connected  with  a  point  x,  y  by  the  equations 

,      *(*2  +  */2  +  c2)         ,      y^  +  lf-c0-) 


*  ~        *2  +  2/2       '     *   " 

*»  +  ?*       ! 

show  that 

ds'  =  Pds, 

where 

V{(z2  +  .y2)2-2c2(z2- 

-?/2)+C4} 

49.  If  a  curve  in  polar  co-ordinates  be  transformed  by  the  substitution 
r'  -  rn,   9'  m  nd,    show  that   ds'  =  nrn-lds. 

50.  If  a  curve  be  transformed  into  another  by  the  substitution  fi  +  V'(^i2-  c2) 
=  r,  v  =  c  cos  0,  where  ll,  v  are  elliptic  co-ordinates,  and  r,  9  polar  co-ordinates, 
show  that 

<fty ,  v      _  dsr,  9 
V(  m2  -  »'2)         r 

51.  Show  that  the  arc  of  the  curve,  whose  equation  in  elliptic  co-ordinates 
is  fx  +  Vifi2  -  c1)  =  m  v(li~  -  j/-),  is  equal  to  an  arc  of  a  Cassinian  oval. 

52.  Show  that  the  arc  of  the  curve,  whose  equation  in  elliptic  co-ordinates 

is 

can  be  expressed  in  terms  of  two  arcs  of  a  bicircular  quartic  with  a  centre. 
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,  f (2x+l)dx  1 

J  (**+2*  +  6M*s  +  *+l)(**+l)  =  130  l°8{*2  +  2X  +  5> 

33  [x  +  1  \        5  .      ,  3  V3  /  °  /•  +  1  \ 

+  260  lan  '  (-a" )  +  26  ^ (1  +  *  +  ")  "  "IF  tan"'  ("vT ) 

1  3 

--log(l+z2)+  — tan"1*. 

O  Li) 


2. 


f     x*dx      _  1  la3  +  27«2  to  +  18ai2  *2       I 

J  (a  +  to)* 6F*(«  +  ^)» +  *  l0g(a  +  *x)" 

f     nfidx      _      («3  +  4ft2  to  +  6«62  x2  +  4P  x*) 
J  (a  +  to)5  "  "  U*  (a  +  to)4  ' 

r     *2rf.r  /«*      ar5       z\         1  1 

J  (1  +  *■)«  "  \16  +  6"  "  16  J  (1  +  x2f  +  16  tan"lar* 

f  rrV#  <z  +  2to  1 

5-  J  («  +  to  +  <**)»  "  fc»(a  +  te  +  w«)  +  272  loS(«  +  ^  +  *) 

fl&  (2c.f  +  6) i(6a^-i2)r  dx 

2c2  (lac  -  b2)  (a  +  to  +  «**)      2c'-  (ac  -  £-)  J  a  +  to  +  ex2' 

f  ,        ,  .  s  <te       (2to2  -  7a)  ,        ,  .  r 

7.  3(p-  l)(ai*-4a2r)  f  ^ 

J-  +  2bc(3p-5)\~ 


Xp-1 
+  {3(p-l)(b2-iac)+2ac-b2}\     ~ 
where  X  =  a  +  bxz  -f  c*6. 


f    dx 
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8. 


9. 


10. 


11. 


12. 


13. 


14. 


1  7  V  ^t 

(sin  e)7  dd  =  -r—  cos  70  -  — —  cos  50  +  —  cos  30  -  —  cos  0. 
44o  620  64  64 


sin3  0  cos5  0^0  =  -—  j- cos  80  +  -  cos  60-  -cos  40-  3  cos  20 
128  ( o  3  L 


1    ( 1  1  4  4 

sin40  cos50f/0  =  — —  |  -  sin  90  +  -  sin  70  -  -  sin  50  -  -  sin  30 
2o6  (9  7  5  3 


+  6  sin  0 } . 


sin6  6d0 


cos2  0        8  cos  0 
<?0  1 


1  15 

(15  sin  0  -  osin30  -  2sin50)-  —0. 


sin2  0  cos7  0       48  sin  0  cos6  0 


{8  +  14cos20  +  35cos40 


35 

-  105  cos60}  -f  —  log  (sec  0  +  tan  0). 
16 


05  cos  0^0  =  (05  -  2O03  +  120  0)  sin  0  +  5  (0*  -  1202  +  24)  cos  0. 
x  sin-1  xdx        sin-1  x        1 


-^  + 


N(iTi)- 


where 


and 


(i-*2)i      v(i-z2) 

15.  To  prove  "Weierstrass's  transformation  in  elliptic  integrals,  namely, 

xdy  —  ydx      1  dz 

ijj       =  2  V(-4z>  +  Sz-  T)' 

XI-  ax*  +  4bx3y  +  6cxzy-  +  4dxy3  +  ei/, 

S=ae-4bd  +  Sc\ 

T=ace  +  2bcd  -  ad*  -  eb*  -  c5, 

z  =  Hj  U,     H  being  equal  to 

144  {dtf  If  ~  \dxdy)   ) 
=  (ae  -  £2)z*  -  2  (ad  -  be)  xzy  +  (3c2  -  ae  -  2bd)  x^y* 

-2(be-  cd)xy*  +  (d*  -  ce)y*. 


350  MISCELLANEOUS  EXAMPLES. 

"We  have 

,       TJdH-IIdU 

az  = 

li  - 


1    fxdU     ydU\  fdH  ,       dll  7  \ 

=  nrA-dT  +  w)[^(X  +  ^  *n 

1     IxdR      ydll\  (40  \        dJJ  ,  \ 

+  - — -  ]     —  dx  +  — - -  tfy 

4tT2V  <**  dy  )  \dx  (bj    ■  ) 

1    /tf?7  tf/7      tftfVIA      ■ 


so  that  if  we  put  =  87, 

dx  dy       d'j   dx 

1J 
we  get  4»  «  ~  (x4jf  -  y<te). 

Now  it  is  shown  in  treatises  on  algebra  that 

J2  =  -  4tf 3  +  &ffCT~  -  TUK 
Hence  we  have 

xdy  -  ydx       XJ^dz  XJ^dz 


VU  2J        2V(-4Z/3  +  SIIU*-  TU*Y 

which  gives  the  required  result  by  putting  II  -  Uz. 

16.  Reduce  the  integral 

IXI+mH     (xdy  —  ydx) 


f    W 
J   TV 


-f  mil  v  Z7 


by  "Weierstrass's  transformation,  where  IT,  If  have  the  same  meaning  as  in  the 
preceding  example. 

17.    ?7and  Fare  binary  quartics,  such  that  Pii  of  the  form 

aP°-+  bQ°-+  2hPQ, 

where  P,  Q  are  quadratic  factors  of  17;  show  that 

VZ7 


f  vu 

j  y-  (*«y  -  y4x) 


can  be  made  to  depend  upon  two  elliptic  integrals  of  the  third  kind  with  the 
same  modulus  and  different  parameters. 
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18.   Uis  a  binary  quartic  and  V  a  quadratic  ;  show  that 
'dVdU      dVdU\ 


dx  dy       dy  dx  )  (xdy  —  ydx) 


and  hence  deduce  a  relation  connecting  four  elliptic  integrals  of  the  third 
kind. 

19.  F,  Q  are  quadratic  functions  of  x,  y ;  show  that 

(dPdQ      dPdQ\ 
V dx  dy       dy  dx  )  {xdy  -  ydx)  _  ^  (tj    l(F\) 

iy  +  Qx>  v^  U\w/r 

and  hence  deduce  a  relation  connecting  four  elliptic  integrals  of  the  third 
kini. 

20.  To  show  that 

c  xdy  —  ydx 

where  U  is  a  binary  cubic,  can  be  expressed  by  an  elliptic  integral  of  the  first 
kind  with  a  numerical  modulus. 

If  we  apply  the  linear  transformation  as  in  Art.  20,  the  integral  is  found  to 
retain  the  same  form.  If  we  suppose  then  the  coefficients  of  yd  and  x-y  to  vanish 
in  the  new  expression  for  U,  the  integral  may  be  written 

f       xdy  —  ydx 
J  {x(ax-  ±  7y2)}3 

which,  when  we  take  X  *  1,  and  put  o  +  yy2  =  s3,  becomes 

dz 


2j' 


V{±7(a-^)}' 

and  this  comes  under  either  Ex.  1  or  Ex.  2,  p.  133. 

Or  thus  :  Putting  with  the  notation  of  Ex.  40,  p.  38,  z  =  —7-,  we  have 

3  OT  -^  =  3  UdH  -  2Hd  U  =  30'  (xdy  -  ydx)  ; 

since  G-  +  4  Hd  =  A  U~,  where  A  is  the  discriminant  of  IT,  namely, 
a:d-  -f  4«c3  +  W  -  36V  -  Qxibcd. 
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We  find  thus 

Jxdy  -  yd>%  _  f       d* 
U*  J  V(A  -  4z3)' 

21.  If  the  relation 

(x  -  a)  (x  -  b)  (x  -  c)  +  \  (x  -  x\)  (x  -  #2)  (x  -  x3)  =  {nix  +  w)3 
is  identically  satisfied  for  all  values  of  x,  show,  by  the  method  of  Art.  99,  that 

S3  dxr 

1   {{Xr-a){Xr-b)(Xr-c))* 

22.  Show  that  the  relation 
{b-c)\/{(a-x)(a-y)(a-k)}+(c-a)\/{(b-x)(b-y)(b-k)} 

+(«-*)V{(«-*)(«-y)(«-*)}-o, 

where  k  is  an  arbitrary  constant,  is  an  integral  of 
dx  dy 


\{x-a){x-b){x-c)$      {(y-«)(y-*)(y-<0}! 
23.  With  the  notation  of  Ex.  15,  show  that 


=  0. 


f  (xdy  -  ydx)  _  1 


I 


dz 


J          \/J  2  J  (4~3  -Sz  +  T)l 

24.  Show  that  the  integral  of  the  differential  equation 


-  x  dJ =  0 


y/{(x-a){z-b)(z-c){z-d)}  ~  V{(y-a)(y-b)(y-c){y-d)\ 
can  be  written  in  any  one  of  the  four  forms 

W{{a-z)(a-y)\+mV}{b-z)(b-y)}  +  nV{(c-x){e  -y)}  =  0, 

where 

P  {a  -b)(a-  c)  {a-d)  +  m2  (b  -a)(b-  c)  {b-d)  +  n2{c  -  a)(c  -  b){c  -d)  =  0. 

25.  If  sn2«i,  sn2i(2,  tn'tfti  sn2«^  are  the  roots  of  the  equation 
x  (a  +  frr)2  -  (7  +  5.v)2  ( 1  -  x)  ( 1  -  k*-x)  =  0, 
show,  by  the  method  of  Art.  99,  that 

ui±m±uz±  in  =  2mK  +  (2n  +  1)  »JT. 
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26.  If  snwi,  sm<2>  snw3,  snui  are  the  roots  of  the  equation 

(a  +  fixf  (1  -  **)  -  (7  +  5*)2  (1  -  W-  x2)  =  0, 

show  that  «i  +  W2  +  W3  +  W4  =  (4w  +  2)  K  +  2niK'. 

27.  To  show  that 

f  (go;  +  fly)  (3%  -  yi#) 
J  MU 

where  J7  is  a  binary  sextic,  can  be  expressed  by  elliptic  integrals  of  the  first 
kind,  if  U  has  its  roots  forming  a  system  in  involution. 

In  the  case  in  question  U  is  the  product  of  three  quadratic  factors  which  are 
connected  by  a  linear  relation,  and,  therefore,  if  we  transform  two  of  the  qua- 
dratics, as  in  Art.  20,  so  as  to  involve  the  squares  only  of  the  new  variables,  the 
third  also  will  involve  these  squares.  The  integral  being  transformed  thus  takes 
the  form 

f (a'z  +  )8»  {xdy  -  ydx) 

J  V  {(fo2  +  mf)  {l'z  +  m'tf)  {l"x*  +  m'Y)}1 

which,  if  we  put  y  =  xVtf  becomes 

1  .f dl +  ifl.  f  dA . 

2  J  V{t{l  +  mt)(r  +  m't)(l"  +  m"t)}^2P  J  V  {{l+mt){l'+m't){l"  +  m"t)}' 

but  these  are  evidently  two  elliptic  integrals  of  the  first  kind. 

It  is  to  be  observed  that  the  reduction  to  elliptic  integrals  with  real  moduli 
obtains  when  the  new  variables  are  capable  of  being  expressed  in  a  real  manner 
in  terms  of  the  old.  If  this  is  not  the  case  the  reduction  is  useless,  at  least  for 
purposes  of  calculation,  as  the  moduli  are  then  imaginary. 

f  d6 

28'  ExPress  J  (l-oWg)i 

by  means  of  elliptic  integrals  of  the  first  kind. 


29.  Given 

tanl~2"rl  »  rm 

show  that 

where 

1m  —  1 
mz  (2  -  m) 

2  Y 
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30.  Show  that 

(a+b-  c-d)xy  +  (cd  -  ab)  (x  +  y)  +  ab(c  +  d)  -cd(a  +  b)  =  0, 

and  two  other  similar  relations  are  integrals  of  the  equation 

dx  dy 


=  0. 


M{{x-a){x-b){x-c){x-d)}      y/{(y-a)(y-b)(y-c)(y-d)\ 

Ice  /  n'>  v 

/(sin  x,  cos  a)  log  f  1  +  —J  dx 

C2ir  (         (e*-l)z  ) 

/(sin  x,  cos  x)  log  J 1  +  /    .  ,        dx. 

This  relation  may  be  obtained  by  a  process  exactly  similar  to  that  used  in 
Ex.  6,  p.  170. 

r*     ,  f1     .       /sin20\    , 

32.  I     u  log  cos  6dx  =  J    u  log  I  I  a.r, 

where  N  =/(sin  2ir£,  cos  2tt«), 

2* 

f"  f 1  ! 

33.  m  log  (1  +  «-«)  cfx  =       m  log dx, 

Jo  Jo  (l-rf-J 

where  it  =/(sin  2Ti\r,  cos  27r£), 

s  =  2*. 


34. 


35. 


36. 


Jo T=+ =1°g2- 

Jo    V(l-z2)       24      2lbJ 

2,iv  cos  [  —  1 
f l    {xaA-  xn-aA)(\ogx)2dx  _  \  n  ) 

Jo  1  -  xn  .   .  «  /a7r\ 


«3  sin3 


37.  If 
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f"  1 

I  =  \     e-x  log  -  dx, 

Jo  # 

I'=[     e-*{\ogxydx, 
Jo 


show  that 

38.  Show  that 


***+T 


where 


7T 

f4  log  sin  ddd=--  f(72  +  ^log2J 
[*  log  tip  9 d6  =     |(ca-^log2j, 


„         l  l  2  c 


7T 

39.  Show  that       f4  etanddd  =  -  f  &- ^  log 2  J  , 


f*     02<*0  7T3  7T 

777^  =  7^  +  7  loS  2  -  ^2, 


cos20      16      4 
where  (72  has  the  same  meaning  as  in  the  preceding  example. 

'4*1     (logtan0)V0  r    ('.         A      £\2' 


40. 


f4»  J 
Jo    «a 


cos20  +  6a  sin20      16«£ 


(^+4  (log;)    )■ 


41.  Show  that 


f  — 

Jo    (<*  + 

r 


xn~ldx 


vV        r(w-|) 


(a  +  to  +  cz2)"      c»  y,  +  2  V«c)n-i      r(w) 

x"'%dx Vtt  r(»  -  i) 

{a  +  bx  +  ex-)"  ~  ah  (5  +  2  \fac)»*     T  (n) 

where  a,  b,  c  are  positive.    (Professor  Cay  ley.) 
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cos  m  {  a;  —  ]  dx 
42.  I 


43.   Show  that 


cos  a;sineWfl  =  -  Jl +  — — +  &c.  \ 

Jo  '  2(       2»     2*.4*      28.43.6*  J 

44.  Given  y=|     e°XCM0dd, 

Jo 

show  that  ^— ^  +  ?  -  «Vy  =  0. 

ate3       dx 

45.  If 

(1  -  2ax  +  o2)"J  =  1  +  aPi  +  arPz  +  .  .  .  +  arPr  +  &c, 

show  that  f    PmPHdx  =  0, 

except  when  m  =  n, 

PJdx  = . 

.  i  2m +  1 

46.  If  the  point  x,  y  lies  outside  the  ellipse 

a-       b- 

show  that  I = 

Jo  V  { (x  -  a  cos 6)'i  +(y-b sinfl)3}      V (/»/»')' 

where  the  modulus  is  equal  to  the  sine  of  half  the  angle  between  the  tangents 
drawn  from  x,  y,  and  p,  p  are  the  distances  of  the  same  point  from  the  foci. 

47.  If  -.  +  £  -  1  >  0, 

a-      o- 

show  that 

f 27T <fc 2irV{(0a+\i)(fl*  +  Ai)}  _ 

J0    (*  -  «  cos  0)2  +  (y  -  5  sin  0)-  "  Ai(Ai-A2) 

where  Ai,  M  are  the  greatest  and  least  roots,  respectively,  of  the  equation 

x*  y* 


+  ~ 1=0. 


a*  +  A      £2  +  A 
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48.  If  i--i-s-^>0, 

show  that 

J  o    {(*-«cos0)2+(y-&sin0)2}2  «3£3#2   ^+  ^£3  ^a4  +  ji J  * 

49.  If  r  is  the  distance  of  the  element  ds  of  a  circle  from  a  fixed  point  P, 
show  that 

rfs      2im(54  +  4tf252  +  «4) 


J   r6 


(S2  -  «2)£ 


where  «  is  the  radius,  5  the  distance  of  P  from  the  centre,  and  the  integral  is 
taken  throughout  the  entire  perimeter. 

50.  If  each  element  of  a  finite  right  line  is  divided  by  its  distance  from 
a  fixed  point,  show  that  the  sum  of  these  quantities  is  equal  to 


where  5  is  the  length  of  the  line,  and  r,  r'  the  distances  of  its  extremities  from 
the  fixed  point. 

51.  If  S  is  the  area  cut  off  from  the  lemniscate  r2  =  2c2  cos  20  by  a  tangent 
of  the  curve  at  a  point  P,  show  that 


52.  A  bicircular  quartic  consists  of  two  ovals,  one  within  the  other ;  if  the 
area  which  the  tangent  at  a  point  P  of  the  inner  oval  cuts  off  from  the  outer 
one  is  a  maximum  or  a  minimum,  show  that  the  normal  at  P  passes  through 
the  centre  of  the  generating  conic. 

53.  A,  B  are  two  points  on  the  curve 

xi  +  y*  +  2x2f-  cos  2a  =  ai, 

such  that  the  area  AOB  is  given,  where  0  is  the  origin.  If  concentric 
equilateral  hyperbolae  are  described  through  A,  B>,  show  that  they  touch 
the  curve 

x*  +  y4  +  2x-yi  cos  2a  -  a*  +  A  (a2  +  y2)2  =  0. 
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54.  If  S  is  the  area  included  between  two  normals  of  the  parabola 
y2  -  i)nx  =  0,  the  curve  and  its  evolute,  show  that 

£=2m2{a-j8+§(as-)83)+i(a5-05)}, 

where  a,   0   are  the  tangents  of  the  angles  which  the  normals  make  with 
the  axis  of  x. 

65.  A  variable  circle  has  double  contact  with  a  fixed  curve  at  P,  Q,  and  cuts 
off  from  another  fixed  curve  a  given  area  at  the  points  A,  B;  show  that  the 
line  FQ  passes  through  the  centre  of  gravity  of  the  circular  arc  AB. 

56.  If  A  is  the  area  between  the  ellipse 

X"       ip 

•-3  +  S-*--* 

and  the  tangents  drawn  to  the  curve  from  the  point  xy,  show  that 

A  =  ab^JS-  tan" lVS). 

57.  If  A  is  the  similar  value  for  the  hyperbola 

t/2      x1 
8  S  1  +  y-  -  -  =  0, 
o-       a- 

show  that  A=  ab\/S--ab\og  \ — -J. 

58.  A  right  line  cuts  off  from  two  parabolae  with  parallel  axes  areas  which 
are  in  a  constant  ratio ;  show  that  its  envelope  is  a  parabola. 

59.  Lemniscates  of  which  the  origin  is  the  node  are  described  to  touch  the 

equilateral  hyperbola 

X*  _  yi  _  a*-  =  0  ; 

show  that  they  cut  off  a  constant  area  from 

-  y-  —  a  -  =  0. 

60.  If  the  tangent  at  a  point  Pof  a  curve  meet  an  outer  curve  in  A,  B, 
so  that  the  arc  AB  is  given,  show  that  AFj  PB  is  inversely  as  the  tangents  to 
the  outer  curve  at  A,  B.     (MacCullagh.) 

61.  Two  lines  intersect  on  a  curve  and  make  angles  with  the  normal  whose 
sines  are  in  a  given  ratio  ;  find  the  relation  connecting  the  arcs  of  their 
envelopes. 
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62.  A  Cartesian  oval  being  written  in  the  form 

r3  -  2r{c  +  a  cos  6)  +  a2  -  b2  =  0  ; 

let  s  be  the  perimeter  of  the  pedal  of  an  oval  with  regard  to  the  origin,  and  S 
the  area  of  the  pedal  of  the  same  oval  with  regard  to  the  point 

r  =  a,     0  =  0, 

then  show  that 

2S  =  cs  +  5  +  *&. 

where  2  is  the  area  of  the  oval. 

63.  A  circle  of  given  radius  turns  about  a  fixed  internal  point ;  show  that 
it  is  cut  orthogonally  in  every  position  by  curves  represented  by  the  equation 

,.2  +  #2  _  2ar  cos  <p  =  0, 

where  r  is  the  length  of  the  radius  vector,  and  <p  the  angle  it  makes  with  the 
curve. 

Show  then  also  that  the  arc  s  of  this  curve  is  given  by  the  equation 

s  =  a  log  (r2  +  k2), 

and  that  the  curve  is  algebraic  if  k\a  is  a  number. 

64.  A,  B  are  two  variable  points  on  a  given  curve ;  show  that  if  the  arc 
AB  is  given,  the  locus  of  the  middle  point  of  the  chord  AB  is  cut  orthogonally 
by  the  locus  of  the  middle  point  of  the  chord  of  arcs  whose  point  of  bisection  is 
fixed. 

65.  Three  points,  A,  B,  C,  are  taken  on  the  axis  of  the  hyperbola 

3#2  _  yl  -  c2^ 

so  that 

OA  +  OB  +  OC  =  0,     OA*  +  OB2  +  OCT*  =  2c2, 

where  0  is  the  origin.     If  si,  so,  «3  are  the  arcs  of  the  inverses  of  an  arc  of  the 
hyperbola  with  regard  to  A,  B,  C,  respectively,  show  that 

BC.  si  -!-  CA  .  s2  +  AB  .  s3  =  0. 

66.  If  *i,  S3  are  the  inverse  arcs  of  an  arc  s  of  the  curve 

(«*  +  y3)2  -  2c2  (x2  -  y2)  +  c4  -  2*>  (z2  +  y2+  c2)  =  0 
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with  regard  to  the  points  +  c,  0  and  radius  k,  show  that 

s  =  *i  +  *2« 

67.  Let  A,  By  Che  the  vertices  of  a  triangle  inscribed  in  the  circle 

and  circumscribed  about  the  ellipse 

then  show  that  the  inverse  arcs  with  respect  to  A,  B,  Cof  an  arc  of  the  curve 

{x2  +  f  4  (a  +  b)2}2  -  4  (a2*2  +  i3//2)  =  0 
are  connected  by  a  linear  relation. 

68.  If  ds  is  an  element  of  the  arc  of  a  closed  curve  without  inflexions,  and 

r  the  distance  of  the  same  element  from  an  internal  point  P,  show  that  I  — 

taken  throughout  the  entire  perimeter  has  the  same  value  for  the  curve  itself 
and  its  polar  reciprocal  with  regard  to  P. 

69.  If  there  be  a  system  of  curves  given  by  the  equation 

</>  (m)  +  $  (/*)  =  «» 

where  n>  v  are  elliptic  co-ordinates,  as  explained  in  Art.  189,  and  a  is  a  para- 
meter, show  that  they  are  all  cut  orthogonally  by  the  system 


J  *'(/*)  (fia-c»)      )*'(*)  (c2-v2)      P* 


70.  Show  that  the  equations 

d/x  f       dv 


I  mi  I**    2\  ±    mi  2"    2\  =  a  constant, 
J  V(a2  -  jj?)      J  V(«2 -  v2) 

[  H-d/Ji  C  vdv  _ 

J  nv—w-*i\ ±  J  v {(«a-»w-*»» " a  con8ta ■ 

represent  the  two  systems  of  circles  having  double  contact  with  the  conic  /i  =  a. 
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71.  Show  that  the  circles  represented  by  the  equation 

fxdfj.  _  vdv  _  n 


V  {fc«  -  d>)  Gu»  -  #) }      V  { (a-  -  v~)  {#  -  *) } 

are  cut  orthogonally  by  the  curve 

that  is, 

{a  V(^  -  c2)  +  e  vV  -  «2) }  {a  V(c2  -  v*)  +  c  V(«2  -  y2) } 

=  Ci*{\f{p?  -  «2)  +  V(^2  -  e2)HV(«2  -  **)  +  V(c'2  -  vl)Y, 

where  e  =  e/fl. 

Hence,  also  show,  that  if  e  is  a  number,  the  trajectory  will  be  algebraic. 

72.  Show  that  the  system  of  curves  represented  by  the  equation 

*{/*  +  vV-<?)}  =  « 

are  cut  orthogonally  by  the  system 

Show  also  that  these  curves  are  circular  cubics  with  nodes. 


3.  Show  that  the  equations 


dix  dv 


V  { («»  -  J**)  (u2  -  «'2) }  -  V  { [a*  -  r8)  (r*  -  a'~)  } 
fxdjx  vdv 


V  { G*»  -  e»)  (*  -  p«)  (p'  -  *) }  ~  v  { (*  -  v<)  («2  -  f)  («'-  -  v2) } 

d/x  dv 


^  =  °> 


=  0 


V  { (/x*  -  c2)  (^2  -  a2)  (a'2  -  M'2) }       V  { (c3  -  v-)  (a*  -  v~)  («'*  -  v~) } 
represent  three  systems  of  conies,  respectively,  having  double  contact  with  the 
confocal  conies  /*  =  a,     v  =  a'. 

74.  Show  that  the  system  of  Cartesian  ovals 

u  +  7cv  =  mc, 
where  m  is  given  and  k  variable,  is  cut  orthogonally  by  the  curve 

(fi  +  c)  {c~-v2) 

2z 
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75.  Show  that  the  arc  8  of  the  curve 

x  4-  if/  x  -  iy  _   ' 

V  {#  -  (x  +  iy)» }      V  { c2  -  (x  -  iy)- } 

is  given  by  the  equation 

c      edt 

8  =  J  (<*  +  4)S* 


where  <  = 


(a*+y*)*-2ca(.-e2-  y4)  +  c* 


Hence  show  that  the  arc  is  expressible  as  that  of  the  lernniscate  of  Bernouilli. 

76.  Show  that  the  system  of  curves 

p\l  pim pin,  &c.  =  A;'+m+M+&c-, 

where  pi,  p->,  &c,  denote  the  distances  of  a  variable  point  from  given  fixed 
points,  /,  m,  &c.  are  constants,  and  k  is  a  variable  parameter,  is  cut  orthogo- 
nally by  the  system 

lb)\  4-  muz  +  &c.  =  a  constant, 

where  &>i,  a>2;  &c,  are  the  angles  which  the  lines  joining  the  variable  point  to 
the  fixed  points  make  with  a  given  direction.     (Mr.  M.  Roberts.) 

77.  Show  that  the  system  of  Cartesian  ovals  lp\  -f  mpi  =  c,  where  I,  m  are 
constants,  and  c  a  variable  parameter,  is  cut  orthogonally  by  the  curves 

(tan|«i)*=  <7(tanio>2)m, 

where  on,  o>2  are  the  base  angles  of  the  triangle  formed  by  the  variable  point 
and  the  foci.     (Mr.  "W.  Roberts.) 

78.  Show  that  the  envelopes  of  the  lines 

(x  cos  u  +  y  sin  &>)  cos  w  +  /(&>)  =  c\ 
are  cut  orthogonally  by  the  envelopes  of 

(x  cos  w  +  y  sin  &>)  cos  &>  -/((*>  +  ?■*)  =  Cfc. 

79.  An  arc  of  the  lernniscate 

r~  =  a-  cos  20 

is  of  given  length  ;  show  that  the  locus  of  its  centre  of  gravity  is 

where  I  is  the  given  length  of  the  arc,  and  m,  n  are  constants  connected  by  the 
relation  m2  +  «3  =  2. 
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80.  Show  that  the  systom  of  curves 

( r  +  —  )     (cos  e)n  =  «> 

where  r,  0  are  polar  co-ordinates,  is  cut  orthogonally  by  the  system 

/       Jc-\ « 

{?•-  —  )    (sin  0)'"  =  0. 

81.  Show  that  the  differential  equation 

adfj.  vdv 

+ — r  =  0, 


where  /n,  v  are  elliptic  co-ordinates,  represents  the  evolutes  of  the  system  of 
confocal  conies. 
82.  Show  that 

xy(a  +  b  -  2c)  +  (c2  -  ab)  (x  +  y)  +  labe  -c~(a  +  b)  =  0, 
nnd  two  similar  relations  are  integrals  of  the  differential  equation 

dx  dii 

+ :  =  0. 


{{x-a){x-  b)(x  -  e)}*      {(y-  a)(y  -  b)(y  -  c)  }§ 

83.  Given  u\  +  u%  +  uz  +  u±  =  K,  show  that  the  anharnionic  ratio  of  sn2«i, 
&c,  is  equal  to  that  of  sm<i  cnwi/dn^i,  &c,  taken  in  the  same  order. 

84.  Given  two  curves,  <pn  =  0,  <pn_2  —  0,  of  the  uth  and  (u  —  2)th  degrees, 
respectively,  show,  as  in  Art.  168,  that  the  sum  of  the  areas  between  the  curves 
<pn  =  0,  <pn  +  &</>>«-2  =  0,  and  two  lines  whose  directions  are  0i,  02,  is 

J02  AQ 
where  <pn,  <pn-2,  being  transformed  to  polar  co-ordinates,  take  the  forms — 
<pn    =  A0rn    +Air"-1+&c, 
<pn.o  -  Born~2  +  Sir*-8  +  &o. 

85.  If  2  is  the  algebraic  sum  of  the  areas  intercepted  between  two  lines,  a 
curve  of  the  11th  degree,  and  its  n  asymptotes  ;  show  that  2  can  always  be  ex- 
pressed by  no  higher  transcendents  than  logarithms  or  circular  functions. 
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86.  £7  is  a  bicircular  quartic  and  S  is  a  circle.  Show  that  the  algebraic  sum 
of  the  areas  intercepted  between  two  lines  and  the  quartics  U=0,  Z7+  kS  =  0  is 
proportional  to  the  angle  between  the  lines. 

87.  Show  that  the  system  of  curves 

(s^y8)  (a* -**-**)  =  a* 

is  cut  orthogonally  by  the  system 

</(*/2+3*2-F)-0(*2  +  */2)  =  O. 

88.  If  a  curve  be  given  by  the  equations 

*  ±  *y  - !  {«*  -  W  ± »/)' }  "dix'  ±  •#*)• 

where  x',  y'  lie  on  the  Cassinian 

(x*  +  y'-y  -  2r2  (.r'2  -  y'-)  +  k*  =  0, 

show  that  the  arc  of  the  locus  is  proportional  to  the  corresponding  arc  of  the 
Cassinian. 

89.  Show  that  the  differential  equation 

du       dv 

where  U=  (au~  +  2a' u  +■  a")  (cu*  +  2c' u  \  c")  -  {bit2  4-  2Vu  +  b"Y, 

V={av2  +  2bv  +  c)  («'V  +  2b"v  +  c")  -  (aV  +  2b' v  +  c')% 

u  =  x  +  iy,     v  =  x  —  iy, 

represents  a  system  of  bicircular  quartics.     Hence,  also,  show  that  two  curves  of 
the  system  pass  through  a  point  and  cut  each  other  orthogonally.     (Darboux.) 

90.  Show  that  the  differential  equation 

du  dv 

=  0, 


V{{u-a)(u-b)(u-c)\  ~  \/{{v-a)(v-b){v-c)} 
where  x  +  iy  =  u,     x  -  iy  =  r, 

represent  a  system  of  Cartesian  ovals. 
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91.  Show  that  the  differential  equation 


du  dv 


V(«2-c2)  ~  V(v3-c2) 
where  z  +  iy  —  u,     x  -  itj  =  v> 

represent  a  system  of  confocal  conies. 
92.  Show  that  the  equations 

du  dv 


u-  +  cl  ~  v2  +  c- 

represent  two  orthogonal  systems  of  coaxal  circles. 

93.  Show  that  the  arc  of  the  curve  whose  equation  in  polar  co-ordinates  is 
r4  =  #4  cos  40  can  be  expressed  in  terms  of  two  elliptic  integrals  of  the  first 
kind  with  numerical  moduli. 

94.  Show  that  the  curve  determined  by  the  equations 


#  +  W  —  \  —r, o,o    o  ■>     x—  xy  —  %\  ■ — 

J      J     (1+z2)2'^2'  J        J    (1-z2)2"- 


is  algebraic,  and  that  its  arc  is  equal  to  an  arc  of  the  lemniscate.     (Serret.) 
95.  Show  that  the^system  of  curves 


+ 


x6        xy* 


a       a  —  x 
where  a  is  a  parameter,  is  cut  orthogonally  by  the  system 

&y      y]__  2 
y  -  £     P  ~°'' 

96.  Show  that  the  envelope  of  the  lines 

x  cos  (o  +  y  sin  a>  =  V  { a  +  /(«) } 
is  cut  orthogonally  by  the  envelope  of 

x  cosw  +  2/  sin  a  =  V{£  -/(«  +  \ii)\ 

97.  Show  that  the  differential  equation 

du  dv 


{(u-a){u-b)(u-c)}s      {(v-a)(v  -  b)(v  -  c)}* 
where  z  +  iy  =  u,    x  -  iy  =  v, 
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represents  a  system  of  curves  of  the  sixth  order.  Show  also  that  three  curves 
of  the  system  pass  through  a  point,  and  that  the  tangents  at  the  point  are 
parallel  to  the  sides  of  an  equilateral  triangle. 

98.  Show  that  the  systems  of  curves 

du  dv 

±  - — -.  =  0, 


where  x  +  iy  =  u,  x-iy  =  v,  cut  orthogonally.     Show  also  that  their  equations 
in  rectangular  co-ordinates  can  be  written,  respectively, 

(z*  +  y*  +  2ax  +  9c2)2  (z2  +  y2  +  2ax)  =  27  {a (z2  +  y2)  +  <?2(2.r  +  a) }2, 

(^2+2/2  +  2)3y-9C2)2(.f-4-y2  +  2)3y)  =  27{i8(a;2+2/2)-c2(2//+i8)}2. 

99.  Show  that  the  area  between  any  branch  of  the  cubic 


w*(i-H)-* 


and  the  two  asymptotes  which  include  it,  is  one-tbird  of  the  area  of  the  tri- 
angle formed  by  the  asymptotes. 

100.  Show  that  the  arc  of  the  curve  whom  polar  equation  is 
,-c_2a3rJcos30  +  k6  =  0 
can  be  expressed  in  terms  of  two  elliptic  integrals  of  the  first  kind. 
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Abel,  theorem  of,  in  elliptic  integrals,  157. 
Addition  of  elliptic  integrals,  134. 
Approximate  methods  of  finding  areas,  281. 
Areas  of  plane  curves,  220. 

Bernouilli,  series  of,  197. 

theorem  of,  on  arcs,  336. 
Bicircular  quartic,  area  of,  244. 
arc  of,  316. 

Cardioid,  270,  273. 

arc  of,  296. 
Cartesian  oval,  280. 

arc  of,  319. 
Case}',  on  arc  of  bicircular  quartic,  316. 
Cassinian  oval,  area  of,  249. 

arc  of,  322. 
Catenary,  area  of,  231. 

arc  of,  295. 
Chasles,  areas  of  central  cubics  of,  242. 
on  arcs  of  conies,  307. 
on  arcs  of  lemniscate,  329. 
Cissoid,  arc  of,  291. 
Cubic,  area  of  general,  238. 
Cycloid,  231,  271. 

Definite  Integrals,  164. 

with  a  finite  or  infinite  element,  195. 

obtained  by  geometrical  methods,  199. 

obtained  by  differentiation,  175. 

integration  of,  under  the  sign  J,  176. 
Differentiation  under  the  sign  J",  32. 

Ellipse,  area  of,  223. 

arc  of,  289,  300. 
Elliptic  co-ordinates,  306,  309. 


Elliptic  integrals,  120. 
Epicycloid,  area  of,  237. 
Epitrochoid,  arc  of,  ^^^. 
Euler,  on  elliptic  integrals,  138. 

curves  of,  330. 
Eulerian  constant  C,  208. 
Eulerian  integrals,  174,  202. 
value  of  r(J),  179. 

T{n)T{i-j/,)z=-^—,  204. 
'   '     '  '       sin  un'      ^ 

theorem  concerning,  210. 
infinite  product  for  r  (1  -f-  x),  209. 
Evolutes,  areas  of,  272. 
arcs  of,  298. 

Fagnani's  theorem,  300. 
Folium  of  Descartes,  227. 

Genocchi,  rectification  of  Cartesian  oval, 

316. 
Graves,  theorem  of,  on  arcs  of  an  ellipse, 

304. 
Gudermann,  notation  of,  143. 

Holditch,  theorem  of,  277. 

Homogeneous  expressions,  integration  of, 

28,  75.  132. 
Hyperbola,  area  of,  224. 

arc  of,  290,  302. 

Integration,  different  methods  of,  4. 
by  parts,  5,  22. 
by  successive  reduction,  79. 
by  rationalization,  63. 
by  differentiation,   under  the 

sign  J,  32,  175,  195. 
regarded  as  summation,  2, 164. 
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Inverse  curves,  rectification  of,  310. 
Involute  of  circle,  area  of,  236. 

Kempe,  theorem  of,  on  areas,  285. 

Landen,  theorem  of,  in  elliptic  integrals, 

151- 
on  arcs  of  conies,  308. 
Legendre,  on  elliptic  integrals,  125,  160. 

formula  of,  on  rectification,  297. 
Lemniscate,  area  of,  234. 

arc  of,  296,  329. 
Limacon,  area  of,  234. 
arc  of,  297. 

M'Cay,  on  envelope  connected  with  mov- 
ing lamina,  340. 

MacCullagh,  theorem  of,  on  arcs  of  conies, 
306. 

Modulus  of  elliptic  integrals,  124. 

Modular  transformation,  150. 

Negative  pedal,  area  of  that  of  ellipse,  263, 
266. 
perimeter  of,  300. 

Parabola,  area  of,  226. 

arc  of,  289,  298. 
Parallel  curves,  areas  of,  202. 

arcs  of,  299. 
Partial  fractions,  39. 


Pedal,  area  of  248. 

area  of  that  of  conic,  233,  240. 

Steiner's  theorem  on  area  of,  267. 

arc  of,  316,  338. 
Periods  of  elliptic  integrals,  148. 

Quartic  curve  with  two  nodes  at  infinity, 
area  of,  253. 

Rectification  of  plane  curves,  287. 
Reduction,  integration  by,  79. 
Roberts,  W.,  elliptic  curves  of,  336. 
Roulette,  area  of,  269. 
arc  of  338. 

Semicubical  parabola,  arc  of,  292,  299. 
Serret,  on  arcs  of  Cassinian  oval,  325. 

elliptic  curves  of,  330. 
Spirals,  236,  297. 
Steiner,  theorem  of,  on  areas  of  pedals,  267. 

on  areas  of  roulettes,  269. 

on  arcs  of  roulettes,  338. 


Taylor's  theorem,  198. 
Transformed  curves,  areas  of,  258. 


Unicursal  curves,  areas  of,  255. 

Weierstrass,  transformation  of  in  elliptic 
integrals,  349. 
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